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PREFACE. 


In tlie preparation of tins text-book on Analytical Geometry 
it has been our aim not merely to give an analytical treat- 
ment of curves of the second degree, but also to apply the 
methods of oloinontary algebra to the tracing' of curves of 
higher degrees. Many of the curves usually classed as 
Higlier Plano Curves and discussed in treatises on tlio 
Oaleuhis are easily handled by elementary methods, and 
give the beginner a much bettor knowledge of the value 
of analysis than can bo derived from a study of tbe conic 
Bcctions alone. An elementary knowledge of the methods 
of curve tracing is in fact a necessary preliminary to any 
discussion of Higher l^Iane Curves that is based on Higliox" 
Algebra and tlxe Infinitesimal Calculus, and soems to come 
properly within the scope of an introduction to Analytical 
Geometry. 

It may be useful to indicate the general linos on which 
the book has been constructed and to state brio/ly the 
reasons for the order adopted. 

Chapters I,-TX. treat of the straight lino, tho circle and 
some simple curves tlmt can be readily sketched from their 
definitions without recourse to elaborate algebraical analysis. 
Graphical work is now so common in the early stages of 
every mathematical course that it is fair to assume that 
every reader has some previous acquaintance with tho 
graphical interpretation of equations of a simple typo.. 
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The early chapters are therefore designed to make tho 
student quite familiar with fundamental formulae, such as 
the Section, Distance and Gradient Formulae, which occur 
so frequently in all applications, and to train him in tho 
geometrical interpretation of formulae and equations hy 
applying them to familiar and easily drawn curves. Indeed, 
the analytical treatment of tho straight line and circle is 
necessary, not so much for the geometrical results as for 
the acquisition of facility in the use and interpretation of 
formulae ; only by such practice can the beginner learn to 
see the geometry behind the analysis, These chapters 
include a discussion of Harmonic Ranges and Pencils and 
of the usual theorems on the Circle, including Coaxal 
systems. The ninth chapter contains tho equations of tho 
Conchoid, the Cisaoicl and the "Witch, with the usual applica- 
tions to the trisection of an angle and the duplication oS 
the cube ; experience proves that these curves arc of real 
interest and stimulate pupils to further study, A numhor 
of worked examples on loci and two sets of Miscellaneous 
Examples conclude this section, 

Chapters X,"XVII, discuss the graphical representation 
of equations. The aim of these sections is to enable tho 
student to sketch pretty rapidly the forms of tho curvoH 
Tepresented by algebraic equations that are not of yovy 
complicated types; his work on the equations of loci in tho 
earlier parts of the book will have suggested the necessity 
of this study. Considerable stress is laid on the method ol: 
Successive Approximations, and we believe the method to 
he both so simple and so fruitful that no apology is ncedocl 
for the space given to its discussion, In the course of this 
discussion we have felt obliged to treat some parts ofi 
elementary algebra that are often imperfectly grasped by 
the beginner, such as discriminants, turning values, repeated 
^ind infinite roots, and have been led by a simple and 
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natural in’ocoss to a statement of the derivatives of the 
simpler algebraic functions. Wo hope tliat tlie revisal of 
work wliiclx is treated with more or loss fullness in most 
text-books oE algebra will bo justified by the liglit that 
the geometric interpretation easts on somewhat abstract 
algebraic theorciiis as Avell as by the u>so to which these 
discussions arc put in the graphing of equations. The 
chapters on tlie Solutions of Equations and Harder Curves 
will, wo trust, bo found to offer some interest to every typo 
of student, even if for no other reason than as providing 
variety in algebraic teaching, 

rest of the book, Chapters XVIII,-XXIV„ contains a 
fairly complete treatment of the Conic. Many properties 
of tlie curves are most easily handled by the methods of 
Euclidean Geometry, and wo have not hesitated to adopt 
such methods when there was distinct advantage in doing 
so, with the result that wo have been able to incorporate 
the essentials of the oklor treatises on Geometrical Conics. 
It is hard to justify the separation of geometrical and 
analytical conics ; at any rate it has seemed to us that sucli 
separation is totally unwaiTanted, and is even mischievous 
in an elementary text-book, Wo have tried to include all 
the important properties of conics that are of an elementary 
character, and to group them into a comparatively small 
number of theorems, so that the student may not bo 
burdened by being confronted with propositions that aro 
of no special importance, The numerous Exorcises that 
are given in every chapter provide ample practice, both on 
tlie geometrical and on the analytical aspects of the treat- 
ment, and will, wo hope, be found useful in omphasiring 
the fact that, after all, the one subject, of study is geometry, 
even though the methods are twofold, The simplicity 
introduced by the use of Joachimsthars Section-Equation 
is, we think, sufficient warrant for the place assigned to it ; 
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and the disougsion of Systems of Oonics in Chapter XXIV. | 
seems to sum up so naturally the general principles that j 
underlie the applications of analysis to geometry that wo 
hope it will not be considered to be too severe for an ! 
elementary text-boolc. Comparatively little stress has boon 
laid on the General Equation of the Second Degree; its 
importance in an elementary coiu'se does nob seem to us to 
demand a fuller treatment than has been given to it. 

Professor Chrystal's text-books on Algebra are so funda- 
mental in their character that it is impo.S8ible to write on 
any branch of algebra without showing traces ot thoir 
influence » but we desire to make special acknowledgmonb 
of the great help we have derived from Chapter 26 of 
his IntTodAJLGtion to Algebra. Mucli of our work is little 
more than a restatement of the ideas tliere laid down. 
Again, in Chapter XVII. we have tried to give an eleinontai’y 
account of some of the more important methods developed 
with so much skill in Frost’s treatise on Gurve Tracing 
— a book which is now out of print. 

A word may be said on the position assigned to Freedom 
Equations — a terminology that is, we believe, due to Pro- 
fessor Chrystal From some i)oints of view, for examido 
in its bearing on Dynamics, the representation of a curve 
by freedom equations is quite as natural, and is much more 
useful than the representation by a constraint equation* 
But apart from such applications, the value of the specifica- 
tion of a point on a curve in terms of a single paramotor 
has been always recognized in works on Analytical 
Geometry in the ease of the Conic Sections, while tho 
hole theory of Unicursal Curves is simply that of ono 
L’m of Freedom Equations, It seems proper tliereforo to 
fcroduce the student at the outset to this alternativo 
.lethod of representing the equation of a curve ; the theory 
s not difficult and the gain in facility of graphical ropre- 
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seiitation is great. Eliniiimtion is often a difiicult ainl 
tedious process, and may in many cases be dispensed 
so far as the repi-esentation of a curve is concerned, hy 
making use of Freedom Equations. 

The Answers to all the Examples have been worked out 
by Mr, A. M. Williams, M,A., B,Sc., who has also read iho 
whole book in proof, Mr. Peter Ramsay, M.A,, B.Sc., Juih 
svib]ccted the Examples to a searching revision, and Iihh 
independently verified the solutions, To both of tlmMis 
gentlemen we ofler our hearty thanks for the extreme (!uro 
and thoroughness with which they have carried out their 
laborious task. In many details the book owes much t<> 
the exporioiico of Sir Richard Gregory, and we thank 
him sincerely for his helpful advice. We would also gmtr- 
fully acknowledge the excellence of the work done hy 
Messrs. Macljohose. 

GEORGE A. GIBSON. 

P, PINKERTON. 

10 Tub UNivBuaiTy, 

Glasgow, Veemhery 1910. 
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CHAPTEK I. 

STEPS. POSITION-RATIO. SECTION-FORMULAE, 

1. Positive and Negative Measure. Consklev tlto lino AB 
in Fig. 1, divided internally at P and externally at Q. We 


AF+FB=A]i, (]) 

for ‘7-t-3 = ]0; 

but AQ~Qli = AB, (2) 

for 14 — 4=10. 


So long as P is between A and B, AF+FJi==AB, 
Let P move up to and coincide with R; even now 
A1^+FB = AB, for FB~0. Lot F move Ihrmiyh B to Q ; 
then FB diminishes to zero, when F is at B, and uppeavs 
again on the other side of B, after PJ5=0. Following the 

—I 1 — J 1 i 1 — U-J I 1 1 I L,,-! I — j 1 I— J 1 — ] 

R A P B Q 

Fia 1. 

practico in Algobra, we could Tiieaawe QB by (‘^4). Now 
— 4}) = 10; so that inoasiiring QB (i) according to ita 
length, by 4; (ii) according to the side o£ B on which it lioB^ 
by prefixing the sign — , wo could write 


AQ+QB^AB (8) 

G.A,a. A ® 



2 ANALYTICAL GEOMETRY, 1 1 ^ M - ^ 

If P had moved to the loft of A, say to R, thru * ^ ^ ^ 
would pass through zero to ARy while PB would 
steadily to RB, Wc could then donoto AR by ( - ■ ** 
putting 6 for its length and prefixing the sign — , U» 
plain tliat AR lies on the side of A difforout from 
Now ( — 6) + 15 = 10, so that we could write 

AR+RB^AB t ^ 

Starting from AP+PB^AB, it would bo quite intelli^i* 

AP+m-Aii, 

AQ+QU=AB, 


AR+IiB=AB. 

Tliia may be summed up ns follows : 

Rule. If A, B, P are any three points on a straight f i 
AP-\-PB=AB. 

And the meaning of AP, PB, AB could bo given tliiiH ; 

On the line mark an arrow-hoad ; if AP (or PB or A Jf^ 
from A to P, follows the direction of the arrow-head, - * 
means the length of AP with the -f sign prefixed: iT 
(or PB or AB), from A to P, follows the direction oppr »* **<*'* 
to that of the arrow-head, AP means the length oj A f’ 
with the — sign prefixed. 

In Fig. 1. AP=(+1), PB=(+S), Ai9=(-}..10>; 

(+7)+(+3)=(-fl0), 

AP+PB=AB. 


AQ = (-fl4), Q5=(-4), AB^{ + lO)i 

(+14)+(-4)=(4-10), 

••• aq+qb=ab. 

AR=(-6), RB==(+15), Ai?=( + 10) S 

(-6)-f-(16)=(-|-10), 

AR+RB=:AB. 

The rule AP-l-Pi? = A5 is o, general rule; it onable?#! mss* 
/O be sure that a proposition, which depends on its imtv i-w 


Vi? 
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OllIGIN AND AXIS or ABSCISSAE. 


triio, wlwsthov F lies between A mid B or not, pritvidinl 
^nrt, jis wci^say, we attend to the convention of sign rt>{far(liu^ 

2. Origin and Axis of Ahsciasae. Let 0 ho a lixed noiui 
on A lino X'OX (Fit*'. 2). Let U be another point on th,. 
lino on the same side oi! 0 as X, and lot the loiij^rtl, ()jj 
bo one unit. Tho_ po.sitiou o£ any point on the Uno 


say 2'2. Tlio side of 0 on which F lies is sneeiiietl by 
prclixiii^' to 2-2 the nlo'obraic sign + 'or - ; (me sign -j- 
being prelixial if B lies on the same side of 0 as X, tlio 
sign — being prelixcd if F lic.s on the same side t)C () as .A". 


jr*S> 


+ 


T 


-H— v~ 
PC X 


0 

Eiu. 2, 


Tlio number with the proper sign predxed is ealbsl the 
absoiBaa of B with respect to the origin 0, so that any 
abscissa can bo entirely rej)resontcd by an iilgobriiit! 
symbol, a;, tor example; since as, in Algebra, may sliind for 
any arithmetical number with the sign + or -• prolixod. 
Knell a line as X'OX is called nn axis of abscisflao, (ir simply 
an axia. OX is called the positive direction and fLV' (.ho 
negative direction of the axis. The positive direction miiy_ 
bo indicated by an arrow-head. In Fig. 2 the abscissa of 
A is -l-Lr), or .simply 1'5; the ahscissao of B, U, .1) am 
— 2'4, 2‘4), “ I'b respectively. 

Tlio abscissa of A is often denoted by OA ; in this hciiho 
OA lias a doiMe signilicanco, for it signilies both the 
magnitude and tho sign of the abscissa of yl . M'hc luoasum 
of tlu) length of OA, according to the scale OB-o I, gives tbe 
mar/niiiule of tho abscissa; the order of Hut IMevH is the 
(souivalont of tho sicjn, of the abscissa. OA, h| *' *** *** 
Algebra, entirely represents the abscissa. Kimilarly wo 

write 071= -2‘4, 00=2-'l., 071=-.I.’C. ‘ 



4 


ANALYTICAL aEOMETHY. 


1 1 :i, 

TJic measure oC tlic leiifjth oC OB is 2*4; ilio ovAvy .4 
letters, from 0 to j5, signifies ii motion in thn. 
direction of tlie axis; lioncc OB is entirely roprespiif* <i i 
™-2*4. 

If X'OX is an axis, and P any point on it, \\h^ h 
denote OJ? by x, 

Ex. 1. Draw an axis of abacisstio, ohooso an origin and tir-th ^ v 
and mark tho poinfca whoso ahscissao are 2, -2, 1 *7, - i'7, S ^ 

Ex. % Piofc with rospoct to an axis scahj unit. \ vf - 

points a':= 5 2, -2 '4, -3'2, .i’==2’8, 

3, Steps. Let A, B bo two points on an axis, nii^pn 
then AB can bo measared (i), according to its h^nglh, tv ^ 
number; (ii) by prefixing to this nuinbor tlio + sigJi ‘U 
— sign, according as the direction of AB, from A t*» 
or is not tlio direction of the arrow -head on tlu^ \\\W 
as in § 2. When AB is inoasured in this way, AB in 
a step. It is clear that 

stop AB^ —step BA, 

or, simply, AB=:— BA. 

Another important rule is 

AB = OB^OA, 

for every position of the origin 0. 

First Let OA, OB be both positive. In Fig, 3 
AB^B, 05 = 7 , 0 ^ = 2 . 



AB^OB-OA. 


Second, Let OA bo positive, OB negative, In Fig 
45 =^ 6 , 05 = 0 ^ = 2 . 
AB^OB^OA, ' 



POSITION-RATIO. 
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Third. Lot OA^ OB bo both negative. In Fig. 3 (c), 
AB^I, OB- -3, 



:Pia, 3(0), 

AB^OB-^OA. 

Note also that AO + OB == AB, 

AO + OB+BA-0 
for every position of the origin. 

Bx. 1. If bliQ iib«ci«Riio of Ay /?» ])oitil« on au r.xIh^ oi'i^nn 0, Imvo 
ILq following valuoRj iiud Iho nieasuro t)f Lho sLop AB ; 

(1)3,5; (ii)-4, 2; (m)3, -2; (iv)-l, -4, 

Rx, % If Ay By Cy By poiniift on an axia^ have abaciBsao -3, 4, -S, 
-1 rcajjocUvoly, provo that AB^VB, 

Ex, 3, If M is tbo inidcllo point of ABy wlioro Ay B aro points on 
an axis having abRciamio (i) *1, 0 ; (ii) 4, - G ; (iii) -4, 0 ; (iv) --4, - 6 | 
(v) fi, find tho abscissa of M in each case, 

Position-'Ratio, If Ay By P aro tliroo points on an 
AP . 

axis, pj^ is called the position-ratio of P with respect to 

Ay B, (Note that APy PB are steps.) For example, in 
Fig. 4, 



Pio. 4. 

^P=0P-^0A = (-l)-(-<!.)=8, 
PP=0P-0P=1-(-l) = 2, 

4P_8 

P/J“2' 

^,Qr=0Q-0yl = n--(-4)«16, 
(3Ji= OP- OQ = 1 -11 = - 10, 
ylQ_ 16„ 3 
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It'M- 


Ex, 1. If A, Bf P have abaciBaiio 
(i) 2, 7, 6 ; (ii) 2, 7, 10 j (iii) ^-2, 7, 6 ; (iv) % Ti ; 

(v) -2, --7, 

find APIPB in each case, 

Kx. 2. If Py Qy four points on an axis, luivo 

-1, 2, 1, E3 respectively, prove that APjPB^ --AiijQB. 

I 

B. First Section-Formula. If A has tho aksciHHa d- 
B the abscissa 6, where ji, B arc points ou an axis, mn® ** 
AB is divided at P so that APjBB — {y% then nvp 
plot tho points ifl, B on an axis, on Mdiieh a Heah^-iinil 
boon, chosen, construct or mark t)io point and iviul * 
the abscissa of P, This can bo (lone whatovor Im* tl**'' 
abscissae of A, B and tho position-ratio APjVll llrii*"’'" 
there must be a rule for calculating.^ tho absciHsa of 
terms of the abscissa of the abscissa of B and t 
position-ratio APIPB, 


Eule. Let X'OX he an x^mis. Let the ahscinHuv uj if*''** 
points A^ B he ajj, x^ respectively y let P he any pouB ***^ 

the mis and almissa x of P in fnu. 

from the equation iiix H-nx 

m+n 

Proof See Fig. 6. 


0 X ^ ^ B 

Fig. B. 

AP^OP ^OA^x^Xi, 
PB^0B^0P^x,^a^; 
AP 

PB 0?^— a> 

But 

PB~%' 
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nx -- 71X1 = moo; 
/. {m+n)x^mx^^'nx^; 

m+n 


SincG only fclio general rule oi: § 3 has been used in 
the proof, tho rule liolcls whether OJ^, ajg bo positive or 

negative, and whotlior the position-ratio — be positive or 

♦ ♦ * 

liegativo. II P lies within AB, tlion — ia posith'o; if P 

m • n 

lies without AB, — is negative, If then denote the 

7^^wnenca^ value of tho position-ratio, wo have tho double 
rule 


v+q ' 


for internal section, 


— 2 Ei fo^; cKtornal section. 


Oou. If OJj, OJg are tl\o abscissae of A, B and x tho 
abscissa of tho middle point, M, of AB, then x — 

For wo may put m= 1 , 71== 1 , 


EXEEOISES I. 

1, TTincl Oho absoissa of Iho miclcllo point of Uio join of tho 
points 3, 5. 

(^*Tho point 3” is a contraction for *Hho point whoso ahacissa 
ia 3.») 

2, Find tho abscissa of tho micldlo point of tho join of tho points 
(i) -<4, 2 ; (ii) -3, D j (iii) *^4, -2 5 (iv) 3, -5 j (v) ~3, --Tj, 

3, Find the abscissao of tho points of triacotion of tho join of 
(i) the points 2, 7 } (ii) tho points -4, 6 ; (Hi) tho poiiiLa -1, -4, 

4, ^1, B arc tho points 1, 6 , AB \h divided internally and 
oxtornally at P, Q in tho ratio 2/3 ; find Uio abscissao of 2^ and Q, 
and calculate PQ, 

6. A, B, G arc tho points -*2, 3, 4 ; calculate A GjGB, 

6, Ay B have abscissao 2, 4, and AB is produced its own length 
through Bio 0\ calculate AGjOB and tho abscissa of 0, 
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7. B have abscissae 2, 4, and A B is nroducecl its own length 
through A to B ; calculate ADfDB and the auscissa of B, 

8. B divides the join of the points -3, 4 so that APIPB= -2 ; 
find the abscissa of P. 


9. d, J5 have ahsciasao h rGspeeUvoly» and AB is divided at P 
so that APjPB={a~*^h)j{9.a-h) \ find the abscissa of P. 

10, If APjPB - m/?i, prove that A PjA B = wi/(m + n). 


11, If APIPB^k^ establish the formula x— 


1 + A> 


12. If APjAB-t^ establmli the formula .r-.ri+^Cra-zri). 

13. If vl, My Py Q aro points on an axis such that Jf is tho 
middle point of AB and APIPB= - AQ/QBy prove that If P, JP^^MA'^, 

112 

Provo also that -TTi+-rrL=“r^* 

Ar A <2 AB 

14. Ay B have abscissae a’j, a'^ ; and P and Q divide AB intornally 
and externally in the same ratio, If PQ^dy Had tho coordinates of 
P and Q. 

15. Ay B have abscissae x\y i and P and Q divide AB internally 
and externally in tho ratio mjn. Calculate 2^Q in terms of .v^y 

% n. 

16. Ay B have abscissae a^, a ?2 ; and the position-ratios of P and Q 
with respect to Ay B aro m, n respoctivoly, Calculate PQ in terms of 

71 , 


6, Uniform Velocity, Suppose a point to move on an axis 
X'OXy unit 1 in,, and let tho following table bo descriptive of tlm 
motion ; 


Position of point - 

A 

B 

G 

I) 


abscissa of point 

-7 

-4 

2 

11 

; 20 

^=tim0 - - 

1 

2 

4 

7 

10 


where the time, ^ denotes, the moment, reckoned in seconds from *i 
certain sjcro, when tho point is at Ay By 0, etc. 

Then the point moves from -7 to -4 in 1 second, ie, moves +3 in. 
\}QV second on an average, between A and B, 

Also tho point moves from -4 to 2 in 2 seconds, ic. moves +8 In, 
in 2 seconds or +3 in, per second on an average, between B and G, 
Similarly it moves between any two of tho specified points at an 
average rate of -[-3 in. per second. The sign + signifies that the 
motion is in the direction from A" to X, 
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Xf P, Q 1)0 any two points on an axis Z'OA', unit 1 in., whose 
aro .V,, .v,^ rjapectivoly ; if denote the times, in seconds 
^vlxti‘1 a p)int moving on tho axis is at P, Q respectively, then’ 

^ 01' "^■’*2'=0<3-UP=.rg— .r,) is the ayerage velocity of 

point botwoon P and Q. If - J ^ or?)tIl2i4 is constant aaid —v, 

Ulo poiiiL IB fjaul to liavo a imiform velocity “y. If v is positive tlio 
in tho direction from X' to A’’; if v is negative from 

^V.' ioA'. 

'X'iio ecpiation of tho uniform velocity, described in tho above table, 




.^’=-10 + 3 ^!. 


.,( 1 ) 


l‘‘’(>r, put 

■r- -7 in etpmlion (1). 

Tlion ~7=-10 + 3(! or l. 


.V«: -4 

t) 

^y 

„ -4= -10+3t or «= 2. 

)» 

.V— 2 

1) 

11 

„ 2=-10 + 3i or «= 4. 

» 

11 

)} 

i> 

„ 11= -104-3< or «= 7. 

» 

20 


»> 

„ 20= -10+3« or < = 10. 


AIhO) Ibo velocity is uniform. For lot and t=t^ satiafy 

e(i nation (1), and Jot .v— A'g and i=^,j 5 also satisfy the eciuatiom 


Then 


— 10 + 




From (3) Bubtract (2), 


,r2=-10+3^i 


( 3 ) 




az£i=: 

h-t 


But is tho avorago velocity between the points speoified hi 


iV 4 , and it m conatant and equal to 3, whatever the points are 

. 1* y j 1.^ ... .1 I ^ '/»_ -1 i /I \ yy-.r..'CTiiy. 

l^noi'oforo the 


motioji specified by equation (1) is that of a point inovinj 

oil the axis with uniform velocity +3, ie, moving in the directioi 
f L’om A'^ to A" at tho uniform speed of 3 inches per second. 


Buie. If the motion of a particle on tho axis unit 1 in., i 

Driven by the equation X^a+bt, ^ being reckoned in seconds, then tli 
I jiirtielo is moving on tho axis with a uniform velocity of & mci^ 
Fsocoiul, and the Umo is I'eckoned from the moment when the abseis? 
of tho particle is a, 

ICx, Tlio motion of a point on the axis X'OX^ unit 1 in*, is give 
liy tho equation when t is reckoned in seconds ', calcnlai 

<"0 wiicn tho point is at the origin ; (2) whore the point la initially 
(3; where tho point ia» 2 seconds after zero-time ; (4) where the pon 
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is, 2 seconds bsforo zero-tirae ; (6) the velocity of tho point j (fl) 
the point has abscissa 6. 

(1) Put 0=3 “2^, The point is at bho origin li 

after zero-time. 

(2) Put The point has abscissa 

(3) Put +2j a/’^3-4= -1. Tho point has abscissa - 1. 

(4) Put ^=-2, .^’:^=53+4=V, „ j> ,) 7* 

(5) We write whence ^ 

•2x1^::= ^2. The velocit}^ is -3, tho point moves In tho 

tvmX to Z' at the uniform rate of 2 inches per second. 

(6) Pat a=3-2^j I sec, before zero-timo. 

7. Second Section-Pormula. If Ay 7i, P we three 
071 the axis X'OXy if the ahscisme of Ay B are x^y 

speetively a/nd abscissa of Py is fott'7t<l 

, from the equation 

X==:Xj+(X2-Xi)t. 

Proof. See Fig. 5, p. 6. 

AP^OP-OA^x-x^y 

AB^OB-OA^x^-'X^. 

TD X X. 

But 


.'• ® ~a!^ = (ft!2 5 

.'. !B=a)i+(a>5,— 


Cob. 

a’l+S’j 

s-^. 


The abscissa of tho tnid-point of the join of fWjj 
(Puti==J,) 


EXEBOISES a 

1. The motion of a point on X'OXy unit 1 inch, is specified tUo 
luation A'— 3+4^, t being reckoned in seconds; find (1) tho volooity oX 
iie point at every instant ; (2) the position of tho 2 )oint at zoro4niii o ; 
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(3) tlio position ot tho ])oinb 3 soconds after and 3 seconds lieforo 
zero-tiino ; (4) wboii, reckoned from zoro-timo, tlio point has absoissno 

1) — Ik 

2, Find an equation to Bpocify tho motion of a point on the axis 
X'OXy unit 1 ft,, if the point has a unifonn velocity of -h2 ft. per sec., 
and if the point has abscissa 1 at zoro-timo. (Time roclconed in 
seconds.) 

3* Find an equation to represent tho motion of a point on X'OX^ 
unit 1 foot, if it has a uniform velocity (/f - 3 feet per sec,, and its abscissa 
is 2 at zero-time. (I'imo reckoned in seconds.) 

4. At zoro4iiuo, a ])avticle moving >vith uniform velocity on 
A"OA' has abscissa a’l ; one second later it has abscissa Provo 
that, at time t Rocontls, it has the abscissa whore 

6. Use the formula to answer Exa. 1-3, p. 7. 

6. Ay B have abseissae 2,-3; and P and Q divide so that 
4-1 PI A B 3/7) and A Ql AB~- 2/5, Calculate the ahscisaao of P and Q 
and the moasuro of tho slo]) 2% 

7. Ay By <7 have ahscissao 2, ~3, -5 ; calculate ACjAB, 

8. A, B have abscissae -2, -3. Find the distance bolwcon tho 
points which divide /? internally and extornaliy in tlio ratio 3 ; 4. 

9. Py Q divide AB internally and extornEtlly in the same ratio. 
Find tho abscissa of Q in terms of a?i, L if .oji , ^Vo are tho abseissao 
of Ay B and APJAB^U. 

10. Tf Ay By Cy 1) he Einy four points on an axis, prove that 

BO. AD^hVA . BD-VAB, OD^O. 

11. If Ay By 0 ho any three points on an axis and 0 tho middle point 
of A By prove that AG^-‘On'^=-UB . OQ, 

12. If Ay By Gy P bo any four iioints on an axis and 
prove that 



u n 


It 

uwri’ANJsnf.AiJ WIN r«»ii!ii»i\.\u>5, iumam k. 

l-■OH^utI..\. .sKrnoN M\r u: 

l-i^M^VTlnx 

8. Bflotnwilw htm. Otwrillnat^Mj nf r 1‘afttt hi 1 n,- fi, 
ii'l. .VV^A' Im< lui n\i« m| I ■<! I **V J«' ‘ilit.iMfi 

lH'r])«iitlii<itltir |4» S tlX. *rii< It J*'Mr lilts y ^ 

flHil 01 (alii'M »4 fthc' 




Tiu ri 

rtKlM, ^ Ol\ nV tlift frPrtJ,- nf Unr? ,« 

} 01 rr^ijtprtivrly fill H fln» mimI^ V 




KKC'l’ANClULAR AXES, COORDINATES. 13 

lio on fchc aanio side o£ 0 na X, fuid lot V lie on the .same 
side of 0 as Y. 

Let P bo miy point in tlie plane of the axes and let 
M, Nha the projections of P on X'OX, Y'OY re.spective]y, 
fciinco M lies on tho axis X’OX, called the a;-axis, the 
position of M is specified by OM. Similarly the position 
c)f N oti F'Oy, called the y-axis, is specified by OX. Lot 
Ojlf5=ffl and OX~y', then the position of P is specified 
wliou a; and y are known, and conversely x and y are 
known when tlio position of P is determined. 

OM or X is called the ^-coordinate or absoisBa of P; ON or 
y is called tho ^/-coordinate or ordinate of P; « and y are 
called tho coordinates of P ; X'OX and Y'OY are called the 
coordinate axes, and are rectangular axes; P is called tho 
point {x, y). 
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|. tt‘ **' 

The axes X'OJ, FOF and tlio coordinates // niv « 
called Cartesian axes and coordiuatcfl. 

Ex. 1, Draw rectangular axes V'OT; let tlio hcuIo »**'“^**^ 

each axis be one conbimetro. Mark the positioiiH uf tlu» j»u?il 'c t ^ 
(2,^3), (-2,3), (-2, -L), (2*4, -I’B). (^1*2, -2*2). 

Ex. 2, Mark on another drawing of tho axes of Ex. (bn I'mII* ^ 
pairs of points and calculate tho clisianco botwoon tho points, m j f I > 
the calculation by measurement : 

(1) (1, 2) and (4, 6) ; (2) (-2, 2) and (I, (0 t 

(3) (8, -1*5) and (-4, -G’6); (4) (-2*3, 3*1) and 

9. Distance-Formula. Lot P bo tho pt)infc (aJ[, ;y,) ni»" J 
the point (a? 2 , refeiTod to cho.sen rectangular axoM ; 1 1 1 

PQ = ± 

Let Mi N (Fig. 8) be tho projections of P, Q on X ’f * 
let PR, a parallel to X'OX, meet XQ in 2t. 



Then 

Also 

But 

\ 


PR = MX= OX~ OM=(w^ - x ^) ; 

PiJ*= (iCj—ajj)*. 

Rq^NQ~NR:==NQ-MP^{y^-y,)l 

-SQ®=(ys!"2/i)® . 

P(^^PR?pnQ^-, 
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Wo Imvo scon (§ 8) that a straight lino parallel to either 
axis may also bo uaecl as an axis, its positive direction 
being that of OX or OY, Whon a line PQ is not jiarallol 
to oifchor axis, the lino may still be regarded as an axis, hut 
its positive direction has no dependence on the positive 
direction ot OX or OY ; honce the ambiguity of sign in the 
distancc-formnla, In the meantime, let us agree that the 
positive direction of .such an axis be the direction of motion 
of a point which travels along tho lino so that its abscissa 



l^ia. 0. 


steadily increases, IL'lius, in Pig. 9, the positive directions 
of tho linos am as indicated by arrow-heads. With this 
convontion i y- 




1 ) 


in sign and magnitude, tho positive value of the root being 

uudoi’stood. 

Note tliat 07^=5 In sign and magnitude 

0P«!BiVl+2/lW- 




16 analytical geometry. (» •<»■ 

Ex. 1. Calculate, by the formula, the distance between tin* f*‘* 
iiig pairs of points : 

(1) (1, 2) and (4, 6) j (2) (-3, 2) and (1, 0) i 
(3) (8,-1'C) and (~4,-e-r.). 

Ex. 2. A, B, P are three coUincar points; caloiilato the ab?'* 
magnitude of AP/PB and APjAB when A, B, P have Urn 
coordinates respectively : 

(1) (1, 2), (2, 2), (3, 2) i (2) (2, - 1), (2, 1), (2, 2) i 

(3) (1. 2), (3, 6), (2, 4) : (4) (I, 2), (3, 0), (4, H). 

Ex. 3. Show that the points (2, 0), (5, 2), (C, 0) are the vtu I *< 
an isosceles triangle. 

Bx. 4. Show that (2, -2), (6, 2), (^2, 1) are tho vorLirr^'** ^ 

right-angled triangle^ and find ita aroa. 

Bx. 5, One end of a line whose longfch is 13 is tho pohd- ( 
and the ordinate of the other end Jh 1. What are blio pimnihlM % 
of its abscissa? 

Bx, 6. Show that the following points lio on a cirolo wlinne 
is the point (3, 4) and wlioso radius is h ; 

(6, 4), (7, 7), (6, 8), (0, 8), (^1, 1), (3, -1). 

Bx. 7. Calculate the sides and diagonals of tho qiiudi'iliihu^U ^ ^ 
vertices are (3, 2), (-1, 3), (0, 0), (4, 0) j and tost youv 
measuiwent. 

Ex. 8, If (,r, 2 /) is any point >yhich lios on a circle, eontro (y, f*> 
radius 4, prove that - 44? - - 3 = 0. 

10. First Section-Formula. If Jicoed points Aj Ji 
coordinates y-^ and (aj^i J/a) vespeoLively i and 
va/)4ahl6 point P in the AB-axis hane coordinalcs 
then W6 ma/y write 

^^ mxg+nxi , my.2+nyi 

m+n ^ m+n * 
where AP/PB^m/n (™|=^— 1 ). 

Pro^, Let P, Sy M (]?ig. 10) bo tho projoctiunifft 
Ay By P respectively on X'OX ; 

let Gy Xy N bo the projections of A, By P roflpocti 
on TOY; 
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Then 

thovoforo 

so that 
or 

and thoi'ofoi’o 


2\F_AQ_FM 
TB~ (fR~ MH’ 
'm,_OM~OF x—x^ 

nx — nx^ = 7nx.2 — mte 
(?ft+ii.)a! = nxj^ ; 

TOd-'W. 



Fia. 10 . 


Similarly, 
so that 

( 

and thorofoi'o 


A P _ (?rJV_ 0Nj--^G 

W ~ Ok - ON' 

'»!_ ?/ -?A . 

-»» 2 /a- 2 /’ 


7 ft d-w 

COH. n'lio coordinates of the middle point of AB are 




O.A.O, 
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EXERCISES III. 

I, ITind tho Goordinatos of tlio middle point of the join of (2, 3) 
and (4, D). 

The coordinaboa of Lho middle point are (3, 4). 

% Find tho iniddlo point of the join of (-4, 7), ( 2 , - 3). 

3. Find tho points of trisoction of AB where A is the point % 5) ^ 
and B is tho point (4, D), 

Using the formulae, put w-1 and ?is=s2, then m—2, n=l. 

4. If A) B are tho points (--1, 4) and (5, -2) rospoctivolv, lliicl 
the coordinates of (1) when API PB^ly (2) when APjPli^'^^y 
(3) whon AP/PB^ -2, (4) when APjPB^ -4/3. 

6. Aj B aro tho points ^-2, 5), (7, 1). Find tho coordinutes of 
Py Q wliich respectively divide AB internally and externally in tli» 
ratio 3/2, Calculate tho length of PQ, 

6. d, B aro. tho points (3, -5), (~0, 2) ; and P divides AB so that 
A PjPB^ -2/3. Ualcnlalo tho lengths of AP and PB. 

7. A^ B aro tho points (Ih 0) and (- 10, 0) ; and O is tint point 
(-5, 12). Tlio internal hisoctor of angle 0 of triangle ABV lacolB 
AB in 1\ Oaloulate (1) APjPBy (2) tho ahsemsa of Py (3) the Uuigtli 
of PC\ 

8. AyByG aro tho points (-18, 0), (15, 0), (-5. 15) ros])Otdlvnly.,i 
Tho in- and ox>bisoctors of tho angle 0 of trianglo ABU meet All 
in Pand Q rospeebivoly. Oaloulate the lengths of PQ^ PVy (f(\ 

, 9. ^1, By C avo tho points (2> 3), (7, -5), (-4, -~8). CaleulaLo tho 
coordinates of bho centroid of triangle ABG, \ 

10. Prove that is the centroid of t\\4 

triangle whoso vortices are (a’^, y,), (a’jj, ,?/a), (.v^, y.,). | 

II. If Ay By 0 aro tho points (5, 0), (-5, 0), (3, 0) and (^r, ?/) 1 h 

pninb P in thoir plane, prove that ’ | 

OC^^^PO^y I 

whore 0 is tho point (1, 2), 

12. If Ay By 0 are tho points (a, 0), (-a, 0), (&, o), and P in an] 

point {>11 tho ,r-axis such that APIPjJf^nfmy provo thab ,i 

13. If Py Q are tho points (a cos Oy 6 sin 0)y (-asin 0. 5 cos 0)y proy 

that OP^’V O^^^cP-Vh^y whore 0 is tho origin. j 
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It 

OoittponGntyelocities t Reaiiltant Velocity* Can a moving 
iLuv^lUng in two diUbroat dirootiom at oiio and llio Hanio 
ivt, ti* ^ baUoon l>o said Uj bo iriivolHiif; fnrwiu'ds aiul nj)wai-drt 

Hanio Umo, ov numt wo aay Unit it is tvavolling tn just cmo 
du’cotiou at any time? H a man svalks from tluj front 
Iho roar of a corridor train travelling wosb> islm moving Imtli 
X£ west at tho samo timta or is bo simjal.V still travolling west? 

U-l^r roUod along a tablt*, is a point on tlio ring going round and 

f^oiiig forward at tlio saino timo i ff a littU^ Ininj) worn ))ltio(5d on 
oliS and Iho ring lollod along a table in a dark room, so tbal an 

did not kmnv how tho niotion was producnd, would ho 
^ of saying that tho lamp was going round and also gijing 

^ • would bo not say Hiin]dy that U\o lump Avns moving sido- 

clown to or u)) from tho Uoor} 

'lo two possible answov.s, yes and no, to tiioso questions soom to bo 
^ ^*^^^^'*.xcliclory; but they avo not (jontrudiotory. It is Iriu^ enough tt> 
Vl tiliat tlio balloon is moving forwards and upwards at th(i same 
■j I it is otiimlly truo to say that it is going in one doiinito slanting 

^ moment. 

- 1-0 avoid Confiision, however, we say that a body may bavi^ two 
^xiovo) compouonb motions or disphieements at ono and Iho sainu 
or a sitiglo ronxiltanb motion or displacement at any miU Un\e* 
i , lioint is moving in the jilano of tho aN<‘H X'OX^ V'Oy we^ anj 
tn consider its compouont motiims in the diriiethms of X*()X 
^iXcX 1''^) )'■ Boparatoly with tho object of answoring any (piesUon about 
motion* 

IS^ox^ nxarnplo, lot tho curved lino AJi in Fig, 11 represent a iolcgraph 
HiiHponded from and and running alongside a railway line 
; the lino AJi is curved because of the sag in tho wire. Lot a train 



Fio. If. 


1l>o BuppoBod to movo from G to J) with iinifurm s]»iiul and lot r 
^xt^BBoiigcr Heated in tim train watch the wire as he ))imsOH. Lob m 
Jrxivtlior suppose that a pavticuhirly oiujvgetio lly travels along thi 
’vv ii"o from A to Ji so as to be always oppimito to the jiaHsmigor, \vhm 
t>lio fly is at /Mts rosnllanO velocity is m the direction of the tiingen 
to tho wire at I\ which slopes downwards. Now, a]>plying tho uobim 
Qf ^cionijionont voloeitios, think of the !ly wlion at P as moving forward 
liox'izon tally and downwards vortically at one and tho Hamo bimt 
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inatoad of movinjc in tho dirocLion of the langont. Since the ily keeps 
opposite the pnaaciigor its horizontal motion Jmisfe keep jjaco with tlmt 
of the paasouger ; tlie lly tliereforo moves horizontally forsvarda -with 
velocity u and vortically clown wards with a velocity that wo may call v. 
Now it is a niattor of common observation that if two traiiis Jtiovo 
aide by side with tho aamo volocily a passongor in one would think a 
pasaongor opposite to him in the other was not moving at all ; tlioy 
navo no relatw velocity. Hoiice tho fly whoa at 7^ must soom to tho 
passoiiger to bo falling vertically downwards; at on tlio other luindj 
the iiy \vo;Ud appear to be rising straight np. 

Tho illustration allows how a body which is moving with a definite 
velocity may bo regarded as having two or more component velocities 
of which tho cloiinito volocily is the resnltantt Tlio rosiilfcaiit velocity 
may bo regarded as a constraint velocity, tho component velocities aa 
freedom vole cities, 

12. Pai’allalogram of Velocities, Let a moving point, when 
at the origin of tlio axes X'OX^ Y'OVi have a componont volocity 
of 2 inches por second in the direction ATTM^aad a componont volocity 
of 1 inch per second in tho direction Y'01\ and lot it niovo for a 
certain timo, its componont volocities romaining tho same during tliat 
time (Fig, 12). At tho end of half a st^cond it will arrive at the 



position Q (1, |-) ; nt tlio ond of one second it will arrive at tho position 
P f2, 1) ; at tlio end of t seconds it will arrive at tho position (2^| y. 
All thoao positions aro on the straight lino 01^ or 01^ procliicod, 
IJonco if OX be out oT fi*oiYi the axes to roprosont the componont 
velocities tlio diagonal 02^ of tho rectangle OJiU^X will roprosont tho 
roanltant volocity. If OA", Gl'^aro not at right angles a parallelogram : 

would replneo tlio roc tangle. Hence a nniiorm volocity in tho 
piano of the axes may bo replaced by two componont uniform velocltioa 
in the direotions of the axes. 

13. Freedom Eauationsj xc=a+bt, y^^c + dt. 

Any componont uniform motion along tho axis X'OX is epeciiiod 
(§ 0) by tho equation a boing tlio abscissa of tho moving 

point at zoi’o-timo, and b tho volocity. 
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§§ 12 - 14 ] 


Any component uniform motion aloup? Y'OY in apQcified by tho 
6q\iatian o being the onliiiato of the moving point at zoro- 

timo^ and d the velocity. 

Henco if a point move with uni form velocity along any straight 
line in the plane of the axes Y'OY^ tho ‘motion is completely 

specified by tho freedom equation a 

y=G‘\-dL 


14, Second Section-Formula, If fioidil poinU B liwva 
coovdinatcH (ajp y^), (cr^, y^A rcHpeclivdy, and if a vcmahle 
point P in the AB-axia have coovdinatei^ {x, j/), then wa 
may m^ite 

x=xi+(x2-x^)t, y=yi-l-(y2-yi)t, 
where t<=APjAJi, 

Proof. In Fig. 10, 

Air Air Fir on - of 


But 


AP_ 1 

Air'‘ oii-orxp^f 




. . ~=i‘> 

Similarly, ?/==?/i-l'( 2 / 2 -?/i)<- 

Con. Tho coorrlinatoH of tlio niiddlo point ol tho lino 
joining tho pointa (cCp j/j) and (ojg, ai'o 


Ex. X, Tf /I, B arc tho points (-2, 3) and (5, -IJ respocUvoly, 
find tho ooorclinaloa of P (1) when A 77^1 ’1/3, (2) when 
AP\An^-Z\% 


EiX, 2. Tf (.r, 7/) are Urn coordinates of any point on tho lino joining 
(2, 1) and (5, 3), ])rovo that 2,v-3y— 1. 

Pn t (i) 5= -h (.rn - .rj) / 2 H' 3 


Now / ia tho 8am<^ number in both of tlioso oquationa. 
lirst, ^“(.r-2)/3, from tho aecond 1)/2. llonco 

3 2 » 


From tho 


i,c, 2.^’-3/y— 1. 
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|« 'H- ** 

Ex. 3. If (.■», y) is any point, on tlio lino joining tint puinln < H 

(1, -D), then 3.v’l-2^+7~0. 

Ex. 4. If (.V, y) is any iwint on Iho lino joining Llio imiiii'* 

(-4, -2/3), provo that 2.«-3,i/-l-(i— 0. 


16. The eaimtiou Ax -f- By + 0 = 0. 

If (®, y) is miy ‘poinil on a, i/ivftn slmij/lrf- liitr. 
Ax+Jiy+O=0', i.ohm; A, If, V mr. sovsl.im/s ‘lohirh ** 
m spmfyi'tiy ths lino. 

Lot tlio line bo Hpocifitul by lixinfj; two poiiitH cm it 
lot IhoHO poitiLs bo y,) tnitl (ic;.,, •//„). 

Tlieii (§ 14) wo may write 


or x=(i,+U, 

y~o-\r<ll, - "SJ 


wlioro a, h,o,da.v<i couHtiuits tuisiiio; out td tint Hpci‘iljc-«* 
of tlio lino. 

From (1), (h^ad+lxU, 

» (2), hy = l)c. ~\A)<U\ 

subtract : (h ~ by = ad - ho, 

ie. dx+{~~h)y+{bo—ud)ss(), 

wliioh may bo writton 

Ax-\-Jfy+O’=‘0. 

An equation of tlio fornwIa'-h/b/H-I.'-O, wln-rr? ,1. /i’, <"? 
do not doponcl on .it, y, is called an oquation of tho flint, 
in £K, y or it linear oanation in x, y. 

Heuco wo may oiiunciato the tliooroni of tliis N<'fii»>.»s «s 
follows : 

The coordinates {x, y) of fiverij yoinl on a. slradfhi 
sahsfy an equation of the first deifreo in x, y. 


.’/) ie any point on the sUiiiglit linn given iiv lie®-* a. »« 

points (2, 1) anti (3, 3) on it, provo that 2.t’-~i/-3. II. 
eqiintum wJion tV/) is (1) tlio point of Ihsonticm of tho lino joii»lrM;r 

tirpoSs J2!'l) ii Is, 3)! i"”'***^*^! 
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>jX. 2. T?rovo tliai tlio equation 2a?4-3/-5 is satisfied by the 
coorclinatoa of every point in Uio line joining (2, 1) and (-1> 7). 
Galling tlioso points B roapectivcly, verify tliat the coordinates of P 
natiBfy tho ocuinLion 

(1) when ^i;V/'J3 = l ; (2) when APIPB= -1/2 ; 

(3) when APjAB^ ~lj2. 

Ex. 3. A piu'ticlo Htai'lB from the point (a, i>) and travels so that its 
coinpononb volocilieH pai-allnl to JPOJC and V'UV are the constants 
V, V 1 pvovo Lliat tho cnot'di|mtca of its position at any times during the 
motion fliibisfy tho eijnntion vj' — wif—va^v.b. .'Why do «=«+«, 
i/—h+ V satisfy tho equation 1 (Soo §§ 6, 13.) 

ICx. <1. Pro VO that Uio points (1,3), (R, —1), ( — 2, fi) are collineav. 
ijOt (.r, y) lio any point on tho join of ( 1 , 3), (5, —1) ; then x+i/=4. 
Jhib<--3)'-l-0=<l j ulc. , 

Ex. C. Provo that U»o four points (-2,3), (2, V), (4, 9), (~1,4) are 
colliiioni’. 

1(J, Tho Eqmtion of a Sbraight Line. It has been seen 
(S15) that the coortliuates ®, y of rmy point on a given 
Hbwiight lino saUHiy an equation of the first degree in x, y. 
This e([uatioii i« called the equation of the straight line, IFoi 
oxainplu, the coovdinatea of any point on the straight line 
pasHiiig through (2, 1) and (6, 8) satisfy the equntioi 
= i (§14, Ex, 2). 2x — Sy — l is the equation of tin 
atraigiib lino passing tlirougli (2, 1) and (5, 3); we also, foi 
shoi’bnciHS, speak oO “ tho straight line 2* — 82/=! ’’ insteae 
oO " tho sfcraiplib line whaso equation is 2x—Zy=l.” 

Tlio o(pmtionH 

a;=»i+(®5>— a)i)i, y — yi+(.yz~V^^ 
or x^a+hl, y = o+dt 

are called the freedom equations of a straight line. Thus 
{8=2+34, 

avo freedom equations of the line whose constraint equatic 
i« 2ft)-32/ = l. 

Tho following exniiiplcs will show how the apecifieati< 
of a given straiglit lino is translated into an analytic 
cqiiatifm; and, convoi-soly, how a linear equation in as, y 
roproHonted by & straight line. 
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Ex, 1. Find tho oquation^ referred lo chosen or assigned axes and 
scale units,* of tlio straight line passing through the origin and the 
point (3, 6), 

Let bliQ axes and scale units be those of Fig. 13. Lot A bo the 
point (3, 13) and P any point y) on the lino OAy wlioso equation is 
roquirod. 



Fio. 13. 

Lot BA^ jVP bo the ordinates of ,/lj P, 

Tlion A 0 0/IP, OFj]/ aro similar, 

. MB OM 

" HA^^Tin 

This equation is true in sign as well ns inagnitmle for every position 
of I\ since MP and OAI have always the Hanio sign, and BA and OB 
aro positive, 

Bnt^ in sign and magnitude, OB^S 

Substituting tliese valtios In (1), wo liavo * 

f\v=^3?/. 

Hence the ooordiniitos of any point on tlio lino satisfy tlio equation 

i.e. 5.4"== 3y is Urn equation of the line, 

(l^oto that the equation is satisdod if .r=0, y=0, and also if a’=3, 
7 /== 6 .) 

*Thi0 olaueo is usually loft to bo understood. 
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Ex. 2. Through fcho point (0, 3) is clriiwn a Rtraight line parallel to 
the straight lino paseiiig through the points (0, 0) and (3, 6) ; to line! 
the equation of the mrallol. 

Lot the axes anct scalo-iiiiita bo Uioso of Eig. !•!. Lot P bo any 
point (x, y) on the parallel, MP the ordinate of P, cutting the lino 
joining (0, 0) and (#3, 6) in Q ; lot (7 be tlie point (0, 2), 



Thon MP=‘MQ'\-(iP) for all positiena of M, Q, P (§ 3). 

MP^Mq^OC. ( 1 ) 

Now, by Ex. 1, tho oquatioii of OQ ia rM;=3.)/, 

Substituting in (1), wo have 

j'=fl«+2, 

.-. 0,r-3y-|-fl«0, 

ue, tho conrdinntoa of any point on tho parallel satisfy tho equation 
5ir — 3?/ + 0 = 0, 

A 5*v-3;/+0t=0 ia tlio oqimtion of tlio parallel, 

(Noto 111 at llio etpialion ia afitialioct if ,?7s=:0, ?/— 2.) 

lOx, 3, rind tlio oquiilion of tlio atraiglit lino imaaiiig throiigli tho 
poiiita {% - 3) and (4, - G). 

Lot (,Vj y) bo any point on tho lino. 
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Wg haVG (§ 14) +(.^3- 

Thoroforo .v = 2 + (4 - 2) ^ 2 + 2 

7j:= ^3+(^6-f3)^^^3~-3ef, 

BO bhaii 3.^'+ 22^=0 is bho required oquabioii. 

Ex. 4. Axes and seal o-ii nits lioing chosen, draw the straight lino 
reprosonted by tbo equation 2.r’H3y+r}=:0, 

Whon - 4, - 8 4- % -f 0 0 j y = X. 

\Vllen,^’=6, 10-h3y4-r)=:0 ; 

IlGnco (-4, 1), (5, -f)) aro on the lino required. Plot tlioHO two 
points and diUAv a straight lino through thorn. The niothod is lhn« 
simply : choose any two couvoiiiont values of .r, cal cu) a to froiu tlio 
equation tho corresponding values of y, and then plot tlio two points. 
Caro should bo taken to soloct points not very close to oach othoi\ and 
it is often useful to plot three points as a test of the accuracy of tho 
drawing, 


EXEROISEIS IV. 

1, Tho equation of tho parallel to V'OV through the point (- 2, 0) 
is ,v4-2=0, 

2, The equation of bho parallel to T'OT through tlio point (3, 4) 
is a? =3. 

3. What straight lines aro spocifiod by the equations 
,r-}-l=0, ,yH-2-0, axes and scalo-units being provioiisly assigned? 

4. What is tho equation of tho looufl braced out by a point which 
starts from tho position (0» -3) and moves parallel to tlio .r-axis? 

6. Tho oquabioiiof tho bisector of tho angles XOVf X'OT* is 

6, If the scalo'unib of tho .^’-axi8 is one inch and tho scalo-unit of 

tho ?y-axis half an inch, draw tho lino whoso equation in By 

Example B the equation .v-y/^O roprosonts tho bisector of tlio angle 
X0V\ dqos the lino you have drawn bisect the angle jXOY'i Show 
that the lino you have drawn should liavo for its equation, i/i/to smk* 
units mro t/io same for the two ctxes^ .r- 2y ~0.* 

7, Tho equation of the bisoetor of the angles T0^\ Y'OX li) 
.r+?y=0. 

8, Tho equation of tbo straight lino joining tho origin to tho point 
(2, 3) is 

*Tiiifl oxamplo ahows how a diagram is disLortod whon tlio soalo-imit of 
tho w-axis is milGront from that of tho y.axis. If a diagram is not to ba 
tlislorled tho two soalo*units must bo tho same, 
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9, J ia tlio point (3, 4) and 0 is tho origin. Tlio equation of OA 

IH 

10» Tho oqimtioii of llio lino joining tho origin and (-2, 3) iR 
SA'-l-Sy-O. 

11, Provo that tho equation of tho parallel through (0, 1) to tho 
bisector of the angle XO V ia ?y 

12, Through tho point (0, 2) ia cl raw n a straight lino parallel to tho 
lino joining (0, 0) and (3, 4). Provo that tho equation of tho parallel 
ia 4.r-3^-hO=0. 

Let P (,v, y) bo any point on the parallel. Lot Ml\ tho ordiiiato 
of Pj cut the other lino in y. 

Then 7/^.MP^MQ-hQP 

— 'iv, 0/V4*2, 

3?/^4,v4-G, 

13, Tho atrai^ht lino through (0, *-1) parallel to the hiscclor of 
tho angle VOX' is roprOKontod by tho equation 

14, Provo that tho equation 4,v*“3^-4s=i0 ropreaonta tho parallol 
tlu'ough (1> 0) to the lino j tuning tho origin and (3, 

16. Tho equation to tho ))avallol through (-3, 0) to tho lino joining 
(3, 4) to tho origin is 4a’-3y+12«!0, 

16. Provo that tho atriiight lino 2,t7-3?/=7 passoa through tho 
point (2, - 1). 

17. Which of tho points (2, 1), (-2, -2T)), (-6, -4), (-1, 2) lio 
on tho straight line .r-^2?/=3? 

18. Tho porpondieular through tho origin lo the lino joining tho 
origin to (3, 4) is ropi’osontod by tho equation 3 a'P42/=0. 

If A is tho point (3, 4) and P any point (.r, y) on tho porpoudicnlar 
through 0 to OA, and if PA and Mr aro tho 'ordinates of A, P, lb on 
As OH A, PMO aro Riinilav. 

19. Find tho cfpmti<»u of tho straight lino j^uning (2, 3) and (3, R), 

20. Provo that 3AH-4y5=7 is tho equation of tho straight line 
joining (1,1) and (0, ">5). 

21. Which of tho following points do and which do nob lio on hlio 
lino 2.v-.3i/«r,Ml,2),CJ, ^l),(-^2, ^3), (-^2, -4), (3,^), (^3, -3), 
(7, 3), 

22. Diuw tho atraight linos whoso equations aro 

(i) ,rH-?/=«2, (U) 2,r->-3y— 5, (iii) 3.'i?+4y^7, 

(iv) ,'r«2y^l, (v) 2,2;-y+3=:0. 
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GRADIENT OF A STRAIGHT LINE. OBLIQUE AXES, 
POLAR COORDINATES. AREAS. 

17. Gradient of a Straight Lino. It lias boon agreed 
already (§ 9) that the positive direction of a straight lino 
not parallel to either axis of coordinates is the direction 
in wliieh a variable point (a?, y) on the lino travels wlion 
X increasos, By the angle which a straight line makes with 
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the oj-axls, lot ns mean the aonto anglo 0 mcasnrod from tlio 
positive diroetion ot tlio fr-axis Lo tho positive direction of 
tlio lino. Jf tlio lino slopes up from loft to riglit, 0 is a 
positive acuto angle ; if tho lino slopes down from left to 
right 0 is a negative acuto angle. By tho gradient of tho 
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line wo mean tan 0. Since the tangent of a poBiiive acute 
angle is positive, and the tangent of a negative acute angle ia 
negative, the gradient of a lino may be positive or negative; 
it is positive when the lino slopes up from loft to right and 
negative when the line slopes down from left to right. 


Ex. 1. Find the gradiont of llio lino joining the points (2, 3) 
and (4, 4). 

In Fig. 15, lob A, B ho tho points (2, 3) and (4, 4). 

Lot blio parallol to A'Y>A' Lli rough A moot tho ordir 
in 0. Tlien 0= angle measured from AO to AB j 

%lG"4-2^2‘ 


rdinato fchrougli B 


tan 0= 


the gradient of tlio lino is 1/2, 

We may say tho lino rues 1 in % 

Ex, 2, Find tlio gradient of tlm lino joining the points (- 6, 2) 
and (7, - 4), 

In Fig, 10, lot A, B ho tlio points (-5, 2) and (7, -4). 

Lot tho parallel to A'YLV through A meet tho ordinate through 
B in a 
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Then 0=anglo nioasiirocl from /l^7 to AB. 

OB 

tan {OB is uogativo, AO is positive) 
12 ^*^ 2 ’ 

tlio gradient of tho lino is *“1/2, 

Wo may say tho lino falls 1 in 2. 
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Ex. 3. ]?rov 0 that the graclioiit of tl )0 lino joining 

(i) (3, 4) and (5, 7) is 3/2, (ii) { - 3, 4) iincl (C, - 7) is - 11/8, 

(iii) (0, 0) and (1, 2 ) is 2 , (iv) ( 0 , 0 ) and (-4, 3) is -3/4. 

18. Formula for G-radient. The fjrudiont of Ihp, Htviiiyld 
line passinff through the points (oJj, i/i) and (x.^, is 

OJE {v^ ibncl iWg, lot be the greater. 

Let A be tlie point j/j) 1-/5, 10). 

« « ») 2/2)’ 

Let the pamllcl to a'OX thvoiigh ^‘1 meet the ordinate 
through 5 in 0, 

Then, since cv.^ is greater tlian 

tlic direction A7^ is the positive direction of tho line,^ 
tlio direction AO is the positive direction of tlic ai-axis; 
tliorefore 0, tho angle wliich tho lino makes with tlio 
r«-axis, is the angle incasiirecl from AO to AJi 
OB 

/. tan magiiitiido. 

Now let ilAy KB bo the ordinates of A, ii 

OB ^iai^KO:=^KB^irA = y^->^j/,; 

AO^ HK^ OK- on 

... 

AO 

But tho gradient of tho line is tan 6 (8 17). 


, ■ , tho gradient of tho lino — ^7- 


Second, Of and let be tlio greater; thon, by 
tliG gradient of tho — 

'M rt* — /»* 


U/o a*ij x^ 


Ilonce tho formula always holds. 

For example, lot (ajj, j/J ho ( — 6, 2), and lob (a;^, y^ ho 
(7, —4'). TJien tho grodienb of tlio lino joining tlicao points 
Vo-ih -4.-2 1 


■7-(-o)- 


Ex. Find, by tho formula, tho gradients of tho linos in Ex. 3, 
U7. 
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^18,19] 


19, Parallel Lines and Perpendicular Lines. 

Let m, , mj he the gradientu of two straight lines. If the 
lines cure parallel if the lines are perpendimlo/r 

—1 ; (n-nd conversely. 

Let the lines make with the (c-axis angles O^, (§ 17). 

If the lines are parallel, 0, = 0.^ ; 
therefore tan 0 ^ = tan 0^ , 

that is, mi=TO.i. 

If the lines are porpondicnlar, one gradient is po,sitivc, 
the other is negative. Hence the product of the gj'adients 
is negative. It remains to show that the product is 
numerically eijual to unity. 

Let tiro lines cut the a;-axis in A, B and one another 
in G (Fig. 17). 



Fig. 17. 


Then, numerically, one gradient = 2 ^, 

numerically, other gradient 

Therefore, numerically, product of gradients = 1. 

But wo have scon that the jiroduct is negative in sign. 

mpn^— — 1 . 
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EXERCISES V. 

1. Draw a lino Uirougli tlie origin which rises 3 in 4. 

2. Draw a lino through tho origin which fails 7 in 8. 

3. Provo that tho join of (1, 2) and (4, 7) rises 5 in 3. 

4. Provo that tho join of (-2, -6) and (4, -3) rises 1 in 3. 
6. Prove that tho join of (-3, -4) and (2, -S) falls 1 in 0. 
6. What aro tho gradients of the linos in Exs. 1-6 1 

<■"’ »■> “■* 


'1) has tho samo gradient 


.Provo tlmt tho join of (0, 0) and (6, 
as tho ]oin of ( - 2, - 3) and (3, - 4). 

10. Provo that tho thi-oo points (0, 3), (2, 7), (.3, 9) aro eollinoar, 

coluAoiJr'’'’ '«'® 

<“■ "> <». 0) 
(1 <»• »» “o io™ »' ft *) ■«> 


- 3) aro throo vorticoa of a rocfcangl(\ 


16. Provo that (2, 1), (G, 8), (9, 

and find the fourth, ^ ^ 

*16. Prove that the straight line 3 ^i=|^' rises 3 in 4, 

17. Prove that tlio straight line ^ = falls 7 in 8, 

andtofrgraSonVm? passos tlirongh tho origin 

19i Draw the straight line wliose equation is 

(1) I (2) y=: j (3) . ^4) 4y :-0 ; 

(6) 4A’+5y=:=0. 

20. Find what straight line is represented by tho equation 
By tho formula, gradient wo see that the gradioiil of tho 

^ho^gin^of 3). to ?/) rises 


Tho student who finds Exs. 16, 17, oto.. difficult sliould rood 


), 24. 


III.] 
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1 in 2, (a', ;/) musl lio on this lino. IFonco Una ia the lino ropreaontod 
')y 

21« ITincl what almiglit lino ia roproaontcd hy the equation 
(Tho straight lino through (3, 2) of gradient J.) 

22. Find what atraighb lino ia represontcd by the equation 

23. Provo that the eijuation ~ =2 roprcaonU the straight lino 
which ia drawn through tho point (0, 2) and luia gradient 3. 

24. What atiaight It nos are represented by the following oquatiotiK : 


0 ) 


irl.. 


1 , 

"2 * 


(2)y-2 = ]yr; (3) //-if+l ; (‘1) //- ; 


(5) .y= -3,i--3? 

26, Provo that tho points (I, 2), (-5, -2) lie on tho straight line 
reproaojited by the equation 2.^-3?/ -I- 4—0, 

26. Which of the following points lio and wliich do not lio on tlu^ 
lino whoso etpmtion ia 3.V*-*?/— 7 ; viz.: 

(0,4), (-3, -10), (2, -1), (-1, ^2), (-7, 4), (3,2)? 


M «. 2 

27. Provo that the abraight lino ■ 5 = 3 paaaea Ihrougli (1, 2) and 
has a gradient 3, 

28. Find tho equation of tho straight lino thi'ougli (2, 3) of 

gradient 1^. 

29, Find tho equation of tlio straight lino through (0, 0 ) (tf 

gradiotit m, 

30, Find tho equation of the straight lilies through 

(i) (2, 5) of gradient j (ii) (-* 3, -2) of gradient A j 

(iii) (-4, 2) of gi'adiont ; (iv) (H, -3) of gradient -2, 

31. Prove that the equation of tho straight lino through (a’j, //{) of 
gracliout m is (y-?/l)/(.^•-.r^)-m. 

32, Tlio vortex A of a triangle ia tho point (2, 6) and the gradient 
of the base BO is find tho equation of the porpondicular from 
A to 


33, /I, 7i, 0^ tho vorlicGS of a trianglo, are tho points (-6, 2), (1, 7), 
(3, -2) resnootivoly. Find tho graaionta of BCy OA^ AB and the 
oquatioiiR ot tho ])orpoiidicuhirB from tho vortices to tho op])osito Hides. 

34, /I, By Cy the vortices of a trianglo, are tho nointa (7, 2), 
(-6, -2), (1, -9). Through Ay By 6^ aro drawn jjavallols to BCy OAy 
AU rospocbivoly \ find tho equations of tho parallels, 

35, Provo that (-li'i)i (B, 3), (11, 0), (6, 7) aro tho vorticos of a 
parallel ograin, and find tlio lengths of its diagonals. 

Q,A.a, 0 
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36. Pi'ovo that (-1, 1), (2, 5), (-6, 4) are tho vortices of a I'iglit' 
unglocl triangle, and liiul tho longtli of tho hypo ton u so. 

37. Prove that (2, —3), (6, 1), (2, 5), (-2, 1) are tho vertices of a 
square. 

38. If Q are tho points (a, ^>), a\ prove that OP is equal and 
l>oi'pendicular to whore 0 is Uio origin, 

39. If P, Q are tho points (a, 6), (/;, - a), prove that OP is equal and 
porpeiulicular to OQ^ whore 0 is tho origin. 

40. Tf P is tho point (3, 2) and if PQ is drawn porpondicular and 
equal to OP (Avliero 0 is the origin), find the coordinates of Q* 

41. If P is the point (a, h) and PQ is drawn perpendicular to and 
equal to OP (where 0 is tho origin), find the coordinates of Q> 

42. If P, Q are tho points (a, h\ (o, d) respectively and PR is 
drawn perpendicular and equal to PQ^ and the coordinates of P, 


20, Ohlique Axes. It is sometimes convenient to take as 
axes of rotcronce two lines X'OX, TOY that aro not at 
right angles; the axes are then said to be obliq^le,'^ The 
angle, w say, botween the axes is tlie angle through whicli 

X'OX must bo turuocl in order 
to be brought into eoincidenco 
with rOY. (Fig, 18.) 

The only change on tho con- 
struction of § 8 is that PM is 
drawn parallel to the 2 /-axis (not 
perpendicular to the 03- axis) and 
PJY is drawn parallel to tho 
a3"axia (not perpendicular to tho 
i/-axi,s). If OM-NP^x and 
OX^mP — yj then x is the 
abscissa and y the ordinate of 
eig. 18, P. The nomenclature is tho 

same as that of §8. 

If L is the projection of P on X'OX and 0L^x\ 
= then x\ y' are the coordinates of P with refsronee 
to X'OX, and the axis through 0 perpendioular to X'OX j 

obviously fl 5 '=a)+ 2 /cosft», y'=ysin(o ..••(!) 

a? = a)'— 2 /' cot ft,, j^=^'coseOft, (2) 

^ This artiolo pmy ho postponed till Clmptor IT, has boon road, 
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The SecUou-Formulac oC §§ 10, 14 are easily seen to bo 
true for oblique axes, and the proof given in §15 that the 
equation of tlic first degree represents a straight lino is 
also applicable when the axes arc oblique. When the 
equation of the straight lino is written in the form 




the eooflicient w is not equal to tan 0, where 0 is the angle 
which the lino makes with the aj-axis (§1V). If in Figs. 
16, 16 we suppose llic axes to be inclined at the angle a), 
then m is, exactly as in §18, equal in sign and magnitude 


CJ5 

to Now, by the sine-rule for triangles wo have, so far 
08 magnitude is concerned, 


^^siuCViZi 

AQ^miAiid 

When 0 is positive, lABQ—w--Q\ when 0 is negative 
the numerical value of lOAB is —0, and lABG is the 
supplement of w — 0, In both cases wo have, in sign and 
magnitude, 

(w— 0) 


The equation of the lino through (aj^, making the 
angle 0 with the o^-axis is, 




Hin0 


sin (£ 0 - 0 ) 




..(3) 


If £0 = 90^ tlio axes are rectangular, and wo got tan0 as 
the coefficient of (oj—oJi), 

The equation ^'=^£r"tan0 in rectangular coordinates 
bocomos, by equation (1), 


that is, 
or 


j/ sin 0 ) 5= (a )+ y cos £o) tan 0, 
y (sin <w cos 0 — cos o sin 0) == oj sin 0, 




sin0 

sin (u)-0) 
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Wo have thus another proof of the value of nii in terms 
of Q and co. It may bo noted tliat 

sin 6 . , « msinri) 

; h: a'lves 

sin (ft)— 0) ^ 1 +m COM ft) 

Tile expression for OJP^ (Fig. 18) is 

MP cos OMP 

===aj^+7/^+2ajy cosft), (4) 

because in that figure i.Oj)/P=2l80° — ft>. The stuclont will 
find that this formula holds for all positions of P ; if co is 
acute, tlie angle OMP of the triangle OMP is obtuse or 
acute according as OJIf and MP have the same sign or 
opposite signs, the position being i^overacd when w is 
obtuse. 

Tile general distance formula becomes 
PQ* = (iKi - + ( 2 /i - 2 /j) 2 + 2 (Oil - ajj) ( 2/1 - 2 / 2 ) cos 6) ... (6) 

This formula may be I'eaclily obtained from tliat of §0. 
If the rectangular coordinates of P and Q are (a;/, 2/i0 
(®2'. V 2 ) 

but, by equation (1), a!/=a;j+2/i°o^*'> 
that we got 

PQ® = {(®i -ajg) +(2/^1 - 2/2) CO.S w}H (2/1 - sin^ «, 

whicli leads at once to equation (6), 


Ex. If are the equations of two siraiglit 

lines roforrocl to axes inclined at the angle o, tlion 

(i) tile lines are parallel if Wj*=iW 2 ; 

(ii) the lines are perpoiKlicular if H-?ni7)i2+(w^i4" %)cos w^O. 

Let the lines make angles a, /? respectively witli tho .r-axis, the 
moaning of angle being that ^iveii in §17, Whoii a==^, thou 
obviously When the lines are perpendicular ono of tho 

angles a, j3 is positive and the other negative ; suppose S to be 
positive, then 


Now 


sing sinff _ cosg 

sin (o) - g)’ '^sin - cos (co - a)^ 
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and thorefove, solving oach equation for tan a, wo got 

tan a — „ i +«i 2 cos (ii . 

1 + coa m ail wo 

wlionco (1 4' mi cos (d) ( 1 4 - m,^ coa (o) w := 0, 

or 1 -I- (?», *j- wjj) coa (0 -h m^vh — 0. 


21. Polar OoorcUiiates. Tlio poaitiou of V {Vig. G) will 
bo kno^Yll whon wo arc given (i) tlio distance r oC P Croiu 
the origin 0, and (ii) the angle 0 wliich U\c sto]o OP makers 
with the positive direction of the f«**axis, fcluit is, the angle 
(hrougli wliicli OX (not OX') must bo Uirned bill it coinci<l(m 
with OP, Tlieso innnbcrs r and 0 are called the polar 
coordinateB of P with roforonco to the polo or origin 0 and 
tlio initial lino OX ; r is tho radius vector and 0 tho vectorial 
angle of P , . 

If the rectangular coordinates of P are x and y, thou wo 
«j=5:rcos0, 2/=s=rHin0. (1) 

It is usual to suppose r to bo always posltivo ; cos 0 and 
ain 0 have thou tho same signs as x jvnd y rospoctively, 
Wo may, however, allow r to take negative values, providtKl 
that when r or OP is negative wo take 0 to bo tho anglo 
that tho stop PO (nob OP) makes with OX* 

From equation (1) wo Hud 

^ tan 0 ^ (2) 

ft/ 

In dofcormining 0 tho oqnabion bm\0^y/x is not sunioionb 
by itself; wo must romombor that ( 9 * being positive) tlio 
signs of COS0 and Hin0 arc tho same as blioso of x and y 
roi^octively 

We shall make littlo uso of polar coordinates in this 
book. 


Hx, 1. Wlmb arc tho Cartesian coordinates of tho points whoso 
polar coordinates arc ; 

(i) (5, 30^) ; (ii) (5, 120^) ; (iii) (H, 270') ? 

Applying tho forimiluo iV^rcoaOy y=rsin 0, wo ilnd 

(i) ; (ii) .1?=. } (Hi) x-^O, y= ~6. 
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Kx, 2. TliG general equation of a straight lino whon x^oferrccl to 1 
polar coordinates is of tho form 

^=acos ^4*6 sin Q. 

V 

In the Gartosian equation put r cos 6^ for a? and rsind 

for y ; we then got the form stated^ Tho sbudout will readily scg that 
the following are equivaloiifc fornis^ a, q being constants \ 

rcos(^4a)— p, rsin(&+^)’=<7, 

22 . Areas, Let A, B (Fig. 19 ) be tho points y^), 
(ojg, 2/2) I’eferred to rectangular axes X'OX, Y'OYy and lot 

(^2> ^*2) ^9 P^lo.r 

coordinates, 0 being tho polo 
and OX tho initial lino ; then 

== 01 , 2/1 = r*! sin 6 ^ ; 

(C2=r2C0.s 02, 2/2='f’2sin 62. 

The angle AOB is equal to 
(0j— 0^), and the area oi! the 
triangle OAB is 

-K»’2 8i«(^2“^i)- 
But sin(02— 0 i) 

= cos 01 sin 02 — cos 02 sin 0 j, 

and therefore, denoting by A.OAB the area of tho triangle 
OAB, we have 

A 0 J. 5 =|(r,co 3 0j . rjsin Oj-rjCOS 02- rjsin 0^) 

= K«i2/2-«2yi) (1) 

This formula may also be pioved in tho following way. 
Let 0 and D be the projections of A and B on the aj-axis ; 
then the triangle OAB is equal to tlie sum of tho triangle 
ODB and tho quadrilateral .BjDOiL diminished by tlio 
triangle OOA. Therefore 

A OAB = A 0DB+ quad. BDGA ~ A OGA 

=^^01),J:)Ji+lDG(I>B+GA)-lOO.OA 
= ^*2^2+ Ho^i-^^zXVi+yi) - l&iiVi 
= K®i2/2-«22/i)- 
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Wo have thus obtainod an expression for the area of the 
triangle OAB in terms of the coorclinatea of A and J3 ; let 
us apply the formula to two simple cases. 

(i) Let A be the point (5, 2) and J3 the point (8, 4); we 

A0iUi=A(6X'l<-3x2) = 7. 

(ii) Let A be the point (3, 4) and B tlie point (5, 2). 
This triangle is the same as in case (i), but the letters 
attaclied to the points (B, 2) and (3, 4) liavo been inter- 
changed ; wo find 

A0ili?=i(3x2^5x4)- ---7. 

The numerical value of the area is tluis the same as in 
case (i), but the minibov that measures the area is now 
negative. If it be roineinborod that coordinates are tlic 
measures of steps, and therefore involve direction as well as 
magnitude, it is not a matter for surprise that a calculation 
which involves coordinates should result in a negative 
number; wo may conjecture that the above clinbr(mco in 
sign will have some connection with the Wo diflbront 
senses iu which the lines that bound the triangle may bo 
traced. 



Fig. 20Xct) shows tlm triangle of case (i) and I^^ig. 20 (&) 
the triangle of case (ii). If wo describe the boundary of the 
triangle OAB in the order iu which the hittcu’s 0, A, B are 
written, it will be soon tlmt in case (i) (Fig. 20(^6)) the area 
lies on our left hand, while in case (ii) (l^'ig. 20(6)) the area 
lies on our right liand. 
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Wo shall now state a rule which is not Imrcl to prove 
by examining the sign of 

^rir2sin(02-0i), 

but which it will be sufficient at this stage for the student 
to verify by testing it for positions of A and iJ in each of 
the four quadi'ants. 

Rule. If A is the point Vi) B the point (oJg, j/gX 
0 being the origin of coordinates, tlio numerical value of 
the expression ^^Iways gives the magnitude 

of the area of the triangle OAB ; the sign of the oxproHsion 
will be positive if, when we describe the boundary in the 
order 0, A , B, the area lies on our left hand, but the sign 
will be negative when the area lies on our riglit liand. 



Wo shall now use the symbol aOAB to indicate the 
algebraic measure of tlie area of the triangle 0AJ3) bo 
that we have 

A OAB = J (x^y^ ^ A OB A ^ J (x^^ x^y^). 

In other words, an area is, like a stop, a magnitude which 
may be eitlier positivo or negative.* 

*In applying tlio forniiilao it is convoniont to clonotio tlio oooKlinatoa of 
, point P ty tlio symbols aip, yp ; thus 5 

A OAP::^i(xAyn-iiWA), A OPA 
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Let us now con.sider Ihc triangle A BC, the coorclinatcs 
ol whoso vei’tice.s arc (.-Ci, y^), (,r.,, y^), (cr,, y^) rospcctivoly 
(Figs, 21 (ft) and {b)). Wo have tho following equations; 

^0AB=l{x^y^~■ai.2y^), 

A OBO = 2 

AOC‘yl«K«3yi-^h?/8)- 

In Fig. 21 (ft) A OA B and A OBG aro po.sitivo and A OGA 
negative ; in Fig. 21 (6) all arc nogativo. In both cases avo 
have the relation 

A0.'l5+AO71(7+A0C'yt« a^71C, (2) 

a relation which may bo voriliod to hold whaLovor bo 
the positions of tho four points 0, A, B, G. Inserting in 
equation (2) tho values in tornis of tho coordinates, avo 
find for tlie area of tho triangle ABG tho formula 

AABG=: i {»l?y2 +®22/.-1 - ®8?/2 + W,?/! - ®l?/8} 

= H®i (?/2 - y») + ® 2 (?y 8 ~ jyO + ®8(2 /i - f/a)}- • • -(s) 

Tho second of those fonns is perhaps tlio more easily 
remembored. 

Tlie formula (3) gives the area in sign and magnitude. 

'Dig atudont may prove that if tho axea aro inclined at tho anglo w 
tho area ia equal to 

, "y3)+*'^’a(2/a ^?jd •-.ya)} sin oj (4) 

He may do this by allowing that equation (I) becomes 
A OJ (iiv/g - a'a/Zi) ^hi (u. 

Ex. 1. Eind the area of tho triangle tho coordimitea of whoso 
vortices, taken in order, aro (2, 7), (fi, - i), (-1, -4), 

Tjio urea ia, by formula (3), 

i{2( ^ Hwi)q,5( -- 4 ^ 7)4-( - 1)(7 4^ 1)}=^ 

Ex. % Eiud tlie aroa of the quiulrilatoral ABOD^ tho coordinates 
of .r 7?, C, 7) being (2, i), (-^2, 2), (^1, ^1). (r>, 

The qnudrilatoral is tbo sum of tho triangles ABO aiid A CD. 

AABO^ i{2(2-hl)H^( - 2)(-^ I 1)-P( - 1 )(1 -2)}-5i, 
Ad6V;=.J{2(^M-2)4-(-^’l)(--.2^1)4^rj(i-h'l)}=;7i. 

Tho area of tho quadrilateral is thoroforo 13. 
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Ex, 3, If ”quad, ABOD^^ denotes tlio aron of fcho qimcMlaloral 
A BOD in sign and magnitudo^ show that 

quad, ABGD^ A OAn+ A OBO+ A OOD A ODA . 

The proof is a very obviovis extension of that given in the text 
fop the relation nnmborod (2); it can clearly be extended to 
polygon. 

Ex. 4. Plot the points A (2, 0), 5(8, 0), 0(Sy -2), 5(2, 5) and join 
AB, BG, CD, DA, ^ 

It will bo noticed that CD crosses AB botwoon A and B\ a 
quad ri lateral of this kind is called a oross-quadrllatoral. Its 
calculated by the rule of Example 3 ia 

AOA^"!^ /^OBQ A OODA" A55A 8^-|-^22)d’'( — 5)s3 0i 

Ex, 6, Plot the points A(«, 0), B(h^ 0), 0(by c), Z)(<jt, il\ and shew 
that the ax'ea of the quadrilateral ABGDy whether cross” or noh is 
or i AB{AD+BO)y where ABy A5, BO are stops, 


EXERCISES VI. 

Calculate fcho aim of each of fcho triangles and p^dygoiis wlieso 
vortices are apoeinod in Examples 1-0 j the periiuotor is to ho tniced 
in the order in which the vortices are named, 

1. (6, 7), (-3, 4), (0, -6), % (3, l\ (4, -2), (-*1 ^2). 

3. (1, 6), (6, - 3), ( - 3, - 4), 4. (^’, y), (0, i), (a^ 0). 

6, (4,4),(~3,0),(-6, -5),(5,-3). 

6. <S,3),(5, ™2),(-2,--4).(-5,0). 

7. (3,1), (1,4), (--3, 2), (^2, -2), (2, -3), 

8. (2, ^1),(G,~1),(-1, 1),(3,3), 

a (4, 1), ( ^2, 6), (0, -9r)y (2, 6), (^4, 1). 

10. The coordinates of A, 5, G are (6, 3), (-3, 5), (4, -2) rospeo^ 
fcivoly and P is tlio point y) ; show that 

AP5(7_.t’4*?/-2 

/SABO'^ V 

11, ^ B and G arc any two points on the straight lino given by the 

equation +o— 0^ and y^), Ctej ya) lU’o any two poiiiU 

that do not lio on the lino ; show by consider ing fcho sign of tlio 

of the triangles JPBOy QBC that the expressions j 

+ and a?^+?;yg4*o :j 
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arc of tlio same Rign or oppoaito aigna according as P and <3 aro on 
the same side or on oppoaito sides of the line. 


12, If {x^y) is any point colli near with (.ri, y^ and y^^ prove 

- .%) - .’/ ('t’l - •’•a) + AV/a - •«a.'/i “ 0, 
and find the equation of tho join of (2, T)) and (-7, 1), 

13, From tho fornnila for the area of a triangle deduce that if a 
variable point ;/) moves on a straight lino, then 

where Ay B^O are constants. 



[cll. IV. 


CHAPTER IV. 

REPEESENTATION OF GEOME'miGAL LOUI 
BY ANALYTICAL EQUATIONS. THE STEAtaHT' LINE. 

23. The Equation y = mx. Axes and .sealo-units being 
clioaoti or aaaignccl, a atmiglit lino throngli Uio origin is 
complotoly apo’ciflcd wlioii its p’adioiit (§ 17) i.a spociflod. 
Bnfc we know tliat the aauio straight lino may bo roprosontod 
by an equation in w, y. Lot a straight lino tlirough the 
origin havo i^radiont in.; it is rccpiirod to translate the 
defining conditions o£ the lino into an equation. 

Lot Q(co, y) bo any point on the lino (Fig. 14). Lot Jif bo 
the projection of Q on X'OX, 

Tho gradient of tho lino is or 


.•. y—om. 

Since (x, y) is any point on tho lino, 

y — mx 

is tho equation of tho lino. 

24. The Ennatlon y«mx+o. Lot a straiglit lino l» 
spocificcl by its gradient ?}i and itsintoreopt c on tho ly-axis; 
to find its equation. 

Lot F(oi, y) bo a)iy point on tho lino (Fig. 14). 

Lot tho lino cut tho y-axi.s in Q. 

Lot OQ bo tho parallel to tho lino through tho origin. 

Lot MF, tho ordinate of P, cub tlio parallel in (j* 
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Since tlio lines are parallel, fclioir gradienU are equal (§ 19). 
. ■ . gradionii o£ OQ^mi 

, MQ 

• ' djyr 


=m; 


MQ-m, OM. 

But MP^MQ+QP; 

/. MP^o)h.OM+00; 

?/— mfD+c. 

But (rt), y) in any jioint on the lino ; hence 
y=:mx+o 

is the equation o£ the spcciliod lino. 


EXERCISES VII 

1, Find the equation of llio strai^lit lino which paftRos through the 
point (0, 2) and riHOfl Ti in 3. 

??i=«gradiontp«ij ; o«2 j 

lion CO bocoinea j/aaj.v-pu or 6A’-3;/-hG=0j wliich is iilio 

roepured e(pialion (hco big, 

2, Find tho equation of tho Btraight lino which pasBOB through the 
point (0, - 2) and falls 4 in T). 

7?i««gradiont)» - j — 2 J 

that is, is tho equation of 

tho lino. 

3, Find tho (Mpiation of tho straight lino of gradient -J whoso 
intorcopt on tho y/^axia is 1 J, 

4, Find tlio o(puition of tho straight lino of gradient J wlioso 
intercept on tlio ^y-axia ie 

6. Find tlio equation of tlip straight lino drawn through (0, 2) to 
make an angle of 30* with X'OX, 

0, irind tlio oq nation of tho straight lino whoso intorcopt on fcho 
y-axia is “-2*2 and wliich makes an angle of -80* with X*0A, 

7. Draw tho graph of 

(i) ;/ w 2.V-I' 1 j (ii) y- - 3*v-l"2 ; (iii) 7y=a8^ -5 i 
(iv) ywa ; (v) 2y*=a3A?-b4. 

[(i) pasfloa through (0, 1) and riaoB 2 in 1,] 
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8, Wlmb are fclio gradionfcs of tlio following linos ? 

(i) ; (ii) -2.r-l ; (iii) j 

(iv) 2y=^itf-H2 ; (v) 3?/= ; (vi) 2^~.i'=:=3 ; 

(vii) + (viii) 3.^’-4^^'G=0 j (ix) 

9, What i 3 th 0 grad ionfc of tlio lin o «/i? + + o = 0 ? 

10. Wlmb 18 til 0 gradient of tho lino aya+y/^—l ? 

IL Wliat iH tho gradient of tho lino (y-3)==w^(.^•~2), and of Uio 
] ine y =5ot(a7 -* a'j) ? 

12. DTso the ffradlent fonmila, viz. to OBtahlish tlio oquatlon 

y==mx4-o. ^ 2-^1 

“-^—gradient of tho lino joining (0, 0 ) and (.r, y ) ; honco 

OS' U (0 

or 2 /"=»»i.v+a 

13. Draiy tlio graphs of 

(i) 2.tt-3^ + I=0; (ii) 3a'+4,j/=i7 ; (iii) 5 .vk=2^+3 ; 

(iv) ajJ+2y-|-4«0. 

26. The Iiinear Equation. Every .straifijlifc lino, consicloi’ed 
with roforoiiGO to a system of rectangular axes and scale- 
units, has a definite gradient and makes a do/inito intercept 
on tho 2 /-axis. lienee every straight lino may bo repre- 
sented by an oqiiation of tho form y — mx-\-o, which is an 
equation linear in oj, y (§ 16). Oonvorsoly, any equation of 
tlio form y=i>rnx-{-o represents a straight lino. '.l.’o prove 
tliis wo have only to reverse tho stops of f? 24. Tims, lot 
P (Pig. 14) bo any point on the graph or locus of y~inX‘\-c. 
Through the origin draw tho straight line OQ of gradient m. 
Lot G bo tlie point (0, a) and let JlfP, the ordinate of P 
moot OQ in Q. Then 

m = gradient of OQ 
_JlfQ. 

~dM’ 

MQ==m, OM. 

But yt^nvo+o; 

JlfP = m.0j1/ -1-00; 

JlfP = Jl'/(2-t-00; 
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§§2a-27J TIIK GENERAL LINEAR EQUATION. 

.% MQ^QP=MQ^.OC-, 

QP^OO. 

Also QP is parallel to OC, 

GP is pavallol to OQ. 

Thoroforo the locus of P is tho straight lino tlirough tho 
fixed point 0 pai'allcl to tlic fixed lino OQ. 

Now tho general linear O(]uation Ax+By+G=0 may bo 
written in tho form 

2/=(-5)a;+(-g), 
i,e, in tho form y^^mx+o, 

Honco tho conclasion : awy slraiylU Una mci/y be r&pro- 
sented by a UneAW equalion in x, y, md, conversely, evny 
linear equation in x, y represents a straight line, 

Tho cases of linos parallel to tho axes may bo treated 
separately ; a similar conelu.sion holds. 

26. Tlio Bijuatloii y— y^!=in(x--Xi). write tho 

equation 7 / — ;yi=m(ie— ( bJ 

in tho form 

wo soo (§ 18) that tho gradient of tho stmight lino joining 
(®i> J/i) to (.i;, y), any point on tho loons or graph ropro- 
sontod by tlio equation, is tlio constant to. 

Hence, (y— y^)=in(x— xQ 

rcpi'esents the straight line, of gradient to, through the 
fixed point (.'Bi, yf), 

27. The equation y—y^— * (x-Xj). If wo write tho 

* 1~*8 

equation 


in tho form 


£0—0), 
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we see (§ 18) that the gradient of the straight liiu' 
the point (ajj, y{) to (a;, y), au^ point on the loe.UK .n’ 
represented by the equation, is ccpial to tlic grmlieiil • 
line joining (*,, y,) and y^. 

Rmca y - Vi = (x - Xj) 

JCo 

rejn'esmts the straight line through the '/toliils (-*'3. 
and (x^, 2/s). 

Ex. I, Enid tho equation of 6lio Hti'iiight lino wliiidi « t 
tlie point {% 3) and I'isos ^ in 1, 

In fclie equation ?y - i/i « m (.r - ), 

put a^i= 2, ^1-3, m==2/l=:2. 

The required equation h ;?/ - 3 *= 2 (.-i? - 2) 
or 2.'V-^-'Ix=0 (1% 22), 



thftwo'pohlteV-riTS'fvf-^J *’'‘**^ 

In the equation y - s=,t/LIlKa _ r^s \ 
put .rj=: -4, ^1 = 1, A’a=s7, - 5, 


§27] 


13XKRCISKS VIII. 


49 


Wo got y-l=--y-t^!(.V-l-<l), 

i.e. 3'-l=“^(.v+‘l). 

wliioh becomes (Fig. 23). 



Fm. 23. 

Asa cliockj nolo timt G('"4)H-U , H* 13 -O* 
ami G.7-hn(“5)-M3-0. 


BXBBOISES VIIL 

1, li’ind Ibo o([ualioii of llio filmiglil lit*o wlncli piiwHos throng) i 
(~C, -2) anti falls 3 in 2. 

2, LHikI tlie of|iiation« of Ibo two straight linos '.vhich botli patfs 
tlirongh tlm point (4, -t)), ono of gradionb 3/4, bho other of grudiont 
- 3/4. 

3, Find Llio oejiiation of tlio join of (2, 3) and (7, D). 

4, Provo tlnit tlio join of (-3, 7) ami (-1, h), and tbo join of 
(2, --4) and (-^5, 3) itro parallel, and find tlio etpiationa of Oho Imoa. 

5c Trovo that tho lino joining the points (-2, 0) and (0, 4) in 
porponilicnlar to tho lino joining (2, 4) and (--0, —S), and lincl tlio 
oquations of tho lines. 
o.A.ca 


1 ) 
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6. ThiougL (0, 1) ia (liuwii tho parallel Lo Um lino joining (0, 0), 
(3, 4) i find the ccpitiUnn of tlio jjamllul 

[Use ^ -yi == m(x-A\). A’l ===0, .yi= 1» = 4/3.] 

7. WJiat is tho gradient of each of tlio following linas ? 

(i) ?y = %v - 3 ; (ii) ?J - 3.u 1 ; (iii) + U' == 7 ; 

(iv) 2.r-5^+1^0; (v) 3»i;-|-2//-2-0 ; (vi) + 0, 

8. Provo tliab the following pairs of lines aro i)arallol : 

(i) %v - 3^ -H 1 =« 0 and 2.r - 3 ?/ -58=0; 

(ii) and 2.t’+4//- 13=0 ; 

(iii) and 

9. Provo Unit bho following pairs of lines aro porpondicular : 

(i) 2.v+3y/4-l=0 and 3.v-2/yHO7'=0 ; 

(ii) rxV’-2^-l-3 = 0 and 2.r4'5yy- 11=0 ; 

(iii) i?.r + %4-c=0 and hx'-a^’\’d^0. 

10, Pi lid Iho equations of bho sides of Uio trinnglo wliose vortices 
are (3, 2), (6, 7), (9, 1). 

11, Find tho equations of the medians of tho trianglo \\\\<m 
vorbicos aro (- 5^ -2)^ (4, - 6), (1, 7). 

12, If Ai O are bho points (1, 5), (3, 1), M, 8) reH])ectivol,Yi what 
is tho gnidioi\b of BO and of the por])ondioular A I) from A lo'JiC t 
Find the equation of /! A 

13, If d, 0 are the points (5, -3), (-5, 3), (4, 7) rosneo lively, 
find bho equation of tho line joining bho middle iioiiits of AJ) and vl& 

14, Find tho equation of the porpondicular bisector of the join oi 
(2, 3) and (B^ - 2). Poes tlio point (8, 4) lio on tho bisector ? 

16, Which of tho following sots of xioinbs aro eollinoav? 

(i) <1, 1), (2, 2), (6, 6) ; (ii) (5, 4\ (0, 1), (4, -4) ; 

(iii) (5, -2), (-4, 1), (i 0) ; (iv) (L 3), (-2, ^G), (4, 12). 

16, Find tho point of intersoction of tho linos 2a‘-3y/*hl«a30^ 

(Solve tho equations as ainiultanoous equatioiiH.) 

17, Find tho ]joint of intorsection of tho join of (5, -2) nud 
(-2, 4), and bho join of (3, 7) and (-11, -'2). 

18, Find tho orthocontro (i.e, intorsection of porpondicuhii'nO ot 
trianglo AJW ot Ex. 10. 

19, Find tho orthocontro of trianglo of J’lx. 11. 

20, Find bho intoraootioii of tho mediaiiR of triangles vlii’O' Ih 

Ex 8. 10, IL 
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§§ 28, 2D] PARALLEL ANJ> IPKRPENDIOULAR. 

28. Parallel through (h, k) to ax+l)7+c = 0. In geometry 
it is frG{[uently nocGsaary to construct a parallel through a 
given ])oint to a given straiglit lino. If (/i, k) IkS any given 
I)oint and rt^K + — 0 is any given straight line, tlio 

following rule enables m to write down at once the 
equation of the parallel through (//, k) to ax+hy + o^O. 

Rule. Infi the aquation ax+hy+c^Oi (i) delela the 
ulmluiG term c\ (ii) replace x by (aj—Zt) and y by 
the eqwition a(x-h)+b(y-k)=0, ‘ (1) 

so ohlwined, is the parallel through (h, k) lo 
aa>+by+c—0. 

Proof. ,Tlio gradiont of fclio sfcmighb lino aoa-phy-po—O 
T.H—ajl). 

Tho giwUonfc of kho striviglik lino a((e~h)-[-b(y~k) = 0 
is —a/h. 

'J’horoforo the lines are parallel (§ 1 9). 

Again tlio lino (J ) piiascs bhrougli (/t, k) if 

a(h->h)pb(k-k)^0, 

and tins is knio. The rule is khorofoi'o provocl. 

Ex. 1. Find llio o((iiul/ioii of tlio ixu’iillol to 3.v-2y-|-4=0 through 

V)- 

.Ily tho vino, tho oqnatioii lu 

3(.v-8)-30/-7)=0, 
that is 3.® -2 //-I- 8=0. 

Ex. 2. Eiiul tho equation of tho pariillol •. 

(i) through (ft, 3) to 2.®-,y*l-l=0, 


(ii) 


(3, 1) „ .y=ar+4, 

(ill) 

)» 

(-1,2) „ 6.®-|-ly-7=0, 

(iv) 

i) 

(2, “1) ,, 3,®— 2y— 3=0, 

(V) 

>1 

(-3,-1),, y=2,®-l. 

(Vi) 

)) 

tho origin „ 2.®-7y-)-6=0. 


29. Porpendlcular through (h, k) to ax-f-by+c = 0. It is 
xioco.sHary to bo aide to write clown tho ciiuation of tlio 
porpondiciilar lot fall from a given point to a given 
(Straight lino, '.riio following rule ia used for writing 
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down the equation of the perpondicnlar Ivom {h^ k) to 
arc+5j/+Os=0 : 

Rule. In the equation ax+hy+o^O \ (i) ddete the 
absolute ieron g ; (ii) chaurje the siijn before Lite term in y ; 
(ill) inUvcliojnyG the coeffuykvU of x and y ; (iv) replace x 
by (aj — /t) and y by {y--k ) ; the equation 

5(x-h)-a(y-k)=0, (1) 

50 ohtainedy is the pG'ipG 7 idiGulav through (/t, h) to 
a.TH-5j/+c=:0. 

Proof The gradient of ax-\^by-\-G—Q in — c6/5 = TOp say. 
The gradient oi* h{x^h)’--a(y^k)^0 is bja^n^, say, 

And x ^ ! 

^ ^ ha 

thevofore the lines are perpendicular 10), 

Again> the lino (1) passcH through (h, k) il 

5(/t - /i) — a {k—k) == 0, 

and tins is true, The rule is thoroloro correct, 

EXBR0I8BS IX, 

1, Find ilto equation of Iho ijorpoiidioular Ihroimh (5, 1) to 
Bogin with 

Following (i) o£ Biilo, wo got -%=■•=(), 


(li> 

„ „ S5.rH-iV/^0, 


(iii) 

„ „ 3.i;+a//“0, 


(iv) 

„ „ 3(.t-r.)+a(?/~i)=o, ... 

(A) 


i,e. 3.v4'2^-17^a 

With u little pracUoo equation (a) can bo written down at onco, 
2i Find the equation of tho porpondioular : 

(i) through (G, 2) to '='-0, 


(ii) 

(3, 1) 

„ 2.v+r,y-|.7,= 0, 

(iii) 

„ (2. 3) 

„ 2^«2.r+l, 

(iv) 

»i (“2, 1) 

„ .«-l-3)/=-- <l, 

(V) 

„ (2, -3) 

„ C.v-3//^-,«, 

(Vi) 

- (-1,-2) 

„ 7.i’+2^-2=0j 

(vii) 

„ tho origin 

„ 3.«-4y«6. 



LICNOTII 01? PERPENDIOULAU. 
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§§29,30] 


3. Find tho oquatioiiH of Uio pivmUol and porpoiulienlar tliroiigli 
(-4,1) toVa--2y-|-3-0. 

4. Find fctio oquatioiiH of tho pivallul and porpontlicnlar Uiroiigli 
(-2, -fj) to a»+8y-4==0. 

6, Find Uio ooordiiiatns of tho ortliopontro of llio triiuiglo wlioso 
vortioea aro (5, 2), (-1, 1), (2, 7). 

6. Find Uui coordiimlos of tho fool of Lho iiprpondicnlav lot fall 
fi-oiH (I, 2) to 3.v+‘ly+‘J=0. Find also tho longtli of tlio potpoii- 
dicnlar. 


30. Length of Perpendicular. 

If ft perpendicular he lei fall from the povnt _(a)j, yf) to 
the straifjht lim ax+hy+o = 0, then Ihe nunieoncal value 
of the length of the pei'peiulieukir is 

axi+byi+o 

Lot yf} in Fi". 24 bo tlio foot of tho porpondicular. 

Tlio equation of lho porpondicular from (aq, y^) to 
ax+by-\-o=() is (§29) 6(«— %)— w( 2 /— 2 /i)= 0 . 



Now (aij, j/g) lio.s on tliia lino ; 

thororoi'o hix^—Xi)— a(y 2 ~yi) - (1) 

Again, (aJg, i/jj) lica o)i tho lino ax-\-by+o=^0', 
thci'otoro ftajg+ti/a+c— 0. 

Subtract axi+hyi+o from both sides: 
then ct(a;a— a!i)+b(i/jj“i/i)== — ..(2) 

Bub, by (1), 6(a:g-®i)-a(i/8“'i/i)«(). 
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Square and add ; 

thoa -h(y a - y^f} = («»i + hi + c)® ; 

••• K-S’, )*+»,- 


. '. by Diafcaneo-Fonuiila (§ 9), 

square ol distance iroin (a’j, //j) to (aJ^) 

i,e. lengUi of porpepjdieulftV from {a\^ yj to ux-^by +cs=0 
is the numerical value of 


oft’i-f ^7/,q-c 


EXERCISES X. 


1, 5’nicl tlio poi'pomlicular distance from tJio point (-S^ 3) to thi 
stmight ))no 

Ufld Uio faiinuln, perp. 


- ; .Vj ais ^ //j 


b- 

Tjierofore povp, cliat. iiiimerkmllyi 


IQ 

6' 


% Find the clietanco honi (d, 7) te 3*i.*-d//-p2«!0. 

3, Find t)io distanco from (d, 3) to thu Jiiio Vori/y 

goomobricady, 

d* Find tko dislanco from the origin to ,^*•hydO^^=0, Vori/y 

goomatriciilly, 

5> Prov^o that tlio points (i, 3} and (--*7^ *-'3) aixi cquidiHLunt fitno 
'ho lino 3itf-dy'f7 U. 

0* Find blm distance botwoon Ibo para] Id lino « : J 

(i) *v-h ^ -M «0, - 1 *=0 ; (ii) d- 0 0, 3.v i | 

(iii) &v-3//-pd=!!»^0> , .' 

7, T{\o ^tviviglib lino ai?-|-d?/-5s:=:0 bont'iion a circlo who«u oontjt)'; 
(2, -3). Piiicl b}i 0 mdiuB of the eirc')o» ; 

84 Plwo timb Uio linos d.i;- 3yd' r?5r..O, 5=^2 0, j 

?4-4y *-5^0 ail boudj t)iO oii'clo wlnwo conbro m llni ongin juul wbeao v 

diue ia unily, ■:■ .1 
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9, Provo Uiat ono of Uio common tangonfca to the circle, centre (0, 0) 
and radius 2, and Iho circle contro (4, 0) and radius 1, is 

10. J^how that 4 : 1 ;- 3?/— 25 loiiclie« iho circles >vhoHO centres aro 
(II, -2) and (-11, 2), and whose radii aro 5 and 15 rospoctivoly, 

11. Find the valno of c if JU*+4;/«c is a common tangent to tlio 
circles wlioHo conit'cs aro (1, 3) and (-3, 1), and whoso radii aro 
1 and 3 rospoctivoly, 

12. Provo ill at bho product of the perpendiculars from (c, 0) and 
(-C, 0) to bho straight lino /ai; cos (? -[- a?/ sin 6/ ai as o^, whero 

13* Prove that tlio point (2, 2) is equidistant from tho lines 
2.r - y 4- 2 0 and .r - 2// 6 - 0. 

14. Provo that tho point (1, 1) lies on ono of tlio hisectora of tho 
angles for mod by tho linos 4.i' - 3y *|- 1 = 0 and 3.r - 4?/ 4^ 3=0. Ill ustrato 
by a figure. 

16. If tho point (a?i,yi) lies on a bisector of tlio angles formed hy 
tho li 1 los A .V -h Bf/ 4' (7= 0 and a^v iy + c = 0, prove tl lat 
and aro numorioally equal, 

16, Tf tho noint (,i\y yO lies on ono of tho bisootorfl of Iho angles 
formed by tno lines 7.t“-5y4^1«0 and 5.i;4'7y4*t3=0, prove that 
7iVi-5yi4-l and 5.Vi-f'7yi4'3 aro numerically equal. 

17, If the point (.Vi,yj) lies on one of tho bisectors of the angles 
formed by tho Uncs 4,v-3y4-2=0 and 3.v4"4y4-3=0, provo that 
4a‘i - 3yi 4- 2=4 (3.Vi’ 4- 4y 1 4 3). 

18, If the point (.^* 1 , yi) lies on ono of tho bisoctors of tho angles 
formed by tho Hnes 3.i;-y 4*2=0 and a*43y4-3=0, prove that either 
2.Vi-4yi-d or oiso 4.^1 4* 2yj 4- 6=0. 

19, Provo that tlic ociuations of tho two bise<5torfl of the aiigloa 
formed by tho lines rj.r-3y4*2=0 and 3.t;-5y4*6— 0 avo 

5.V - 3y 42=4 (3.r - 6y 4- 5). 

20, Provo that tho bisectors of tlio angles for mod by the linos 
2.v4*3y4*l— 0 and .tf-y4*4=0 aro given by tho equations 

2,v4*3y4“l __ , .'i;”-y4*4 

21, Provo that A’4'y-3 and .r-y4“l'=0 aro tho hiHOcslors of the 
angles funned by tlio linos 3.v-~2y4"l— 0 and 2.v-3y44=0. 
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22. Provo tlmt tlio biflectors of tlio angles formed Ibo lines 
+ and 0 are Iho two lines speeifiod by tlio 

equations H - ^ 0 

N/;r47p ‘ 

31, The Preedom-EquationB of a Straight Line. 

Lob A (Fig. 25) bo the point (a, c). Let F(x, i/) bo any 
point on the locna Hpocilicd by tlio o<[nati()nH 
y — G+dL Join Al^, Lot the pavallol to X'OX Uirotigh 
A moot tlio ])avallcl to Y'OY through P in (i?. Tlien 
AQ^x — a and QP^y—o, Pint x—(o+htt or x^a=ibt\ 
and y — 6+cU, ov y--c — dL 



T-tonco AQ^U, ^Vr:^dL 

'L'lioro i!orOj gradiont of AP = == =:=: y 

ThoreCoro tho gradiont of AP voniaiiiH coiintaub while P 
uioYOft along tho Iociih. Honco tho Iocuh of P is the 
straight lino fchrougli A{a, c) of gradient d/b, 

TJiat is, tho frocdoin-eiiiiationH 

x^aA^bt, y^G+dt 

roproHonfc a Rtraigbt lino through tho point (r^, o) of 
gnidionb d/b. 



FREKDOM-EQUATIONS. 
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Kx. 1, Malco a tablo to show corresponding vahies of t, y ^vlien 
.^^ = 2+4;, ^ = 14-3^. Draw a graph of y aiul find tlio constraint- 
cqiintioji connecting .r, ?/, 


1 

-2 


' 0 

1 1 

2 

X 

-’0 

-2 

2 

0 

10 

V 

-*5 

^2 

1 1 

4 

7 



li‘10. 20. 


OorroRpoiulinp vain os of a*, y aro plotted in Fig. 26 ; tlio graph of 
;/ is tho straiglit lino of Fig, 20, To OikI the constrain t-oc[iiationj 

wo hiivo and ; honce or 3,v-4;/-s«=o. 

n3x. 2. Provo that tho straiglit lino whoso freedom -oqualions aro 
.^'s=s -34-3^, passoH through tho points (™8, 13) mu] 2) 

rofoirod to axes DA", DK; and find tho oorrosponcling valuos of L 

AVhoii ,r=t3-8, wo liavo -2d“3^ or - 2 ; 

Whoa y st 2 1 3, wo have 13 == 3 - or - 2 ; 

Wliou 1’4, wo Iiavo ] ‘4sa - 2"h3^ or ^=0’2 j 
Wlmii y^% wo Imvo 2«‘3-r)^ or ^==i0'2, 

Ex. 3, Find tho cq nations of tho parallel and porpendiciilar to 
.*; = ». 2 ‘P3^, ;//-t - 5 - 4^ tlu'ongh tho point a’=2, - 3. 

^J'ho gradient of tho given lino i« ‘V- or --fi, hy ahovo aoction, 

Ilonco tho required parallel is 0/4^3)== -4' or 4.i’4*3^+l -0 i 
and tho required porpomlicuhir is (,r'-2) or 3.v-4^-18^0, 
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EXBBOISES XI. 

1. Pi’ovo that/ iho straight line whoso froodom-oqu!ilj{>ikH ai^ 

y=3+2^ passes through tlio point (1, 3) and has gmiliout 2, 
Draw the kino, 

2, Writo down froodoin-Qquations for iho straiglit lino which 
piisijoa through (3, 5) and lias gradiont Draw tho lino. 

8* Provo that (—1,-1) is a point on tho straight lino 

Draw tho graph of tho lino. 

4, Provo that tho straight lino 

is parallel to tho straight lino 

.r=*2-4?f, 

6. Caloulato tho coordinates of tho point of intoraoolion 
,-u ra - 3 4 2^, y != 2 + 3^ and .^?5= 4 •]' 5m, y = 1 - u, Grapli tho tw<v stniight 
Imes. 

[SVo roqniro - 3 + 2^ =4-h 5?^ and 2«h3^= 1 - siniultfuiconeilj. 
Prom tlio corrofiponding values of t (or calculato a‘, y fri>in ife 
givoii equations.] 

6, Pind tho point of intorsoction of 

,^’«2-3h y=^l-{’t\ and ;?/~2H-3 w. 

7. Provo that t)io Ihroo straight linos, spociiied by tho follawini' 
oquatioiiB, aro concurrent, and iind thoir point of iniorsoction ; 


y=, 8 -h 2 ^i I, 

y== 3 +'J? 4 ^ 

- 4 - 3?;, y == 0 4' 3i) (a) 


8+ Pind tho coiistrainl-oquation of tho lino voin'osontod hy 

.y==-3H-7i5. 

j^Froni /Irsb oquntloji, from second, 

T? 4 V -P 3 *1 

2 , 0 , 7»v-3^^37 ia equation roquirod. J 

9, Pind tho cona train t-oqiiation of tho straight lino given hy 
,v=- 2 H- 3 ^, 

10. Pincl tlio conalmiiil-oquation of tho atraighl lino 

.r— y^O‘\-dt, i 
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IV.] RXIURCISKS XI 

II Provo that the Rtraiglit linos 

and == a' + y = <?' + d!u 

aro (I) parallol if djh^iljV ; (2) porpondicular if hU ^-dd/ ^0. 

12. Pind freodom-ociimtioiiH for (1) tlio parallol, (2) tho porpon- 
dicular through (1, 2) to ^=3+2^ 

13. Provo that tho straight linos 

,i; = 5 - 2^, y « 4 -h 3^ j x^l -h 0?;, y = - 11 -j- 4.U 

aro mrpoiidioular, and find thoir point of intorsection. Praw tho 
graplifl of tho linos. 

14. Ih’ovo that tho parallol through (//, k) to 

y^o-ydi 

may havo its frootloin -equation a written in tho form 
,v — h + y — k -j- du, 

16, Provo that tho froodoni-oquationa of tho porpondicuUir throng! J 
x-'^a^-bty y^o-^^di 
may ho wr i tion x ^ h 4- dxi^ y—h- hu. 



[oh. V. 


CHArTER V. 


THE STllAIGHT LINE (Oonlinued). 


32. Different Forms of the Linear Equation, Thofollowiiif!; 
six iorm-s of the linear equation Ax+liy.+ G=0 are im- 
portant : 

(1) y = mx + c; (2) y-yi = in(x-xi)5 


(3) 

X-Xl X2-X1. 

(6) xoosa-fysinasp; 


(4) 

( 6 ) 


2 +y=i. 

a^b * 


X - xi _ y - yi _ ^ 
oos 0 ~~ 8in0 


(1), (2) and (3) Iiavc already boon explained 
id2'r ■■ ' 


and 27 respectively. 



in §§ 24, 20 


(4) The equation --f r = l. 

Of |} 

Lot a straight lino not passing through tlio origin mooL 
tho oj-axift at A and tho jy-axis at Jl Lot OA—ff^ Oli^^h, 

Lob P(a;, y) ho any point on tho lino; tlion 
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^ projection of on tJie a;-axis 

(Ilf 27). 

Then Ah 0A^B,^MAP avo o(iniangulav and thoreforo similar. 
Ilioroforo po-sitions of P, whoi'o 3fJ\ 

OP, MA, OA arc all Htops. 


Honco 
that is, 


MP_OA~OM 
UP " Ua~’ 
y 

6 ~ 7r' 


or 


( 6+6 + 


JIoi'O u=s% 6=3 < lion(U) "+’^=1 bocom(3B or 3.t'+2iy«0, 

'svhioh iH tho c( ^nation cif J /j, 

of aV' 

,*) T)^' ^^**’*®® *'1® requirod equation is oi, 

'J5x. 3. li’ind tto oquatum of tlio lino joining ( -3, 0) and ( 0 , -C), 

Rx. '1. Find tlio oquation of tho lino joining ( 2 , 0) and (0, — |). 

Ex. 0. Fiml, in «ign ami inagnituclo, tho intoreopLa on tho nxoa 
of .rand (ymtulo by tho linos 

(i) 2,r-l-3j(= 1 j .(11) 3.v-2^«=4{ (in) 5.v-t-7j/ + 4=0; 

(iv) 3.v-r>y-l-<l=0. 

(i) 2,v-i-3y«l may bo writton |s-|« 1. Thu intorcopts lU'O ^ on OA' 

wad J on 0 1', (Othorwiao, put ««o1n 2.i'.|-3«=.l, thoii 2.r=l or.o^i j 
again put ,o=s0 in 2.»+3,j/«l, thon 3y=l or,y=J.) 


33. Tho Equation x cos a+y sin (X«p. Lot a sfciwlit lino 
cut tlio ftj-axia at A and tho ?/-axi,q at P (Fig, 88) j lob N hu 
tho foot oi: tlio porpondicular From tho origin 0 on AJJ: 
lot anglo A0iV^=(X. and Oi\r=p. If P(x, y) is any point 
on tho iino, 

Ihon CBcosot,+ 2 /ftin(X«p. 
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Lot N be tlie point y^)\ then —p coh a, yi^p win a, 
. Hence the gradient of PiV (or A.B )^'^{ — 


— 2^Hma 
;2'^cosa 



But tho gradient of OiV =tana 

fling , 

'^cosa* 

therefore the gradient of PN- — 

” Hin g 


From (1) and (2), wo got 


y/— j9flin a_ 


coflg. 


■( 2 ) 


a;— /)cofla Hing 

therefore cc cos a + y «in a^p (siu^ g + cos^ g), 

or 0) cos g + 1 / sin g ^p^ 

si nco sin^ g + cos® g = 1 , 

Coil 1, If ax+hy-c (g positivo) bo put in tho form 

c 

\/a®+6® 

7. 

For if tang = 


0 ) cos g 4- ?/ Bin g ^p, then p = — and tan g = 


h 
a 

h . a 

wo may put cos a 


a 




and 


THE EQUATION OJCosa + ysln 


6S 


But ax+hy—c. 

Divide both sidoH by then 

a _ c 


Thcroforo x coh a + V sin ol — - ; 

X cos a + y sin a 
_ c 

OoK. 2. Tlvo length of the porpondicnlai' from ((Bj, to 
X cos a4-?/ sin a — =0 
1 «, cos a + 2 /i sin a 



I'lo. 20. 


First, lot US lind the etjuation of the parallel through 
(®i> Vd X cos fX+2/ fiiii fx— jp=! 0, 

that is, the parallel CD through P(fl!i, to AB in Fig. 29. 
lly § 28, the equation of OB is 

(a; — ajj) cos CL+iy—y^) sin a = 0 
or {Bcoso(,+j/sina=a:icosa+3i/x8ina, 

Hence OK « length of perpendicular from Oho origin to OB 

= a)iCoso(.+j/iHina. 
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But ON ' = longbli of pGrpencUcular from tlio origin to AB 

bliercfovo IlP^lowgkh. of pcrpondiculav from (aJ^, ?/i) to AB 
^NK 
^OK-ON 

cofl cL+yi sin cc — 

Coil, 3. Going' back to equation (3) of Cor. 1 wo soo 
tlmt the length of the porpondiculav from (a)., ?/i) to 
(«a) + % + 0 = 0 is ^ ^ g 

■ 

Ex, 1, Write Iho oquHlion 3./; -1-4// =7 in the form 

, .V coH a +// HI n a. = jo. 

Lot tan so that wo may writo fliua— -J- and cosa.— '6> 

Now divide both sides of 3.v+4//5=7 by (3. 

Wo got 

or X cos a, -f- ?/ Bin ol =: 

Bx, 2. Find tlio loiigth of tlio porpondicular from tlm oi'igiu to 
the lino 4,v-|-3//-8. 

X^iitting tiina==|> and procooding aa in Ex, 1, wo writo tho 0({uation 
4,i'+3i,=8 in tho form .„ 08 a+yBinoL=f, 

whero taua^-J*. ITonco tlio longtli of tho porpondicular from tlio 
origin to 4.^’-^3y^=8 is ■!. (Op, § 30.) 

Kx, 3. Writo tho oquation 5.vH' in tho form 

,rooH«.-|-ymn fJL—p, 

Bx. 4. Writo oach of tho following equations in tlio form 
a’Gosa-i-y sin a^p i state the values of tan a and p. 

(i) ; (ii) 15.r-h20y«==;G4 j (iii) 3.r.-4?/««7 j 

(iv) (v) 2,r-l-3y=4 i (vi) 3,v-l-y-l-2*=>0 ; 

( V ii) po) 4- < 7 ?/ - r ; ( viii) Iv -h m/y -h n «= 0, 

34, The equations — 

cos 0 sin 0 

Lob A b(3 tlio point (a’l, 'i/^) (Jfigs, 16, 16, pp. 28, 29); 
fchrougli A draw tlio straiglit lino of gradient tan 0; then if if 
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is any point (x, y) on tho lino and AIi=T, wo have 
cos 9 sin 6 

Lot H, K 1)0 tho pi'ojcotions of A, B on X'OX ; let 0 bo 
fclio pvojoction of B on fclio parallel to X'OX tlirougli A. 


Then cos 
Therefore 


A a _HK_ OK- OH _ (c -a:, 
^~'AB~~AB Air'~ r ‘ 
3!— a? ! 

eas0 ’ 


.{!) 


c,. 1 . . OB KB~KG KB-IIA y-y. 

Similarly, Hin0=-j^=-;^-^^ - 


'Phoreforo 


AB AB 
y-vx^r 

m\6 


.( 2 ) 


From (1) and (2), wo have 

cos 0 sin 6 




Ex. 1* Through tho point yl (3, 1 ) is drawn thoHtvaiglit lino making 
an iinglo of <15® with tho aMixia. It meets tho lino 10 at li 5 

find tho length of AJl 

Ex. 2 . .^ 1 , /i nro tho points (a, 0 ), (by 0 ), and P is tho point abovo 
the .V'axia such that tho triangle I*AB is oipiilatoral j iind tho co- 
orclinatos of I\ 


36. Anglo between Two Linos. If ilic equations oJ: two 
linos arc given, fclio lines could bo graphed and tho anglo 
befcwoon fchom inoiisiu’ed. Idonco from fclio equations it is 
possible by calculation to find the angle between the linos 
roproHontod by tho etinations, Tho rule is as Ibllows j 
I f and arc tho gradients oC two straiglifc linos, 
and 6 is tho angle between tho lines, then 


tan 




0 being moasurod from tlio positive diroetiou (g 9) of tho 
second lino to the positive direction of tho first lino. 

Lot OP bo tho positive direction of tho lino of gradient 
(Fig, 30) and lot angle XOP^Oi, 
a. A. a 
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[c\u ^ 


Let OQ be the poaitive direction ol ilie line oi! 
m^y and let a-ngle XOQ—0^. 

Then Q — QOP— XOP— JlOQ=:0i— Q g. 

TUereloro tan 0 = tan 

But tan0i=TOi and tan0j=m2, so that 


tan 0— 


mi— mg 
l+mimg’ 



Tlio numovieal value of (w.,— mgVCL+mimg) is ixninl 
the tangent of tho acute angle hotwoon the linos of grntlii't 
mi and mj. 

Coil. If 6 is the angle between tho linos whoso oquiitic 
are aa3+%+o=0 and a'o}+b'y+G'=:Q, 

ah'—a'b 

tuon ttin 0 ^ * '■ 

For, gradient of ax+hy+G — 0 is —a/h=mj, say; 
and gradient of a'a+b'y+c'^O is —«'/?>' wiy. 


tan 0= 


mi— ?% 
l+mjmg 


Hence 


§ KXAMPL]i]S ON ANGLES, 67 

Jilx. 1. Find tho tangont of tbo angle between the lines ^=-2.r-3 
and y— '^+5, "With the help of tables, find the angle, 

Jliiro and 7n^-l ; therefore tan 

Xrr( )i!i tho tables, 0^ 26^ 1 1+2.1 3' 

blx. bhnd tlio tangent of the angle between the lines 
and Also find tho acute angle between tho lines. 

Vni ?/b^bn‘adiont of so that j and mg^gvadiant of 

3 . 1 * -h b, HO that - 1. 


l,n,nO=*^~''A= ?+i = 
1-2, 1 


11 


Thou 

Tho ncuto anglo is roughly 70^ 42'. 

Kk, \h Frovo that tho two linos 2.^+4 and 4 are 

liujlinod at tho sanio angle as and 3.v-4;/+l=:0. 

Jjot wangle botwoou lineH;/s=;2ct'+4 and ^s=3.^*+4. 

1- hoii tan Oi = r-hr -^ = T o "o - *?• 

^ i-b2.3 7 

Tjut ^^13 = angle between linos and i=:0. 

ml i A l-J 1 

ihou ton 

Konco tan -tan ftj, mnnorically ; that is, the first pair of lines 
in iiicliiiod at tho same angle as tho second pair, 

1*1 X. 4. If /Y.v, ?/) iH Ji point above tho axis of and .^*1 and B are 
ilitJ points (I, 0) ami (- 1, 0) rospoctivoly, prove that 

if tlio anglo A /Vi is half a right angle, 

■?/ 

Lot m, gradient of BA >= 

Lot w^-gradiont of •/’^= 

If {? is the anglo moasiu’cd from tho positive direction of PB to the 
pnyitivo dirootion of PAy then taii</— 1. 


AIbo 


tail!/ 5= 


l-h^ai^Wg 

JL tL. 

.<r-l .y+l, , 

\ .JL, 

.r+l 


,'r^-h;y^i=5 2y+L 


tliiH reduces to 
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Ex. G. If P{ii\ y) ia bolow tho axis of .r ai)d A and B ftvo tho 
points (1» 0) and (-1, 0) reapectivoly, prove tluii 

if tho angle APB is half a right angle. 

Ex. G. If A) By P have coordinates (1, 0), (~1, 0) and (.v, j/) 
rospeclivolyj and if tlio angle APB is a right angle, provo that 

Ex. 7. I?rom tho formula tan 05= dodnco tho concllbion 

1 * 1 “ 

that two lines of gradients ?», and Wa should no parallel, and also the 
condition that they should be porpondicular. 

Ex. 8, Find tho tangents of the angles of the triangle whoso sides 
are tho lines 2 .v- 3 ?/'- 5=5 0 , 6 .^- 3 / -3=^0, and a? - 1 -?/ -I- 5=0. Also 
calculate tho angles or tho triangle. 

Ex. 0. Find the equations of tho linos through (2, 7) which aro 
inoUnod at an angle of dD*" to tlie lino a? +2// 5 =: 4. 

Ex. 10. Find tho equations of tho sides of an isoHcolos triangle 
whoso vertex is tho point (a, h\ whoso base ia tho lino 0, 

and each of whoso base angles is a. 

^ Ex. 11. If the angle measured from tho positive direction of the 
line to tho positive diroetion of a lino passing through 

(3, 7) is 45 , And tho equation of this lino. 


Ex. 12. If tho angle measured from tho positive diroetion of tho 
lino 4-0 to tlm yiositivo direction of a lino through (A‘j,yj) is % 
prove that tho equation of this lino is 


_ _ m 4 tan a 




36. Blflectora of Angles ‘between Two Lines. If any two 
intersecting stmiglit linea lU’C drawn, then two aiigioa aro 
formocl, each o£ whiclv has a biaectov. Wo Itnow from 
oioinontary geometry timt any point on oitlicr biacctcn' is 
equidistant uom tho two linos. 

Lot orts+^y+o^O ...(1). Aai-\-By + 0—{) ...{i) 

bo two intersecting straight lines; it is ro(inirod to form 
tho equations of the bisectors of tho angles botwcou thoin, 
If is a point on oithcr bisector, then 

length of perpendicular from (a;,, y,) to lino (1) 
“longtli of perpendicular from (a>i, y-^) to lino (2). 


BISEOTOBS OB ANGLES. 
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But length of perpendicular from (x^, y^) to ax+by+o = 0 


Is, by § 30, 


CKC, + 6^1+0 


is 


And longtliof perpendicular from(.'»j, y^) ioAx+By + 0—0 
Axi+By^ + O 

Hence + ^ 

Ja^+b^ ’ 


the double sign being necc.s.sary, since the left-hand and 
right-liand oxproasions may bo either positive or negative. 
For * 1 , i/i write x, y, and wo obtain 


ax+ by -pc [. Ax -|- By + 0 

\/a2+'b^ 

as the equations of the two biscctoi's. 

The reader should revise Exs. 13-22 on p. 66. 


Ex, 1. Eind tho oquationa of bho biaoctova of tlio angloa bobwcon 
Uio linea 0 and ii**b2y-i-7=»0 j and draw tho four linos in 

tho eanio diagram. 

Loiigth of porpendicular from (a^, to first lino = — — - ; 

and loiigth of porpondicnlar from (a’, y) to second 

Honco aquations of bisectors aro 

2 a ’-;/+2 , A ’ - h 2 ;/ - 1-7 

that is, 2 a‘ (A- f- 2,y -I- 7), 

or .A-Jby=ir) and SA-l-yy -1-9—0. 

Ex, 3. Eind tlio oquEitlons of tho bisoctors of the angles botwoou 
tho linos 7A“-3^"hl =>() and 3A“-'7y-i-2s=0 ; and draw tho Tour linos 
in tlio same diagram. 

Ex. 3, l^ind tho oqimtions of tlio liiaoctors of tho angles formod by 
the axes and r'O T, 

Ex. 4. Find tho equations of tho blsoctors of the angles botweoii 
the 1 inos 3a - 4y -h 1 =* 0 and Ca -h 1 -I- 4 « 0. 

Ex. 5* Find Ibo equations of tho biHootorfl of tho angles fomocl by 
tho linos 8A'-15y-h20««0 and Da-I- ( 2yy»20, 
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Ex. 6. Eincl the intorcopta made on tho rt?-axla by tlio biaccfcora of 
tli6 angles botwoou tlio linos 1 D.v + 8y -H 30 0 and 1 %v + 5y « 25. 

Ex, 7. Eind the equations of the biaoctoi's of the angles bohvcoii 
the linos 3,v-y4*2!=0 and 2.^+4;/=?, 

Ex, 8. Provo that is equally inclined to the linos 

and S.'P-dy+S— 0, 
and passes through thoir intersection. 

Ex. 9. Provo that 12,^'-2?y^'7— 0 is equally inclinod to tho linos 
B/^’^7y+4=0 and 

37 . Intersection of Lines : Ooncurrency, If two ntraight 
lines bo spociliod by equations in a?, i/» referred to rectangular 
axes, then as far as the coordinates of tboir point of inter- 
section are concerned, tlio two oqxiations may bo regarded 
as simultanooua equations. For example, if wo solve tho 
simultaneous equations 

2aj-iys=7; 4rc+3y+ls=i0, 

wo find x—% 2/=—3. This shows that (2, —3) is tho 
point of intersection of tho lines specitlod by tho o(|Uafcions 
— 2 / = 7 and 4ai+3j/ + l = 0. 

Again, if we Imve the throe equations, 

2aj-32/«12, ( 1 ) 

3x+2y^6, (2) 

7ftj+10y = l, (3) 

and solve (i) and ( 2 ) os simultaneous equations, we iind 
2 / =--2. If wo now substitute 3/=— 2 in 

Tftj + lOj/, the loft of (3), wo find 7aj+10i/==s L, so that tho 
ihr^G equations are simultaneous equations for cu— 3 , 

This means that the tliroo straight linos roprosonted by 
equations (1), (2), and (3) are conciuToiit at tlio point (3, --*2). 

More generally, tho intersecting straight lines BpeciHod 
by tho equations 

ooJ + 6 j/ + ( 5= 0 and a'x+ Vy + c' 0 

, , . . /&cV?/c ca'^G'a\ 

mert rt H,o point jj,— ,j) 


IM’ERSEOTION OF LINiGS. 
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§ 37 ] 

Further, the three straight lines specified by the equations 

“i®+%+Ci = 0 , 

a3®+bai/+Cj=5 0, 

aro concurront if 

ai(Va“V2)+^(Ca%“<’8O2)+Ci(a.A~as&a)==0. 

Kx, 1 , Find tho |)oiii 6 of intersection of the lines 

JCx. 2 , Prove Umt tlio following equations represent three con- 
current straight linos, and iind tlioir point of intorscctioii j 

j .'r- 3 y+ 6 « 0 ; %v^ly=z^. 

Ex, 3 . Draw tho straight lines when 

5 >ts=a 3 v Find thoir cominou point, 

E X, 4 , J)mw tho linos j/ - 3 ^ m {ic - 2 ), when — % 

Provo Chat those throo lines avo concurrent, and find their common 
poiiiU 

Ex, 5 , Draw blio two linos ropresonted by 

(2.V'h;/ -- 7) hit (3 a* - 4^^ ~ 5) ^ 0, 

Nvjicn and 3 , Find thoir point of interseetioin 
Ex> 6 . Draw tho threo linos specified by 

2a* -3^-1 2 +it'(7A + lOy - 1) « 0, 

whow - 2 , Provo that they are concurrent, and find 

thoir point of intorsoction. 

Ex. 7 . Provo that the two straight lines 

( 2 A--?/-l)+p(A«yhl )-0 

and (%v--y-iy\-(!{x'-y+l)=^0 

iutarsoct at tho point ( 2 , 3 ), 

8 , lh‘ovo that tho two straight lines 

and (A-b?/-- 

luborsoob whoro and 4 A-h 3 ,y"G ^0 intersect. 

Ex. 0 . Provo tliat the straight lines obtained from the equation 

by giving varioUB valuos, will pass tlirough tho same point, and find 
tho oooixunatos of tho point. 



V. 


n AmhrmAL jcaiiy, ( r » t ^ 

Put ^—py thon k=q. Wo obtain 

(a’ ft- ^i)r-0 ^ ® ^ 

and {x - ?y - a />) (/(x -h?y -«-/>) 0 

To Bolvo these equations, lirst Huhtraol : 


then ‘ p{X‘\-^ -a- h) - r/ C^' -1- ^ - ft - /;) - ( ), 

thiibia, (y?-(^)(,r'h^-ft-fo)-^0 

oi‘ fi;+?y“~ft-/>=^0 

Now substifciilo from (3) in (i), ami obtain 

/V'-7/-ft’t/l'=!0 ^ 

Wo liavo now to solve (3) and (4). 

Add : then 2.^’ - %i ^ 0 or x ^ «, 

Subtract ; then 2y/ - 2// 0 or yy 

Honco, whalovor viiliio k 1ms in Urn ^ivon oijiuitnm, all fbi' 
roproaontod by the cqnatum )>arts through tho wiimj j)oint (ff, /*}, 

Ex, 10, Provo that all tim linos roproHouted by the tKpmliHn 
{x - 1! H-ft - b) H' kips 4-y a - ^ 

by giving k various valuoH, pass through a fixed point, and 
Gooi’dinates, 

Ex. 11, If tho two straight linos fu*-h?>y/'hot.vn) and a'.rd I*j; i «' ' — 
moot at tho point (;j, fy), show that (y\ ry) Hoh <m all 
roproaontod by .(>, 

where k is a varying constant, 

Ex, 12. Piiul whoro tho linos 2.v-)vy-3t«^0 and ,r-3y p2“ 

Provo that all tho linos ropresoutod hy 

(2,rd^y-3)d./(.r-.3yyd-2)-dl, 
whoro k is a varying constant, puss thnnigh iho point, 

Ex, 13. Provo tluit, if k is a varying itonslnut, Urn Hyslem 
(3.r-%+4)-j-^■(2.^’’'^4y^-^^)==() puHHOH through tlio iraersrii»i.fe«^ 
3 .v-2j/-P4*=jO and 2.v-j-4y-r)-=0. 

Ex, M, Intorprot goeinotrlcally ilui (^nation 
(%v - y - 3) -h /'(.r -h 3// ‘h 2) r . 0, 
whoro ^ ia a varying constant, 

38. System of Oononrront Linos. Tt two 
Hti-ftiglit linoH aro «i)C!ci(«)t! by tbo «(juabi(t)m 
fW!+%+o«() and (•(';« 

fciion all^ fifci’aiglib linos tlirougU Llicli' point of inti 
aro apocifiocl by U\o equation 

ax "b by + c d- k ( a'x + Vy + o') ssi 0, 
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where k is a varying constant (parameter). The paramotor 
k is constant for any one lino of the system, but varies as 
the lino varies. 

Proof. Let tlio straight lines 

ax+hy+o — 0 and a'a!H-2»''i/-t-c'=0 
moot at the point (p, q), so that 

ap+bq+c—O and a'p+h'q+c'^O. 

^0£ course, p stands for 

Tlion, wliatovor constant value k has, 

ap + tf/ + e + k{a'2'> + b'q + o') = 0. 

Therefore, whatever constant value k lias, tlic lino 
ux+by+o+ k{a'x + h'y + o') = 0 

passes lln'ough the point (p, q), that is, throxagh tho 
niterseetion of tho linos 


ax+by+o=0 and a'x+h'y+o'—O, 


Again, let tho tliroe equations 

a^x+biy+Ci^O, ( 1 ) 

«5^ + h2l/ + O2 = 0, (2) 

(t3a)+h„2/+c„=:0 (3) 

bo .such that 


l(fiiX'\-h^y + Cj) •]-m{a.pi-{-h^y + Of^-{-n(i(/^-\-b^y + Cj) = 0 , . .(<li) 

for all values of x and y, xvhoro I, m, n aro constants otlior 
chan !iero; then tho tlirco straiglit lines (supposed not 
parallol)_ represented by (1), (2), (3) are concurrent. For, 
lot tho lines (1) and (2) moot at tlic point (p, q), so that jp 


stands for — 'f* — and q for 




«g6/ 

Then rt,p+^h(7+<’i~® <'t#+i!'2?+Cis=0. 

But, by (4), 

lia^p+h^q-[-o{)-\r'in(iiiP+h^-\-o,^)+n{<(i^p+b^q + c,,) = 


= 0 . 
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Thorofore n {a^p + \q + — 0, 

bhat is, a^j) + b^q + — 0 , sinco n =|= 0 . 

Hence the line a^(c + ()^y+c.:^—0 passcH bhrougli tlio point 
(pj q), that is, through tho intersoetion of lines (1) and (2), 
Hence the lines (1), (2), (:i) are coiicuiTonfc. 

Ex. 1. Find tho equation of the lino joining Iho origin to tho point 
of in torsection of 3.i? - ;/ -h 2 ~ 0 and 4* ;/ + 3 *== 0, 

Tho Gc] nation 3.?;-?/4'2-|-I‘(2.jNf->/q'»3)=0, for varying values of tlio 
constant roprosonta all straight linOH tlirough Iho inlorseotiou of 
3a’-*yH'2— 0 and 2.r4-y-h3— 0. Tt reniains to find tho particular 
valnb of k which gives^ blio lino tlirough tho origiin Put y— 0 
in tho Qqnation cojitaining A ; tlion 

2+3/(;=:0 ; 

Ilonco 3 a’ (2:r *1- 3) = 0, 

that is, 6*1* - Cy « 0 or x - ;/ = 0 

is tho lino roqnirech 

Ex. 2. Eind tho equation of iho straight lino joining (3, -2) and 
tho point of inlorwection of 3.V'l-r>^-7~0 and 4-1=0. 

Lob tho oquatioii ho 

3.V + % - 7 - 3;y -h 1 ) =0 ..( 1 ) 

Tlio point (3, *-2) lies on tho lino, 

Thoreforo 3 . 3 4-0( - 2) - 7 Pid 2 * 3 - 3( ^ 2)H- U ^0, 
lhat is, -8+13/f=0 

or k “ ’iflj* 

Going hack to (1), we aoo that tho required Of|uation in 
3.V 4- % - 7 -h (2.V - 3^ -I- 1) = 0, 
or 5r)AH' 412/ -83=0. 

Ex. 3. Eind tho equation of tho lino joining tho origin to tho point 
of inioraoction of fu*- V2/4-*2-0 and 2.v-|-82/=U, 

JOx. 4. Eind iho equation b of tho linoB joining tho following poiiita 
to the intersections of tlm folhnving lino«: 

(i) Point: (i, -1); linos: a’-2/-|-X=0; ; 

(ii) Point : (0, 0) ; linos ; 3.v-l-j//=7 ; 2r-rv/=8 ; 

(hi) Point: (3,2); linos: 3.v~h2/=12; a' 3=^0, 

ICx, 6. rind tho equation of tlio parallel to 2v““32/H'I=0 tiu'cmgh 
tho inloraocUon of .rp?/4-l=0 and 2.r-,y4-h — 0. 

Lot tho lino bo .r-l-yH-l -hI'(2A’“‘;/q'5)==iO. (1) 

Thou graclionb of the 
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Honco 


=3. 


But gi’adion (» o f 2.v - 3// -I- 1 0 is § . 

"A-T " 

that is, ^'== S‘ 

Going back lo cquatitm (1), yvt) obtain 

bhab is, - 9^ -I- 21 = 0 

or 2 a'- 33^4-7-0. 


Ex. C, Eiiul tho Cl] nation of tbo lino drawn through the intor- 
scebion of tho linos 3.r4*4y^7 and -Ml ?=!(), (H to pnsf^ through 

tho point (-2, -H); (ii) parallel to 3.v-2y=l j (iii) porpoiidicular to 
3.v~2^— 1. 


Ex, 7. Stvnighb linos avo drawn through tho vortices of tho trianglo 
f onn cd by tho linos - ?/ -f- 1 — 0, 3.r + 2 // — *1 , - // 2, (i ) p am llol to 
tho opposite sid(*s ; (ii) porpondicnlar to tho opposite flidos. li'ind tho 
oquationa of tbo two syateina of lines, 


EXERCISES Xn. 

1, Find tho intovcopts made on tho axes by tho lino 3y=4* 

2, Find the ii^torcopts made on tho axes by tho lino joining tho 
points Cvi,//i) and 

Find tho intoiv^opts niudo on tlio axes by tho lino wlioao frcoclom 
oitnatlons are 

4. Find tho coord inatos of tho point of iiitorscotion of tho two 
linos -v—a-hbly and a' •!•//«, y==c}^-|-t;f'K, 

6, Find tan a ami jt) if tho line bo oxprosRod in tho 

f or in ,r cos a 4- ;/ si n ou 

G, Ih'ovo tliat tho lino ,r-r>//4-G— 0 passos thnnigh tbo point of 
intorsoction of tho lines 3.v-2yV2~0 and 2;r4-3y-4=*0, and lusocta 
tlui angle botwoon tlioni, 

7* IVnvo that tho equation ropro- 

Rents tho straight line joining (.r|, yj and (a’g, 

8. Provo that tho o(piation 

0(((x 4' 1)7/ 4' fl) - a‘4' 7iy 4' 0) 

roprosents tho lino joining the origin to the point of intoraoction of 
a.r4-/v/4^c==0 and Ar4'yi//4-6'-0. 

9. Hopresonb graphically tlie linos of tho systom 

y - 2.r 4" - 3 -b 0, 

for /;— 1, "-2j 3, -4, Show tliat all tho lines pass tlirougli a conunon 
point. 
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10. Eincl the conditiona that tlio two ay atoms of oquatioiiH 

y—o-^'dt and 

should represent (i) parallel lines; (ii) porpondicuhir linen ; (iiO 
and tho same straight lino. 

11, Mnd tho condition that tho linos x^a-VU^ 

A.'r-h%+(7==0 should bo (i) parallol ; (ii) porpondiciUar.' 

12. Eind the point of intorsoctioii of tho iiitor«octing liiu‘H 

* x—a^-ht^ y=(i’^dt and Ax^vHy-VO^i). 

13, One lino of tho rsystom 

9,x - y 4* 4 *1- 4?/ -[- 5) ;=! 0 

moots tho A'-axis at A and thd J^-axis at Jl If ()A => - 2, fnul (> U- 

14. Uso a book of Tables to iind tho an/^lo formed liy ills* 
44?‘-2y4‘3='0 and 2.t’-4;^-l*7’^==0, What arb tlio oquatiiMiK 
bisectors of the angles so formed ^ 

15, If h is positive, prove that ia positive i»r 

according as (^i, ?/i) is above or below tho lino -0. 

16, Is tho origin above or bolow tho lino ? 

17. Provo that the origin and the point (~1, -2) arc on 
sides of tho lino 2.v-f'3//4'r)— 0. Pina tho point wlioro tlio 
(0, 0) to ( -1, - 2) moots 2.v4‘3?/H-r>=^0. 

18, If b is positive, prove that the point («- &, li(»H 
line 

19. Prove tliat tho origin lies bolow tho lino dK 

20, Provo that tho origin lies within that angle, faniunl 

linos 2^-^4*3=0 an<l,^'-2y4-5^0, in which lies tho biHoolor %. 

21. Provo that tlio three straight linos 

{b - o)xA' (o a)y 4- (a - h) — 0, 
a{b - o)a'4' h{o - a)y 4- da - h) ^ 0 

are coiiourront. 


22, Verify that 

2(2.r-;?/4-l) 3(.v4'y - 1) - (.r- hy-p 5)r.O 
for all values of x and y ; and deduce a propni'ty uf tho llirrii Ui»«- 
%v-y 4- 1 0, .r 4',y === I, .r 4' 5 ny, 

r equation of tho line joining the 

3// 4-4=0 and a‘4-7y“-2r.>-.0 to the inlorKoction of 
and 3,v+2y=0, 


24. Tlio equations y^ax^v b, .y -av+f? ropvoson t two linm 
0 in terms of a, W when tlio lines are parallel ; (ii) wluni thr 
perpenaiciunr ; (lu) when tho linos form an angle of 4ft“, 


perpendicuinr 


>n t two li lien. K | ij»:^ 
(ii) when thn lintiMtw 
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35. Find Um equation of tlio straight line OP which passes through 
the ^>X'igin and ako through I\ the point of intersection of 4A‘-2tf=S3 
and ri?y « 3.i;=4, Write down Uio equation of the straight line through 
tliO at right angles to 0P \ and find the coordinates of the 

■poinia in which it inlorsccts the given lines. 

2C. Provo that the lines of the system all pass 

tlirougli a fixed point, and find the coordinates of the point. 

27. If> in an isoscolea triangle ABOj the angle at /I is a right anglo» 
and if (3, 7), (0, 1) are the coovdinalos of A and find the coordinates 
of tniflli possible position of C, 

28. Tlio coordinates of A, 7?, P are (a, 0), (5, 0), (Xj 3/), Prove that 
tho tiiiigoiit of the angle ylP7i is 

. 

29. Find the condition that tho throe linos 

0 , 

0 , 

0 

moot in a point. 

30. Porpondioulars are drawn from tho origin to the straight lines 

whoso ucpiations are .v-{-2//==*,3 and find the equation of 

tlio Htmight lino whidi joins tho foot of tho perpendiculars. 

31. Find tho tangent of the angle between tho lines joining (a*, 
to (o, l>), ( 0 , d). 

32. Find what value p must have in order that the straight lines 

3.r*f-‘l^*«=r>, 2,r-l*3?/=4 may moot in a point. 

33. d, B arc tho points (9, 0), (0, 12). Find the coordinates of the 
point of intersection of tho medians of tho triangle OAB^ whore 0 is 
the origin. 



CHAPTm VI. 


PAIES OF STRAIGHT LINES, HARMONIC UANCSlv-H 

AND PENCILS. CHANGE OF ORIGIN AND 

39. The Eauation uv-O. Ocsrtiiin OiiuatioUM in nii'f 5^ 
of higher degree than the fivHt can l)e g;rapliically ri'|*r*'' 
sented by moans of two or more straight linca 

ITor example, considor the oq nation 

W - 2.iy - 10/-- 1 7,y - (i:- 0 

Put ^ 2 in (i) ; 

then 48 4^ 4^ - 10/ H- 1 2 -h 17// 0 

wliicli roclucea to 10/ - 2 1// - 54 ^ “4), 

that is, (2//-h ft)(5?/- 

so that ?/- - P5 or 3'{t 

Hence -1*5 an cl ,rr=: *-2, am on llio 

of (i). To obtain an idea of the graph of (i), uoiirtlrnot a fnl-U' 
follows, noting that to each value aHHigned to iji i 
correspond two values of t/ \ 



--2 

-I 

0 1 2 

V 

'-P5 
or 3*0 

-0-5 1 
or 2’4 1 

0T> Vfi 2 -ri 

orl'2 orO <tr-l'2 


giving A, A' )}, jir a, a n, jy .a- Of k,,,, ^ ^ 

Since the Minte AS, G, I), Ji lie tm one Htraiglil lino inn I b is^istt 
■“ ) y » ^ > /?, jv lie on ii Hocoiid straiglit lino, it in pnjiifilllUfl 
an the point-mira belonging lo wiiHUion (i) alno Itoltuig in mjt**-. «.»■ 
other of those linos, it is easy to almw that UiiH is tnii*. 

For - 2.«/ - 10, I/’* - Cl.r -I- 1 7,»/ - 0 

can ho fnotorisocl ami oxprosasocl as a ])i'iicltict thiiH ; 
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If Lhon (a,’, y) ia any point on tlio graph of (i), it follows that 
(a.»-2y-|-l)(0,«+Cy~6)=.0. 

iroiieo 2.v-2y+l=0, 

or a^'+ ry/ - 0 =0 

or 2.«-2y+l=0 and 6.i-H-r)y-6=0 


.{ii) 

.(iii) 

.(iv) 



KlO. 31. 


If (il) iH ti’nOj {A\y) nuifit lio on tlio straight line AlSoi Fig. 31 j if 
(iii) Ih Umu), I'® Htraiglit line if (M is true, 

W y) •'®® peiiR intorsection of ABmA A'E'. Honco the 

grAjHi of equation (i) ia completely ropresonted by two straight lines. 

Moro {joiioi'ally, if 1*5=0 and ii=0 aro linear equations 
in m and y, then tlio equation 

i*t;5=0 

i I'opvoaoiiUs the two flfcraiglifc linos i*=!0 and v = 0. 

If tt«0, 11=5 0, w=>0 are linear equations in x and y, 
then the equation itint»=0 

; rcppcaoiits blio tlirco straight lines i* s= o, i; = 0, le = 0. 
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Ex, 1 * Eind an equation wliicli ropvesontfj tho linoR 
.V (i) and %v + 3 ^ 'f 1 - 0 (i i). 

Multiplying ^'- 23^+ 1 by wo obtain 

2*# -)- 3.r + ^ -b 1 . 

Tbo eq «a fcion — .t/y - + 3 a’ +y -(- 1 ~ 0 i’opMont« U t wi 1 I * * ' 

(i) and (ii). 

Ex. 2. Eactoi'iso 5y-0,‘ and find tho twoHl 1 

lines represented by 

2.»®-“.'i?y*-y3-|-4.t?'fr)y~ 65 =^ 0 . * . Xa) 


Fine Pactoi'UHo ; wo got (2^‘-!';/)(.v-'“y). 

iSecarid iStapi Form tho product (2vV*l'y4-'m)(.v*-y-pn), 
Third Step : Multiply out i 

- .vr/ - yH (w 4- 2?^).^ + ( - wi- + n)p 


Fourth Step : Comparing tho coofiicionta of ,r and y, and abw* t\\v^ 
absolute term in this expression with those in tho giviai 

w -4-2^1.!= 4. (i^ ^m4*n*=5 (ii), /mi® *-0 (ill). 


Fifth Step ; Solve (i) and (ii) as ainiultanooufl ocjuatioiiK in m riPMl 
getting m= -2, ; and verify fclmt (iii) is then aallHliiul.’*^ 

We find - ijHlv + 6t/ - (J = (2,^ y ^ 2 )(a' *h 3). 


Tho two straight lines roprosontocl by (;i) arc %v i f/ 


Ex. 3. Eactoriao la^’-22y•^a 

Ex. 4. Eaetoriso - 05.iJ?y 8By^ - D2.v + 1 07y 0. 

Ex. 6. Show tlmt the following oquations roproHoul two 
lines, and find their oqualions : * m. 

(i) ; (ii) 

(iii) (iv) 

(v) 

(vi) 84*i;3 ^ OSy - 40 ^ 0 j 

(vii) 1 (vHi) | 

(fx) a(h^o).v^^b(o^a)t^y-ho{a>^b)y^^O ; (x) a^d*2Ary f 


If tho last lorm In tho given oxpreswion viz., -G, ho rcinlnc^l jsbi»»i 
shows tiiat (t m oxooptioiml for enoh expressions to liavo faotoiu 
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40- Condition that axH2hxy+hyH2gx+2fy+o=0 should 
Straight Lines, The necessary and sufficient 
coixclition. that the ociuation 

«a;*+ 2 / 4 .'er/+%®+ 2 ()ra;+ 2 / 2 / +0= 0 (1) 

aliould- ropresont two straight lines is that 

aho+2fgh-af2--bg2-ch2=0 (2) 

X^'i'oof. (i) II «=l=0, instead of equation (1) we may con- 
aid or hlio equation 

«*a:®H-2w/ia;y-l-n62/*-|-2«,f/£c-f 2ct/^-t-ao = 0 i (3) 

Hot ^3) may l>o derived from (1) by multiplying both sides 
of ([1) by ct, and ( 1 ) from ( 3 ) by dividing both sides of ( 3 ) 
cbt since a=|=0. 
lOi'cm (B), wo have 

ct^ai® -f 2(t/t!»2/ + 2n lya; =—ahy'^-~ 2afy — aa. 

jA,cld to hoth sides in order that tire left 

side may bo the square of CKC-p/ry+jy; then 

4- + ^ahxy -f- 2agx + 2ghy 

= - ah) r/H 2 (f/h - af) y + (<j^- ao), 

blmb is, 

(,<xai-^hy+gf~W-(^)y^+^(0h-a/)y+ig^- ac)) =0. ( 4 ) 

ISTow {li^-uh)y^+^igh~af)y+{g^—ac) is a perfect 
sqxiax'e as regards y (that is, is the square of an expres,sion 
of tlio first degree in y) 
i f 4i{gh ~ aj'f ~ 4 (/i ,2 - ah) (<7® - cto), 

wliicli roducoa to 

u% -I- 2afyh — a^j^ — abg^ — acli ^ = 0 
or, eince a =1=0, to 

aho+ 2f(jh — ct/®— hg^ — ch^ = 0, 

Tliia is the condition that the left-hand expression of ( 4 ) 
ctbxi Ijo factori,sod. Hence it is the condition that equation 
(1^ bIiouIcI ropresont two straight linc,s. Since the stops of 
blxo ai'gument are I'evensible, the condition is both necessary 
aiacl sufEcient. 

V 


a.A.e. 
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(ii) If «=0 and 6=1=0, by interchanging a and 6, and 
03 and y, we see tliat the same condition liolds, 


(hi) If c6— 0 and 6 = 0, but /i.=|=0, then (1) becomes 
26032/ + 2gx + 2/i/ + c = 0 

or «2,+|.«3+{2/+^,=0, 

Rinco h =1=; 0. 

Sinco tlio lef t-luxncl must faefcoriso, tliere mURt bo immbora, 
p and q Raj^ Huch fchat 


A 

xy + 1 fc +( 3/ + ^ = («> +p){y+q) 


that is, siicb that 


a 

I 


Honce 


^xy + qic-\^py+2)q> 

3- {“3’' ai=»- 

2h h ' h 


or 2/(ry/i,-6'/t^=0. 

Bub this is what (2) becomes when a = 0 and J) — 0, 

.Hence condition (2) still holds, 

(iv) li b — {\ equation (1) becomes linear in 
03 and y, and therefore drops out of the discussion, 


41. The Equation ax^+2hxy+hy^ — 0. Equation (1) of tlio 
preceding section, when <7 = 0,/=0, c=0, takes the form 

ax? + 2/iajy + by^ — 0, 

which is of special interest. ^.I'liis ocj^uabion always roprosonta 
two straight linos through the origin; if li?^ab is posilivo 
the lines can be graphed and are real, if l? — ab is noptivo 
the lines cannot bo graphed and ai'o imaginary, if J?^al 
is zero the two linos consist of tlio same lino twice over. 

For oxainplo, the equation 

3.r^d - ^0 ♦(!) 

can bo writton in tho form 

(S.'V 4'* 3y) 0, 
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LINE’PAIR TIIKOUGH ORIGIN* 


and tlioroforo ropresoiita tho two linos 

;U‘ - 2^ = 0 and x + 3^ = 0, 

that i«j tlio linos through tho origin of gmdionts fj and - J, 

Tho eqnalion 

can ho wrilton in llio form 

\( ,1-*V3 

_ —2 

wlioro i=<s/-l, and Ohoroforo roprosonfcs tho Uvo linos 


(a- 


-;'/)= 0 , 


a’ 4- 


1 is!*^ 


^=0 and vr+ 


l-zV3 


2 ^ ' 2 

theso aro two imaginary linos througli tho origin, 

Tho equation 4a'^ -h 1 + 0^'’ = 0 

Dan bo written in tlio form 

3?/)(2.'r + 3;/) «:0, 

and thoreforo roprosonts tho lino 

2a*4-3^s«0, twice. 


y=0 j 


( 2 ) 


.(3) 


If tho equation ax^ + 2hxy + hy '^ — 0 

reproaonts the two linoa througli tho origin of gradients 
and 7n2> then tho linos aro 

y — m^x ^ 0 and y — m,^x = 0, 

Tlieso aro both roproaontod by 



(y “ “ '”<'sp>0 = 0, 


Uiafc is, 

1/® — (m^ -1- m^) oey + = 0 

(I) 

Rufc 

+ 2ltxy + hy ^ = 0 


can bo written in the form 



/+y-®2/+g-»®=0 

(11) 


Honco (I) and (II) must bo tho aamo equation. Therefore 


% + ^^^2 — y ~ (Ill) 

Theso relations are important, as tho following exercises 
will show, 
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Ex. 1, Eincl tlio coiidition thafc tlio two linos ropi'osontod by tbe 
oqimtiion hmy bo porpondicnlar to nno anotboi*. 

Lot tliQ gradionts of tho linos bo and m 2 . 

Thonoithor or 

‘ ?H2 m,{ 

that is, 

Honeo, from (III), |h-1=0 

or a’\-h^O. 

Since the stops are roversiblo, tlio condition is sufTiciont ns well as 
nocossary. 


Ex, 2. Find tho condition that tho gradient of ouo of tho linos 
roprosontod by should bo double that of tho otiiov, 

Lot tho grnclionts bo wq and ?« 3 , 

Then either or m 3 »: 2 W|, 

that is, vii *- 2 m 3 =0 or = 0, 

Thorofore (wii - 2^3) { 7/12 - 2»i j) = 0, 

or 5 wii?n 2 - 2 (mi^ H- ?«-/) =« 0 , 

or 0>n,W3-2(mj+m3)^*=0, 

or, by (III), 


or 8A^=^9a&. 

Sinoo the stops are revovsiblo, the condition is suniciont as well us 
nocosaary, 


Ex. 3. Provo that the condition that tho gradient of one c^f tlio 
linoa roprosented by a.^?^-h2/uy'Hi>7/s:=0 should bo tho square of tho 
gradient of tho other is that Is the (foudition 

suflioiont 1 


Ex, 4, Find tho nocossavy and suiTiciont condition that of tho linos 
voprosonbed by 0, twice tho gradient of one with 

thrice tho graaiont of tho other should equal b. 

Ex, B. Find tho necessary and Rufficioiit condition that one of tho 
linoa «.^7®+2/^^^y+6y^=0 sliould coincide with one of tho linos 
a VH' 4- =» 0. 

Ex, G, Provo that tho equation 

G.t'^ + 5.17/ — Aif =5 0 

represents tho parallels through tho origin to tho linoa 
4 - G,ry - 4?y^ - 7a’ 4^ ^ 0. 

Ex, 7. Find tho oquatioiis of the parallels through the origin to 
the linoa q, 5 ^^^ „ _ 4 ^ 4 - 2 « 0, 
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8, Provo fclirtl tlio pair of linos 

2/i.^y ’h a?/® = 0 

0 povponcliciiltU’H through tho origin to iho pair of lines 
antp ' + -h hf^ = 0. 

i). TTind tho equations of (i) tho parnllolR, (ii) tho perpendiculars 
gh tliQ. origin to tho lines roprosonted hy 

+ 6/ + 2^4? + 2/^ + c ~0. 


. Angle “between the Lines ax®+2hxy+‘by^=:0. Let the 
lines I'oprcaontocl by 

4- 2/tajj/ + hy^-0 
(1) and y—m^ (2); 

(3) and (4), 

(illation (in)of § 4 L 

3 t 0 bo the angle between lines (1) and (2) ; then, by § 36, 


tan0 — 


m, — 




( 6 ) 


l+Wimg 

ub (Wi - W2)" - i'^h + 

2jh^—ab 


lioi’oforo 


b 


.Iflo, from (4)), 


1 -|- = 1 + jj = 


Ct“|“6 

"IT’ 


Tonco, 


mi-Wa _ . 2jk^-ah 

l+TOiTOj””^ a+b 


. thotofovo, by (6), tan 


ho ainbiguifcy in sign bo dropped. 

;)ou. Tho lines aro perpendicular if 0 .+ 6 = 0. 

ix. 1. ITincl iiho tangent of tho iicuto nnglo botwoon tho linos 
3 n by tho oqnivtiou Mnd tho angle from a 

k of Tablos. 
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Ex. % Provo that tho anglo between Ibe pair of linos 
- 7ay -H 4^-* = 0 

is oqiml to tho anglo botweon tho pair 

Ex. 3. Provo that tho angle between tho pair of lint's 4 Tit) 

tlio equation 0 is otpial ti> llm fH.j'lT- 

between tho pair specilicd l>y 2^i;3-r).i?5/-3^/=0. 

Ex. 4. If <a^?;2+27ia;?/+/jy^‘h2(/.r-h3/y"he==0 roprosmilH u p;in 
straight lines inclinod at an anglo 0 ^ prove that 


Ex, C. If 6 a’^ - 1 1 .V?/ - 1 0,?/^ - 1 9^ + 0 = 0 roprosonts two h (■ ra i j.? I ii h i ■v'f' st. 
And tho equations of the linos and tho tangent of tho iiiigt’ 
them. 


43, The Bisectors of the Angles between the Linos 
ax^+2hxy+by2 = 0. 


Lot tho lines roprosented by tho equation 
ax- + 2hxy + by^^0 

bo y^m-^x—0 and y-m^x^Ot 

so that Wji+W 2 == — 2/t/6 and — by (III) nf .? jL 

. Let mi==tan0i and mg — tanOg, 

Then if tan0 is tlio gradient of a biflcctor, wo iinty 

tan20=tan(0id-0o); 


theroforo. 


2tan0 _ Lan0^4*tan0o 
1 — tan^0 ^ I — tan 0^ tan 02 


+m2 _ --jik/h _ 2 // 

1 — v\m, 2 I — a/b (6 — // 


Hence {a — h) tan 0 = /t ( 1 — tan^0) 


or h tan^0 +{a—b) tan 0 — A == 0 it h 

If tho equations of tho bisectors are 

?/-%aj==0 and y--n^x^{) , 

and are tho roots of (1), so that 


and 1, ..{U) 
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But, from (2), the equation of fcho Wsectovs is 

or y^-{'lh■]-n 2 )xy+n^n^x^= 0 . 

Hence, from (3), the eejuation of the bisectors becomes 

or }ia? ~{a— h)osy — hy^ = 0, 

a?~y^ xy 
a—b ^ h ' 


Ex. 1. If U\ y) m a point on a bitioctor of tlio angles between 
0 and show that 

and deduce the equation of the biaectoi'fl of tlio angles between the 
lino-pair *|- S/ay -f bif = 0. 

Ex 2. If 7a is the gradient of a biRoctor of the angles formed by 
the lines y-7«i.v=0 and y~77?3.r— 0, show tlnit 

and doduoG the equation of tho bisectors of the angles between tho 
lino-pair cuv^ + 2/ay -h hy^ — 0. 


44, Harmonic Bange«. 
an axis such that 


If A, liy Gy 1) avo four points on 

Aa_ AD 

^ ^ 


that is, such that AB is divided internally and oxtornally 
in tho samo ratio at 0 and D (Fig* 32), then AB is said to 

X i B b ^ 

EICI. 32. 


bo divided harmonically at Q and IX Equation (1) may 
also bo written in tho form 

OA. OB 
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[OIL VI. 

so thab OB is at the same timo divided harmonictblly by 
A and B. A, B, 0, D form a harmonic range; A aiul B 
form one pair of conjugate points of tho miiffc, O m«l B 
form anotlier pair. Wo also say that (^ABOB) is a littnuonic 

range. . . , .pi. 

If Ay B, C, B lie on an (r-axis, origin 0, and i£ tboir 

abaci, ssae are fc., rcspocUvely, then 

AQ^OO 
AB=x^- 

Hence 


— OilsSlTg- 

j OB •“ *r*j ”* a)g 

-ojji ; 

BB==x^—x^ 


B] 

^3 ' 

I ^ 

s I 

CO 1 
1 

a '2 *— x,^ 


( 2 ) 


which may be written in tho form 

(^1 H" ^ 2 ) (^3 'h *^0 ” ^ "h 

Since these steps are revorHiblo, relations (1) and (2) aro 
equivalent. 

Tho relation (2) has throe important forms as folloWH. 

L If {ABOD) is a har3nouic range, and 0 is tho iniddlo 
point of AB, then 0^12== QO. OB, 
and conversely. 

Take 0 to be tho origin of tlio axis on wliich Ho tlio 
points A, B, G, D. Tlicn wo may put — ajj or 

in (2), when wo obtain, after division by 2, 

0 =! — 
or 

But x^^0A\ = 

Hence OA'^ ^ 00 . Oil 

Since tho stops are reversible, tho converse liolds^ 

II. If (ABGB) is a luuinonic range, then 

Air Air Ajy 

and conversely. 

Take A to bo tho origin ot tho axis on wliich lie tho 
points. Then wo may put in eiiuation (2), whou wo 
obtain +x^)^ . 
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§ 44 ] 

Diviclo both aides by i 
then 
lUifc 

Therefore 


^'8 ^2 

x^^AG, x,^^AD, 
2 1.1 


AjrAC^Ajy 

Since tlie stops are reversible, the converse holds. 

IIL If the roots of Uie equations 

ax^ + 2hx + == 0 and a'x^ -h 2h'x +(/r^{) 

are the abscissae of A and li^ and 0 and i), whore (AJiOD) 
is a harmonic range, 
then ao' -*[- a'c = 2hb\ 

and conversely. 

For 

Substitute in (2) ; 
then 



(] 

(t’ 


26' 

g' 

a!' 



\a a/ 


m 

a((f 

or ao'+a'o—2hh\ 

Since the stops are rovorsiblo, tho converse holds. 

Ex. h Tf {AjSOD) ifl a harmonio range and O' biaecLs CJ). prove 
that IJO , JJD^BA JiO'^ and convorsoly, 

Ex. 2, If (ABGD) is a hannonic range, 0 and O' tlio nhdcllo points 
of AB and Gv^ prove that 


(i) AO,AO^AD.OO^ 

(ui) AB.GD^V^AJ),BG^O\ 


(ii) 

(iv) GA . 07M- DA . Z>71- GJ)\ 


Ex, 3, If {ABGD) 18 a harmonic range and P any point on tho lino 
of tho range, prove that 

(i) 7^/1 . BGa^PB . AB^^PG, PD . Ctl -0 ; 
r.t^.Pn PG^PD 



90 ANALYTICAL GEOMETBY. [OH. VI. 

46. Pundamenta.! Theorem. Tho following theorem is of 
fundamental importance. 

Let (ABGD) be a hwi'mo^nc ranc/e, and let lines he d/rawn 
from any point 0 outside the hne of the ranae to pass 
through A, B, 0, B (Fig. 33). If any line Ali'CIp be 
draivn to out OAt OB, 00, OB in A', B', O', B' respectively, 
then (A'B'G'B') is also a hoA'Dionio rasige. 



Through 0 and O' draw XOY and X'O'Y' parallel to OD 
to meet OA and OB in X and F, unci X' and F 
i-cspectivoly. 


Tlion 


AO_ AB 
OB~~BB‘ 


since (ABOB) is a harmonic range ; 

/ir;_ OB 

A7)~ ^bb 

AO_XO 

a:d"ob' 

since triangles AOX, ABO are similar, 


therefore 


But 


.,( 1 ) 




§§ 46, 4G] 


THE TUANSVERSAL THEOREM. 


91 


and 


OB _YO 

ujrojy 


since triangles CBY, ])BO are similar. 

Substituting these values in (I), we obtain 

xa YG. 

01)~ OB' 
therefore X6'= - YO. 

Hence G is the micldlo point of (2) 


But 


GX 

O'X' 


00 

oa 


, Y0_00 
ana yv'^OCF’ 


from similar triangles. 


Therefore 


GX YG . 
0’X'~ Y'O" 


hence GX'= Y'G', since C'X= YO, by (2). 

We may now rovor.se the stops fron> (2) to (1), using 
dashed lottons, whence wo obtain 

A'0'_ A'D'. 

inr~ B'F' 

or (A'B’O'U) is a harmonic range. 


46. Harmonic Pencils. If four straight linos OA, OB, 
00, OB aro drawn from a point 0 to four points A, B, 0, B, 
which aro such that {ABGB) is a harmonic range, the 
four limjs, called rays, form a Juwmonio ixmoll ; and if any 
lino, called a lr(t/nm>er8al, ho drawn to moot the rays, tho 
four points of intorsoction with tho rays form a harmonic 
range, by tho theorem of 8 4.'5. 0{AB0B) is called a 

harmonic pencil ; OA and OB form one pair of conjiicjala 
rays, 00 and OB the other pair. Certain forms of tho 
equations of tho rays of a harmonic pencil are important; 
these we proceed to investigate. 

I. Tho linos j/ = d:/c(8 aro harmonically conjugatei with 
respect to tho lines (r=0 and ?/ = 0 for any value of h. 
Consider tho four linos 

y—hi (i), /d® (ii), a>==0 (hi), 4/=0 (iv). 
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On (i) take a point A(Xi, Ui)', tlirougli A draw a lino to 
moot (iii) in G and (iv) in D. Mark on tlio line tho point 
y^), the harmonic conjugate of A with respect to 
0 and D. 

nil „ AG AT) m 

1 hen GB~~m~n' 

SO that Q is the point 


\ m+n * m+n ) 


and D is the point 

\ m— 72. ’ m— 7^ / 
It remains to show tliat B lies on (ii). 

0 lies on (iii), thorororo — — < 


m+72, 


= 0 or — = 


B lies on (iv), therefore or — 

Hence, from (v) and (vi), 

!5}+?A=o or 2'-1+L2 =o. 
ft’s 3/2 . «2 

But ~=&, since A lies on (i); therefore 

/tf+^=0 or 2 / 2 = -/(XBj, 
that iS;, B lies on (ii). 

Tho proof does not assume tliat tho axes avo rectangular, 
so that wo have at the same time an analytical proof o( 
the Fundainontal Theorem, If tho axes avo rcctangnlar, 
there is an easy geometrical proof depending on ISuc, Vl. 8, 
whicl\ is loft to tlio reader. 


II, Tho lines harmouh 

cally conjugate with respect to tlio linos 

and a'cu+i!i'i/+o'saO, 

for any value oE k 
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Consider the four lines 

ax+by+c^ k{a'x + l/y + c% (i) 

(jbx+by + G- — ]c{a'x + b'y + e'), (ii) 

ax+hy+o^Oy (iii) a'x +J)'y+c* ^0 (i v) 

On (i) take a point y^) (Fig. Svl, p. 90); through A 
draw a lino to moot (iii) in G and (iv) in .D, Mark on the 
lino the point whicli is the hannouic conjugate of 

A with respect to 0 and JX 

AQ AD m 

iheu • ^“—^7^-“. say, 

and theroforo the coordinates of 0 and D liavc tlio same 
form as in Case I 

It remains to show that B lies on (ii). 

(7 lies on (hi); theroforo 

W-+W ' 

fchatis, (v) 

D lies on (iv) ; theroforo 

a'(?)uc^~it«;,) , “%?/,) , ^ 

1 ' 


that is, 


Umtin, 

n ax^i+by^+e 

Hence, from (v) and (vi), 

tta)| 4- (>?/i +£ , _ 

ax.^ + / 5 i/ 7 + 

.L_P2+.^/2±1 -0 


n„t “ 4 ;’«.. 7 ,= 

ax^+by^+0 


; ky since A lies on (i) ; tlieroforo 


tliat is, Ji lies on (ii). 
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Note that thia is also an analytical proof of Llio 
mental Theorem. 


I* 


III. The lines 


aa)“+ 2 /ta! 2 /H-&j/^= 0 , (i) and (ii), 
are harmonically conjnjfato with respect to the Hiu'h 

(iii) and (iv), 


if 


ah'+a'h = 2hk\ 


Let the ti’an.svcr.sal j/ = l moot tho lino.s (i) and < 
points denoted by their absciasiio a’j and iC.,, and (Ii«* 
(iii) and (iv) in ajg and «',j (Fig. 34). Then (i), (ii), (i i i 


iil 111 
f i iD’tH 
,1- liY) 



form a harmonic pencil if (»!j.r.^a!g«;,) ia a harnioiiii! 

Blit and aig are tho roots of mr“-|-2/w:-|-/>==() ; and 

are the roots C(tX‘^-{-2h'x-\-h' = i), M'liorofore 1 M 

a harmonic range if = by S44, J[l. 

The method of proof irscd in I and II may bo usi'i 1 I ir»r*!( 
also, and is loft as an oxorci.se U) tho reader. 


EXERCISES XIU. 


L If tlio lino joining d(.Vi,y,) and BQvi, moot tliu line 
a,v.^-hy-\-c>—0 

in (7, prove that — 



Q-iUl UUiNd UWATllj Uli' WU 

2. Tf a tmiiRvoraal DJUF moot tlio skTos BO^ OA^ AB of triangle 

id i? 6' in i), 7^' rospcctivoly, prove that 

and conversely (Monolaua’a Thoorom). 

3. If the lino joining id(a’ij yi) and B(x\y bo cut in G by the 

lino joining (.I’a, y^ and prove that 

■’••i-'/a - •''htlh + Ja?/4 - ••^4 .'/!! + ■•».i?/i - iOQh 

'Uli .1-.^^., - .iv/a+-’'3y.i - - x-ii/i 

4. Tf the lines joining the vertices i-l, B, (7 of triangle ABO to any 

point B meet the opposite sides BO^ (7/1, AB respectively in A, 
piwotliiit IJ]) qji AF 

JJD' Ji'A’ FJJ~'^'^> 

and conversely (Oeva’a Theorem), 

6. (ABGjD) is a luirinonic range on the ataxia. TJio abscissae of 
A and are the roots of the equation 0 and the abscissa 

of (7 is — 1 j iind the abscissa of I), 

6, The points on the a’-axis denoted by are harmoni- 

cally conjugate with respect to Uio x^itir denoted by v^’2^-6.^H-^7=0 ] 
fincl the value of q, 

7, The points I\ Q nro harmonic conjugates with rospoet to the 

points /rt“4 and and also with respect to ,ra--5, 

where all the points Ho on the .v-axis ; find the ahscissao of P and Q. 

8, The throe pairs of ])oints ,^’“2 and ,v~(l j a’— 3 and /i’=4 ; 
,^05 -1 and x—k have a common segment of harmonic section ; (iiul tho 
value of l\ 

9, Provo that the pair of points donotod by 

{ax 'h b) {h\v -ho')— {a\v -h b*) (bx + g) 

is liarmonically conjugate with rospoet to both ]}airs of points 
denoted by ^r.^■2-|-2^^a’^-c=sO and a'x^']-^2h\V'\'f/^0. 

10. If til 0 points a’j, x•^i x^ on tho A*-axiafonn a harmonic range, 
BO do the points y^y y.^ on tho ^-axis, whore 

11. Provo that tho lin(?« 

2,^2 %vy - //2 = 0 and .^'2 -p 3,iy - 3/^ == 0 
form a harmonic pencil, 

12. Tlio linos 

f),r2 “ xy - 0 and 4a’2 kxtj - 3.?/^ « 0 

form a harmonic pencil ; lind k. 


i 
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13, Tho equations of throe rays of a harmonic pencil aro 

+ + 0 , 0 ; 

find tho equation of tho fourth ray, the first two rays being conjugalo 
rays. 

14, Provo that tho four linos 

O.i; - 2^ q- 1 =0, .v+ 2?y - 4 

la^’ -- 10?/ 4-11-0, 17a? - 2?/ - f) 0 
form a harmonic poncih 

16, Tho linos and aro harmonically conjugate ^Yith 

respect to and ?/— m.jcr, if 


7ai " ?ft.| -Wa 


16, Tho lines and y^^n^v are harmonically conjugate witli 

respect to the lines 4 4-67/2=0, if 

a -h h -I- m^) 4- ~ 0, 

17, If y y = y — ?a3.v, y = w^jO? form a h arinonic ponoi I, ho do 


wlioro 


y^7iix, y=n.^Vy y^n^fv, 

a;4 hni 


18, If ono pair of conjugate rays of a harmonic pencil aro at right 
angles, they aro tlio bisectors of tlio anglos formed by tho other pair, 
ana conversely . 


47, Three or More Linos through the Origin, 

Let y - - 0 (1), y — ^ 0 (2), y — on^x == 0 (3) 

bo threo linos through tho origin. Thou tho equation 

(y~mix)(y~'in^)(y~'tiigv)==() f*!) 

vopreaonts tho lines (1), (2), (3), 

IJ! (4) bo oxpandocl, it takes tlio form 
- (mj + WoH- m^)y^x + (m2'»h+msV\+mj;n\)yx'‘‘ 

This is of tho form 

ax^ ■i-0x^y+ oxy^ +dy^<=0, 


( 5 ) 
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so (*'3) i;opro8ont.s tlireo straight Iine.s fclirouah the 

gmdionUs wliem 


CO 




( 6 ) 


/Similarly, the otpiatiou 

(Ke* + hf^i/ -|- ea;®i/“ + dxy^ + ^2/'* = 0 

veprOHontafour straight lines through the origin; and so on. 

jijx. 1- li’ind Uio coiulilion that two of tho throo lines 
a.i'» H- H- ftiys + ^ 0 

I'iglib an^lc\s* 

Ki’^Hlionts of tlio Jino,^ bo Wj, ?rtn, Wg. 
either (l + ,«,m,).,0 or (!+;«„„, )=o or (H-«. 3 ,„d =0 
a’l.oroforo {l+»M«3)(l-l-»i3«3)(l+«j3,n.)=0, 
bluvb i«, 1 

thoi'oforo, by (0) above, ' 

1 j 6 , « fl , «*> „ 

(t^ + UG 4 hd + (^2 -0* 

io?o^wvry!'° I’ovorHiblo, tho condition is suniciont as well as 

f ~ -l-;y/.r3 « 0 

IQ ot|iinl to tlio prodnot of tho other two. 

.TSx. 3, If tho gradient of ono of tho lliroo linos . 

f ~ - 1 -Pa.y.»® -Pit ? = 0 

o oquril to tho aum of tho other two, pi-ovc that 

Pi“~<ll»iPa+ 8 P 3 ‘= 0 ; 

isliQw that tho condition is Bulliciont, 

JKx, «1, If tho gradients of tho four linos spocillod by tho equation 
?/ -^’i?A‘+pa.»A’^ - j»3?/.r'' i'* = 0 

this condition 
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48. Change of Origin. Let X'OX, F'OF bn a 
system of reference, and lot j/«”; bn ' 

angular system of roforouec, the x- and ^-axfw 1 «'**»« 
parallel and the y~ and y-axes also parallel (.If'iLL >* 

Let (a).i/) be the coordinates of a point P t 

X'OX, 7'OY-, let (^, >/) bo the coordinates cif I* 
to »/«'?; lot lio l-lio coordinates of m ri*r<*if"r»''*'* 
X’OX, TOY; 


then x=:^+h and y=!i/+k. 

PToof, Let t/u»] meet X'OX in I[, and lot J\f 1 *• ^ ^ 
the ordinate.s of P referred to tho two sy-stonm, M 
X’OX and X on ^'wi- 



> 

V‘ 

“ n| 

P 

Jrt 

\ 



-- 

o 

X 

H 

y' 

M X 


Fia» 36, 


Then ^ 

y = MP ^MN+ NP ^ IIo) + NP ^ h ;; n ^ 4 ^. 


Forexamnlo, iftliobiaoclorof thoangio A^Orbo rofm'iwl 
axes through (2, 1), its equation roforrod to tlio now iixo« 

For ?/=,'V (x) is its equation roforrod to tho first axort ; |ni t 
^=f'{*/i=§+2 and 1 

in (i) \ then we obtain 

i;+l=^*l-2 or 

as the equation of the lino roforrod to tlio now axon. 4^ 

verified from a figure, 
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§§ 48, CHANGE OIT OBIGIN AND AXES. 

49 , Rotation of Axes. It in sometimes useful to cliange 
ono system of rectangular axes of reference to 
^^lofchor formed by rotating the old axes througla an angle; 
\vo proccicfl to liiid the forjniilac necessary for the trans- 
jloi'i nation of equations* 

3 !jot ifO)] bo rectangular axes obtained by rotating 
^1-^0 rectangular axes X'OXy y^OF tbroiigli an angle d 
{y'iji:* 3b); lot (^«, y) and (^, >/) be tlio coordinates of a point 

reforr(;d to tlic two nystonis. 

^J.'J ion X ^ cos 0 — sin 0, 

' y===fsin0+^/cos0. 



XjOt Mlglo ^OP=f/>. 

TIlou a!=OPcos(0H-V>) 

= Oi’{coH d cos 0 —sin 0 sin r/i) 

=(0P cos fj >) . cos 0 - (OP sill f/>) . sin 0 
=5^cos0— j;sm0. 

Also 2/ = OP sin (0+^>) 

= or (sin 0 cos (j ) + cos 0 sin (p) 

= (OP cos f/i) . sin 0+ (OP sill (p) . cos 0 
= ^ 8111 0+»; cos 0. 
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VI- 


[■<tH- 

Ex* L What is tho equation of Uio lino 2.r^3?/w=>C (i) 
parallel axes and drawn through Uio point (-1,-3) 
to the os- and ^-axea 1 

Put and i?/=== 7^-|-/'=59/--3 iu oqimtioji (i). Wo * rltl 

2(^-1}- 3('^-3)^5 or 2^-3r;+2=0 as tho equation of lino (i), 
referred to the i- and Tj^axos. 

Ex. 2, Eind the equation of tho lino 3,v-^^fy=^t) roferml io 
axes and rf'ij through the point (1, -- i) voforrod to the old 

Proceeding as m Ex. we obtain as tho equation 

3(^4-l)~2(t?--l)=-r> or 3^=3v 

It appoara that tho lino pnssos Ihrougli tlio now oriffirq «h if. tt$*f**U 
since (l^— 1) lies on 3,7?^ 2?/ *==(), Since tlio gnulioat in oaeli 
3/^, it IS clear that equation (xi) is correct* 

EXBfiOISES XIV, 

1, The two Hues 3.'»-4?/-l-2=«0 and ♦^*-"7^'l*l when rofon 

parallel axes and 0 ]% aro roprosouioil hy tho oiiuntioiiH 3^- #/ 

|«»9y I'especfcively, Eincl tho coorcliinitofl of tho now origin roU^ri *''*1 
tho OS' and ^-axes* 

2. The lines (*v-yd'2)(AJH-y'k4)==?0, 

when roforred to parallel axes tlirmigh tho point (/q aro re)>p< 
by the equation 

Find /i and L 

5, Provo that the parallels through tho origin to tho linoH 

+ hosy - - 3.i' 4- 5^ - 2 0 

are the lines 2*t7^-h 3y'*i=s=0* 

4. Pind the equation of tho parallels through tho origin to iXit^ I iiWASs 
aos^ -P StLvy + + 2^a’ -)^ 2/y -I- 0, 

6. If 0 is the angle between tho linos 

(XyV^ d- 4- by^ + 2/J/ 4 o 0, 

prove that tan d«2s/2i^^6/(rt4&> 

Provo also that tho linos aro porpoiulioular if aq*hK=sO. 

6. Provo that tho equation 

a(a» - py^ 2A(ii? - p)(g - 4 h(y - *=50 

reproaonta two straight linos pimin^ ihrniigh tho point (;), g). 

7, Prove that any paij* of porpondietdar linos Uiroiigh tlict 

\T\ V can ho x’oproseutcd by tho oqnation * 

where h is a varying constant (pazwmotor)» 
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If Biiuh a pair intoraccb tho a’-axk in A and A\ and tlie ?/-axis in 
B and B\ prove that 

(i) OA . OA'--p(OA^-OA')+p’^^q^^O, 

(ii) OA.OA’IOB,OB'-^-l. 

8, If the ]inO“pair 

a.i'2 + ^hxt/ -p + 2(/x + 2/^ + c = 0 .(i) 

bo rofoiTod to parallel axoH lhroiijn(h (p, q) ao that their equation lakes 
the form 

find p and q in borina of Uie C{) 0 fheiout 8 of (i), 

9, Parallels to tho linos 

fuv'^ 2kvt/ H” h //^ = 0 

are dra^vn through tho |)(unb (p, q ) ; find tho equation of the bisectors 
of tile angles fonnod by the parallels. If porponclieulars are drawn 
instead or parallols, find tho equation of tho bisectors of tho angles 
BO formed. 

10. If a given lino ho roforred to parallel axes through any point 
on a lino parallel Uj the given lino, tluni tho now equation of tho line 
is of the saino form whatever be tho position of tho origin on tho 
parallel lino. 

11. Pind tho equation, refer rod hack to tho and ;?y-axoSj of 
a straight hno wlioso o(pnition roforred to piirallol axes and i]*iq 
through the point .r— 

12. Through the ])oint are drawn and p-axoa 

pavallol to tho .v- and^-axos. Tlio ofpiation of a linoqmir roforrod to 
tho and 7)-axo8 is 

What is tlio equation of tho linoqHvir roforred to tho a.’- and 2 ^-axos ? 

13. Pind what tho o(pmtion 2a' -y -I- 3^0 becomes when tho axou 
aro turned through 4^>^ 

14. Pind what tho equation 

- / - 2 V2.V I0^/2y d- 2 0 
bocoinoa if tho axes aro turned through 4G". 

10, Transform tho equation 

(.r^ - ?/®)^ “ a® 

to an 0(puition roforrod to axes wliicli bisoct tlio aj^gloa betwoon tho 
original axes, 

16. Transform tho equation to another sot of voctangulav 

axes wliich have revolved in a negative direction through an angle 

j from tho given axes. 
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. 17, Transform tlio equation 

+ 2 («“ - 

to axes bisecting the angles formed by the original axes, and 
it to its simplest form, 

18. Transform the equation # - %v)/ cot 1 )y tu ri i i 1 1 j.? • • ^ 

axes through an angle and IhencG grapli the ociuation. 

19. Transform the equation 

0?^ ^ 4 s/2,r ^ 8^/2y 4- 4 «= 0 

by turning the through 45“* and tlujii jnoving the origin It* * 5**' 
point (-2» -6) referred to the axes so turned. Show that tlio 
tion then becomes ^7^=5 14, and thence grapli Um given cquuli<»iu 

20. If the expression 

4- ^fay -h + 2/7.r 4* 9,/t/ 4- o 

he transformed, by turning the axes (S 40) through an aiighi 
the expression 

os'ga+SA'^,, +i!.V+ V^+ 9/'i; +«', 
prove that cos^d4-2/t win 0 cos 0-\-h sin^ft 

mi^O- 2A sin 0 cos 0’\' b coh^(?, 

A' ^{b-a) sin 0 cos $'{■' h(v,ni\^0 - 
and then show that a -H & - 4- //, ah - a*l/ - 
whatever bo the angle 0, 

21. If 7,^’^4-irw4«4y‘* becomes a'^-4'f>V rotation of tUri 
show that of ^S^ 6' =8 or a^=3^ //™R. 

If becomoR nlmw that h’ - It nr 

7; 6^=6. 

22. If the axes are turned through 45**, show that the oqualiojt 

becomes 3f (^2 . « 4- 2^)== 3^2 , 


GHAPTEH VII 

THE CIRCLE, 


I 


§ 60 j 


BO, Equation of a Oirole, A circle ia apccificcl when wo 
know fcho poaition of tlio centre and the length of the 
radius. 

Let axes X'OX, V'OFbo drawn, and scale-units fixed, 



Fia, 37, 


I. Suppose the orij^in 0 is the centre of tlio circle. i 

Lot r — radius of circle. | 
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!Vn. 

Let PQi, h) bo a point on the circle (Fig. 117), iM cHo 
projection of P on X'OX, 

Then 
that is^ 

Wribiiig X for h and y for k to indicate a variable 
on the circloj wo got 

as tlie equation of the cii'clo, 

IL Suppose 0, the origin, m not the centre of LKo 
Then the centre of the circle, as well as the radius, 
bo specilied, 



Let {a, h) bo tlio coordinates of tho centre. 
Lot r= radius of circle. 

Lot P(/i,, k) be any point on tho circle. 
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Wo have to kmialate fcljc defining property of a circle 
into an equation connecting h and h witli the constants 
«, b, T whicli specify the circle. 

Lot G bo the centre of tlio circle. 

Lot II, M (Fig. 38) bo the pi'ojcctiona of G, P on X'OX. 

Lot the parallel to X'OX tlirougli G moot MP in N. 

Then Oll^a, IIO=h, OM=^h, MP = k 

I-Ionco OX=im^OM-OII^h-a; (1) 

and XP = MP ~MN=MP-HG^k-h (2) 

But the (.loflning property of the circle gives the equation 

Gl^^rK 

Therefore aW2+iVP^=r*, 

or (/t— +(/()—?))*= r®, by (1) and (2). 

Writing !« for h and i/ for h to represent a variable point 
on the circle, wo got 

(® ~ af + ( 2 / — = t\ 

If tlien a system of rectangular axes bo chosen, so that a 
circle, radius r, l)as its centre at the point (n., h), the circle 
can be represented by the ei]uation 

(x — a)® -b (y — 1))* = r**. 

If (?/ — bo expanded, wo shall obtain an 

equation containing terms in a?, «!, y and an alwolnto 

term ; but the coejfioienta of oi^ and j/® 'ivill he equal, and 
the emabion will contain no ienn in xy. Hence a circle, 
specified with referoneo to rectangular axes, can bo repre- 
sented by equations of the throe forms, 

(x--a)«-f(y-b)®=r®, 

xHyH2gx-|-2ftr-|-c=0, 

Ax® + Ay® + 2Glx H- 2Fy -h 0 == 0. 

Ex. 1. Ifind tlio equations of the ciroloa ajMcidod i\k follows : 

(i) conli'o (0, 0) ! radius 2. 

booomca .i.'*-|-»/®='l. 

(ii) ooutro (0, 0) j radius 4. (iii) oontro (0, 0) ; radius B, 
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(iv) centre (-3, 1); radius 2. 

becomes (.r+3)2-h(y- 

that is, 

(v) centre (-2, 2) ; radius 2. (vi) centre (2, 1) ; riidiuK 3. 

(vii) centre (0, 1) j radius 1. (viii) centre (0, --1) \ radius S3* 

(ix) centre (2, 0) \ radius 3. (x) centre (-3, 0) j radiiin r»- 

(xi) centre (2, -3) ; radius I, (xii) centre (-3, 4) i nidluH Y- 

(xiii) centre (2, - 1) ; radius i, (xiv) centre (-§, “-J) ; rmlin*^ H- 

Ex. 2. Eind the equation of the circle whoso centre is tlio 
and which passes through the point (3, 4). 

Ex. 3, Eind the equation of the circle whoso centre is the 
‘- 1 ) and which passes through the point (-10, 11). 

Ex, 4. Eind the equation of the circle whoso centre is the 
(1, —1) and which passes through the point (0, 14). 

Ex. 6. Eind the points in which tlio circle, centre (2, -3), rmlii*** 
cuts the A'-axis. 

Ex. 6. Eind the points in which the circle, centre (5, 1), nuliki« 
cuts the ^-axis. 

Ex, 7. Eind the points in which the circle, centre (-1, A), 

2i, cuts the lino 0. 

Ex. 8. Eind the points in which the circle, whoso centre \h O** 
and which passes through (— c, 0), ineeta the lino y=»26. 


61. The equation + 2gx + 2fir + o == 0 represents a cl rel 

The converse of tlio preceding section is iia follows : 


Any equation of the form 

x^+y^+2gx+yy+o^O I I 

' or Ax^+Ay^+20x+2Fy + 0^0 ttSj 

referred to rectangular axes, roprosoiits a cii^clo, 

For (1) and (2) are equivalent to 

{x+gf+{y+ff^g^+f-o < I r 
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ancHlioTofoi’o roprcHont circles whose centres are ro.spectively 
C "“(y* "“/) *^*^*'^ (~yf’ ”^4)’ whose radii are respectively 

Ex. 1. I’l'ovo tliiit Uio oqimtiaii .r«+»/»+2.«+2»+l =0 represents <a 
eu-elo whose ceitlro m tlio intuit (-1,-1) and whose radius is 1. 
C'olleouiiB the tuniw in .r, and the terms in y, we got 

(•v^+2.v)+(y'J+3i/)+ 1=0. 



Fio. 3». 

CoTUpiotiup; tho H*nuiv«R, M'o liavo 

(.7/^ H- 2a- 1) -h ^ 4- 1) -h 1 ^ 2, 

tl 1 ati in, (a- 4- 1)** 4- 0/ 4' 1 

or diHtJLiKic of (.r, ?/) from (-1, -1) is 1. 

Tlonco loGUH of CVf,^) is tlio circle conCro(-l, -1), radius 1. (See 
Fig. 39.) 




Fia. 40, 


Ex. 3. Clioose axes and acalo'iuuts, aiul draw Uk^ oirrlrm 
by the following oquatioiw. Specify tlio centre ami mdiuM »>f 

(0 (iJ) 

(iii) ^ 2a.’ -|- 4y + 1 — 0 ; (i v) -I- ~ 4 a; - fl y — 3 < f I j 

(v) yHSa?- (vi) -- af-2//>b.l vh- r ft - 

(vii) 2a7H2^H104?^Gy-1^0} (viii) 2.);.h4//.-0 i 

(ix) + 

Note\ (vi) may bo writton in tlio form Cr- I , 
represonts tho circle of Eig. 40. 

Ex. 4. Eincl the eqiuitiou of tho oirelo closcribed on the lint! 

( - ^ 1) and (2, 5) aa cliamoler. ^ 

Lob (A, A) bo a point on tho cirdo (Fig. 41), 
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o of join of (/^, /.■) io (-*1, 




1 


/i+1' 


fl gnuliont of join of {/i^ k) to (2, 6) is 





\j tlioso linoa form an angle in a aomicircle, or a right angle. 


nco 


/? - C 1 /o n n\ 

ATrTr2=-i(§]9)i 


fore = 

•ito .r, 1 / for k to roproaent a variable point on the circle j 
)c]uivecl equation in 

^ := 7, 


, Worked Exainplofl. Wo shall now work some examples 
10 mode oi; Iranshitiiig into an analytical equation the 
iidona that epocify a circle geometrically, 

, 1, A and /i aro tho points (2, 0) and (-2, 0) reapecbively. 
L’iablo point P moves ho that j j^xovq that the 

of F IS a cii'olo of radius 2, whose centre is Q the point of 
tion of AF nottroab to 7i, 
i (/j, k) bo a ijoint P on the locus (Fig* 42). 

311 PA^^ih- i 
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But 7MH27Vi2=22g ; 

therefore {h - 2)^ + + 2 (/» + 2)- + 2^’" — 22§ , 

Ihatis, 3AHa/C*M-4A-i03, 

or 

or 



Writing y, for k to clone to a variable point on tlio locniH, wr 

Cr-|-3)®+;/— 4, 

which is the equation of tho locus, and ropreaonts a circle, rniliim ^ 
and centre (- 0) or Q, 


Ex. 2, If A and B are tho points («, 0) and (&, 0), /)>«, atnl /* 
a variable point above tho ^-axis such that anglo A/^B m dri", pi 
that tho locua of P is an arc of a circle passing through A and JL 
XiOt P(A, k) bo a point on the locus. 

TliQ gradient of PA is nnd tho gradient of PB is y 


Honce, using tho formula tan (§35)^ 

W6 have 


1 + 


Jf k 

h-h k--a 

I 


ZZE 

b ’ h~<t 


a;- 
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til or of or G “ VT^ *= ^ 1 

bh eit i rtj A {a + h) -h « A + = X’ (A - «) 

or A^ + - A (a -h h ) + X (a &) + aA — 0, 

Writing y for A, X to inclicato tho Tariable point P, we get 
.f-T/S _ •\'h)'{‘y(a^h')^ah^0. 

Tho Inonrt of P is thoroforo a circle, passing through («, 0) and (6, 0). 

Ex. 3. X''iiKl tiio GCtuatioii of Lho circlo which passes through tho 
throo pointB (1, ^-l), (1> '!)» Oh 
tlio mpiiml oiiiuition be 

2//►^’+ 3/y 4- c- 0, 

80 Unit it voniaiiiH to clotormino o. 

Since (1, -1) Hcr on lho circlo, we have 

l+l+25r^2/4-<j:=0 

or 2^^2 /+o4-2*-0 (1) 

Similarly, since (1, 4) and (4, ^ 2) lie on the circle, 

%+8/+c+17=0 (3) 

ftnd cHh 20 — .(3) 

(I), (2), (3) are throe Bimultanoous equations in c, 

Prom (2) subtract (1) j then 

10/+15^0 or 

h^'oin (3) auhfcract (2) ; then 

Qjy- 12/4-3^0, 

that ia, C/7-hl84'3=0 or 

Qo back to (1) and substifcuto - J,/«« -I ; 

+ 3 + or c=2. 

Qo Imck to .■ca-|-?/«+2.<7.B-l-3/A' + o=0 and substitiito </=-5./=-S. 
c — 2 j then tlio rotjuirctl equation is fomid to ne 
-I- y 2 _ y,-v 3y -p 2 0. 

' T . 5>/2 

The coutro of tho circle is (J, §) ; the racUus is — 

EXERCISES XV. 

of the confcroi 
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2. Find Uio equation of tlio circle which pasaes through the origin 
and malcea an intorcopb 2 on each of the axes, 

5. Find the equation of the circle which pasRoa throw gli the origin 
and makes intorcopta of 2, -6 on the axes of ,v and 7/ respectively. 

4, Find the centra of tho cimlo which passes through the points 
(2,1), (-2, B),(-3,2). 

0, Find tho equation of the circunicirclo of tho triangle wlioso 
vertices are (2, ‘-1), (D, —4), (-1, -1). What is the radius of tlic 
circle ? 

6. Find tho coordinates of the centres of the circles which pass 
tlirough (7, 1) and (9, 5) and have a ludiua 5, 

7. Trace on the aanie diagram the loci whoso oqimtioiis are 

2, ])® = L 

Find the two points oonnnon to tho three loci, 

8. If A and B avo tho fixed points (1, 0), (-1, 0) and T’ is a 

variable point (.r, bucIi that angle APB is half a right angle, prove 
that tho equation of the locus of P is or 

according as P is above or below tho /r-axia, J)raw the loci. 

9. A and B are the fixed points (3, 2), (7, - 1) ; find tho equation 
of tho circle described on AB as diameter. 

10. Prove tliat tho equation of tho eirelo described on tho join of 

(*^i> 2/i) ?h) diameter is 

(a,--.i;v)(.r-.Va)+(?/-3r,)(y-J's)=’0. 

11. If the coordinates of A, 7?, P arc («, 0), (6, 0\ (a;, y), whoro P is 
a variable point such that angle APB is a., prove tliat tlio tiWo loci of 
P are given by tho equations 

{x - a)(.v - 6) i (ct - h)i/ cot a,= 0, 

and assign each locus to its equation . Draw tlio loci. 

12. A variablo point P moves so tliat the Bimi of tho squares of its 
distances from the ])oinbs (2, 0), (-2, 0) is 10 j provo that tho looim 
of P is a oirclo, contre tho origin, radius 2. Draw tho circlo, 

13. A variablo point P moves so that ^PA^^'SPP^ is 10, whoro 
AyJ3 are tho fixed points (I, Q), (-1. 0) rospootively j provo that tho 
locus of P is a cirolo wlioso centre is at C? in /IP, wlioro AO—plB, 
Draw tho oirclo, 

14. A variablo point P moves so that PA^-^PH^ is 4, whoro /I, B 
po the points (1, 0), (-1, 0) rospoetivoly j provo that tho locus of P 
is a cirolo whoso contro is tho point obtamod by producing /i7i its own 
length through B, Draw tho cirolo, 
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16* Ay C nre the points (1, 0), (-1, 0), (0, 3) vespectivoly, 
ivnd the vaviahlo P moves so that is U ; prove 

that the locna of P is a cirdo whoao coiitve is the point (0. 1). Draw 
the ch-ele. 

16* A variable point P moves ao that PAjPB^Zj^ ^Yhoro A and B 
avo the points ( - 5, 0) and (5, 0) respectively ; ]n’ove that the locus 
of P ia the ciide, centre (13, 0), radius 12. Draw the circle. 

17. A point moves ao that the aqiiuro of its distance from the origin 
ia twice its ordinate ; find the equation of the locus of the point and 
dUcusa the equation. Draw tlio locus, 

18. A point P mo VOS ao that the rectangle contained by its diataucea 
fi'om tlie linos a’-?/= 0 and .v+y~0 ia equal to the aijuaro of its 
djatanco from the line /t’sw2 ; find the equation of the locus of 7-‘and 
cliacuss the equation. Draw the locus, 

19. Prove that the intoraccliona of .r- 2//- 1=^0 and 

w ith 2.r >- 3 = 0 and .v - - 1 ?= 0 lie on the circle - y -M — 0. 

Draw the linca and tiio circle. 

20. Provo that the two linos specified by the equation 

(2.r y 3)(6/i? + 3y - 20) 0 
intersect the two apocifiod by 

(.’i? — 3y -h 14) (a? “h 4y -h 1) 0 
on the circle whoso equation is 

9(,v3 + if) ^ cav - Ifiy « 1 01 ^ 0. 

21* Solve graphically the simullaneoua equations 

3.v-h%~4, 

22* Solve, graphically and algebraically, the simultaneous equations 
.r® + y2 - 4.r - 2y + 1 — 0 ; 

23, Pind the equation of the common chord of the circles 
-\-f + - 4y + 7 s= 0 j 
(tA H^y2 - 6 a* 4- 2y - 3 - 0, 


63. Equation of the Tangent to a Oircle. Wo proccod to 
find tho equation of tho tangent at a given point on a 
circle apecifiod hy an equation with rofcronco to rectangular 
axes. 


aA.o. 


U 
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I. Let a:®+i/®='r® specify a circle whose ccnfcro 

origin 0 , and whose radius is r. 7»V' ut 

Let P(®, , 1/,) be a point on the circle and draw ■ 
right angles to OP j then PT is the tangent at 1 . 

We have gradient of 0P=^' 


But PT is perpendicular to OP ; 

Ct/ 

therefore gradient of PT^ 

Hence PPis the lino through of gradient — 

Therefore tlic equation of PT is 


that is, 
or 


3/-2/i= 

xxi+yyi=r*- 


II. Lot flJ® -)- / + 2pa) + 2/y + <? = 0 represent the ciralu \ vl i umo 

centre is 0, (- «, -/). 7 >//» 

Let P(a:i, bo a point on the circle and draw I'J !« i- 
pendicular to OP j then PT is the taiigont at P. 

Now gradient of OP 

®i'T'y 

and PT is perpendicular to OP. 

Therefore gradient of PT^ 

Hence P2' is the lino through ({B^, of gradient — 
Therefore the equation of PP is 


that is, (»-'®i)(»i+fir)+( 2 /-?/i)(j/i +/)“0 
or <«Xl+yy^+ffa}+Jy=x^^+y^^+^/x^+/yl. 
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?7-^i+/i/i+c; then the ecmalion of the 
taia^ont at (to^, y^) hocoiin3.s * “ “ 

aK»i + Wi+(/(® +«j) +/(2/ 4-1/,) + c 

= 2yi/^+ c 

Ol» *«l + yyi+e(x+Xi)4.f(y + yj)+C=0. 

It la iisoful to note that the equation 

(>?+y^+2gxi-yy + c=.0 

'Vitxy bo ii’aiiofoi’iaccl into 

“■••'>h+?/?yt4-.f/0»4-«,)4-/(iJ 4-i/i)4-e= 0, 


I3x, 1. Prove thiit 3.i.M-4^®>25 is the tangent at(3, 4) to .^'®^-y®=gS. 
3Sx. 2. I'itwl the ciiuation of tlio tangent 

(i) at (2, 3) to .ri-l'/^lS ; (ii) at (-1, l) to .r^+^a^s ; 

(lii) at (2, - 1 ) lo +//-'= 5 ) (iv) at (3, 6) to .v^+ /- 2.r - 4y »8 ; 

(v) at (1 , - 2) to .w’l+y* - ‘ 1 ,«+G 4 f+ 11 =0 j 

(vi) at (2, - 3) to a;»+,v»+4i/=l ; 

(vii) at (“3, -2) to .v'‘-lry®+ia'»+2y+21 «=0 j 
(vih) at(S, il) to 2.t;*+2y3.^af+6i/=21 ; 

(ix) nt(§, ~J) to30(.ri-|'7/«)+2<U?-3Gy = lG7. 

Bx. 3. Show iliivl Uio tKjuation of the tangent at t\io point (a-,,y,) 
Oil tlio uii'olo whoso oquation is 

xiniy lie put in tlio form 

(.f, - «)(.f - a-i)H-(y, - h){y -y,)==0. 

T3x. 4, Show (i) that tho ijoint (ct+»'cos0, b+rBinO) lies on. the 
oii'clo given by tho oquation 

'Wlmtovsv ho the value of 0, and (ii) that the oquation of the tangent 
ett. tho point is - a) cos 0+ (y - fc) sin 0=r. 


B4 Equations of Secant and Tangent. We may obtain the 
oquation o£ tho tangent to a circle without assuming that 
ifc is the porpondiculav to the radius to tho point of contact, 
lint wo rauat in that ctiso have some other property of the 
tangent on which to base our reasoning. 
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Suppose the secant PAB (I’ig. 'AS, p. 121) to turn about 
P nnUl it takes the position ol the tangent PI' \ in tliis 
position the two points in which the lino cuts the circle 
have become coinoidevl. We may thcroiCoro dofino the 
tangent at T to be the straight lino which meets the oivcle 
in two coinoiclant points at T. 

We shall find tlie equation ol a secant in two ways, 
taking the circle whose equation is 

( 1 ) 


Gradient Mot/iod, The equation ol the lino joining 
(«!, l/i) “icl (®2> ya) 

2/ - 2/i = - ®i) (2) 

aj— a.j 

Equation (2) is true whether the points lie on the circle 
(1) or not; we must transCorm equation (2) so that tho 
points j/i), (ajj, may be restricted to the circle. Tho 
conditions that these points lie on tho circle (1) aro 

«!2®+2/2*=t2; (3) 

and therefore, by subtraction, 

»i®-a52®+iyi®-2/2*==0 

or (!Bj -iB2)(®i'l-a!2)+(yi“?/2)(2/i+?y2) = 0 

so that the gradient of tho secant is given by tho equation 

?!LirJ/a= u) 

y^+y-i 

Equation (2) now becomes 




(Ci+Wg/ 


•«!l) 


or («i+a!2)a>+(2yi+2/z)2/=»’®+£»i®a+M2> (f'O- 

since 

It is easy to verify that equation (5) roprosonts the lino 
thi’bugh ((Uj, ^,) and (ajj, y^), provided tl»o,se points Ho oix 
tho circle (1 ) ; apart therefore from tho particular procuaH 
by which the equation has been reached, wo know that i fc 
roprosoiits the required secant. 
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IE WO now HXippoao (Mj, y^) to bocorac coincident with 
'''**^ o(iun,tion o£ tUe tangent at (;Cj, y^), 

2«!^a! + 2^0 s= r® + 

tUafc is, aji(B+t/i?/=r2 (6) 


Mei/uxi, Tlio following ingenious nietliod is 
tlvio to Bnrnsido (Salmoii’a Conic Sections, § 85). 

'Tho otination o£ the secant through the two points (a;^, j/j) 
n.Tifl Vi) on tlio cii-clc (1) is 

(9!- -osg) +{i/ - iji) (2/ - 2/,) =a?+2/* (7 ) 

This ecpitttion, though apparently of the second degree 
iia a’, y, is I'Oally o[ the first, because the terms in as- and j/® 
tsmicol', it is tlioroforo the ot-^uation of some straight line. 
Next, smeo (9!i, 1/,) lies on the circle (1), the right side of 
Oijuation (7) wiil he zero when and y>=yc> hut the 

loft side is also zero when a: = !Bi and and therefore 

t>l\Q straight line passes through (oj^, 2/,). Similarly it may 
pvov(jd to paas through (a;,, y^). 

3fi(pintion (7) when simplified is the same as (5); ii m (7) 
wo put «)a=(8i and 2/8“?/i> efiuabion (6). 

When the equation of the circle is 

flja+i/+2f/a>+2/2/+o=0, Cl') 

wo find for the gradient, instead of equation (4), the equation 

(4') 

and then, iijstoad of equation (5), we obtain 


Ca>i -h aJj + 2(j)x + (2/i + 2 + 2/)2/ 

= + Vi + + 2j^ 2/, + a:3®j + i/jJ/s 

^ + 


Wo then deduce tliO equation of the tangent 



Instead of equation (7), we talco now ^ 

which is readily seen to give the scoanb through yi)> 
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(®2> Vi)' J/a =2/i> c<iuation o£ 

the tangent. 

66. Coincident Points. The idea of coincident points may 
be utilised in other ways when treating of problem.^ on 
tangents. For example, consider the ecpiation.s 

i/ = 2®+(J. (1) a;Hi/ = 20 (2) 

The line (1) interaccta the circle (2) in points whoso 
coordinates are obtained by solving (1) and (2) as simul- 
taneous equations. In eqnation (2) puit 2.'«-f c for jy, and wo 
find for the abscissao of the points of intersection the 

equation 6a;H4ca)-i- 6*2-20 = 0 (3) 

Equation (3), boing a (|uadi’atic, gives two values, and 
ojg .say, for x, and then equation (1) gives two corresponding 
values and for y ; the line is tlioreforo, in general, a 
secant which cuts the circle at the points (ffi,, yi) and 
(®2i J/a)' The values of ^/j, x^, y^ are 

-2o+ 7(100-0®). , _-2c-7(100-c®), 

®i g ) - g- ■> 

0-1-27(100-0®). o-27(100~c®) 

_ , y^ . 

If < 100 fclieso values aro real and iine(iual, and tho 
secant cuts tho circlo in two real and distinct pointH* 

If 0 ^ > 100 tho values are imaginary and the lino does 
not meet the circle at all ; but just as equation (8) is said 
to have two imaginm*y roots rather than to liavo no 3*ootHj 
so it is conveniout to say in tliis'caso that tlie lino intorsocta 
tho circle in two imagiTia/ri/ points, Tho conception of 
imaginary points of intersection often simpliflos tlio state- 
mont of theorems. 

There is, liowovor, another case, namely c^==?100» 
Equation (3) is still a quadratic, but its roots are now 
equal and tho points (a:, , yX y^) are coinoideni, tho 
point in which they coincide being 

/ 2c . 
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the line (1) iH now a tangent and f — 2c/5, c/B) m ite point 
of contact. The solution 2c/6 and y = c/6 may bo 

called a repeated solution, .since — 2{;/6 twice and 
y^cj^ twice. 

When c® ~ 100, we have g = 10 or -- 10 ; we thus have two 
tangent lines, 

When c==10, the solution 05== —4* and y — 2 is a repeated 
solution, and the lino (1) becomes 

y = 2a)+10, 

which touches the circle (2) at (—4, 2). 

When 10, the solution a}==4 and 7 /=— 2 is a re- 
peated solution, and tlie lino (1) becomes 

10 , 

which touches the civclo (2) at (4, —2). 

Wo have thus solved the problem of finding the tangent 
to the circle (2) of gradient 2 ; there are two solutions, as is 
geometrically obvious, 

Again, consider the question: what relation must liold 
between the constants m and 0 if the lino y^mx + c is a 
tangent to 'the circle — 

The equation for the abscissae of the points in whicli the 
lino cuts tlxe circle is 

( t + 2cma)4* 0* 

The two points will bo coincident, and the lino will there- 
fore bo a tangent if this equation liavo equal roots. But 
the condition for equal roots is 

= 4 ( 1 4* (6^ T®) or = r® ( 1 + mF), 

Thus the lino y^mx+rjil+rn?) is a tangent whatever 
bo the value of m, and since the root may have either the 
positive or the negative sign there are two tangents for 
any one value of m. 


Ex, 1. Eind bho oqiiabion of fcho baiigonU from, the poinb (7, 9) to 

(i) 

and state tbo coordinatoa of tboiv points of contact, 

Tbo equation of any lino tbrougn (7, 0) is of tbo form 
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The abaciaane of the points in which Iho lino and cii’ulo iiitoi'*^®*^ 
are given by the equation 

(1 2w(9 -7«i)-»’+(0 “ 13 = 0 <HJ 

and the roots of this equation are equal if 

4m=^(9 - 7m)2=4(l - Imf - 13}, 

that is, if 3Gm^ 1 26»i + QB — 0, 

that is, if or Y* 

■When equation (ii) becomoa ?/==^.rH-V» which in ono 
To find ita pmnl of contact, note that 'when equation (iii) 

.r= -2 twice, and then (ii) gives ^—3 twice, so that tlio ])oint nf 
tact is (-2, 3). 

When m= Y the tangent iRy==V»'^’“¥> point of J 

(Y> 

Ex, 2, Sliow that;/s=,^?-l ia a tangent to the circle 
" Bo? - 2y + 16 - 0, 
and find the coordinates of ita point of contact. 

Solving these equations as sinmltanoous equations, we liiul 
the abscissae the equation 

.r2-6.tf4-9=0, 

that ia, (,r - 3 ) {a - 3) = 0. 

The two values of .r, and thoi’ofore also, since {\u\ Lv 

values of y, are equal. Tlio line is thus a tangent, and (3, tJ) ^ 
point of contact. 

Ex, 3. Show that tho tangent at the origin to the circle 
is fl^,r+^=0. 

If those equations be solved as simultaneous equations wo himii til 
the solutions are ^^==0 twice, ;/^0 twice ; tlio line therefore inoi’ls^ tl 
circle in two coincident points and ia thoroforo a tangent. 

Ex, 4, Eind tho relation between tho constants of the oquaLioJl 

-I- 2/7.r + % + 0 =0 

if the a*- axis is a tangent to the circle, 

The circle meets the .v-axis whore 

if the i^-axis ia a tangent, the two roots of this equation nuiHl Ins cujm 
and therefore This is tlio required relation, and 

,^8 4-/ -h 2ff.v + 2/y 0 

is tliG equation of a circle which touches tho a’-nxis at (-</, 0). 

Ex. 6. Find the equations of the tangents to tho circle 
.t’8-hy8^6.t’*-87/+23=:0 

that are parallel to the lino ,v-H^=0, and give tho coord ijiatOH of t-lii 
points of contact. 
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Tho two tungonta aro 

4. = n and .V >h;/ == 9, 
and tliG poinla of contact avo (2, 3) and (4, 0). 

Ex, 6. Fov wlial valnea of a will tho circle 
’P ?/ — %i.v — 4=0 

have tho lino ,r=2^-G m a tan gout? 

Tho ordinates of tho points of intoraection aro given hy tho equation 
(2.y - 0)2 + ?/ _ 2^(2y - 6) - 4 = 0 
or B/ - 2(2a -h 1 2)?/ -1' (1 2^ + 32) == 0 j 

tho points of intorsocUou will bo coiucidont if this oqiuibion in 1 / ha« 
equal roots, that is, if 

(Sr^-h 12)2=5(1 32), 
or if (ct-4)(cfc41)=0, or finally if a=4 or -1. 

Tho lino .^=2^-0 is thoroforo a tangent to each of tho circles 
- 3,1- -* 4 = 0, + 2.r ^4=0, 

Tho points of contact aro (2, 4) and (-2, 2) rospocUvoly. 

56, Th.0 Square on the Tangent ftom a Point. T4ot iX^i> Vi) 
be a given point outeido tho given civclo 

whose centre is (7; it is roqnirod to find an exprcssioii Tor 
the square of tho tangent PT from P to tho circle. 


Eia. 43. 

The angle PTG (Fig. 43) is a right angle, so that 

PT^^OP^-OT\ 
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Now 

> % 

(/P®=s{juaro of cUstanco bcbwcon (ajj, y,) anO ( — </, ’ 

^{o^i+gf+iVi+ff 

( 72 '^= square of radius of circle 

ao that GP^ — GT^ = x^-\-y-^+2gXi + 2/1/1 + 0, 

/ #* 

Hence : the square of the tangent from (a'l, i/j) lo (hr > /(' ' 

+ 2/1/ +0 — 0 

is x,2+y,8+2gx.-t-2ftr,+c. 

> ti 

If a secant PAB through P cut the circle in ^-1, ^ 
(Fig. 43 ), then 

PA , PB = PT^ == a^+Vi + SfiraJj + 2 /i/i -h 0, 



If P lie within the circle (Fig. 44 ) and a secant /VI /< I?® 
drawn to cut tlio circle in J., B, and also the cliord MPJi 
bo drawn perpendicular to GP, then (attending to sign) 

PA . PB ’^PM . PiY = - PJP = ~ (ajl/« - a.Z'“) 
^GP^-GAP 

=={»'i+o? + (2/1+/)* - (g^+f - c) 

=» ajj® + + 2<7!13 I + 2 / 2 / 1 + C, 
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When P in witliin Iho circle is 

ruagnfcivo ; Avhon P im on the civcle re 24 .,/ •“ 
Who,. P i. withont the citcle 4«+it2ei + 2Vj +0 
la jjositivo. ’ jjx^^ 

The houndiuy fVjv which this important expression 
va,iiiiHlies sopiirivtcs tiio region in which it is positive from 
tlio rogiou ni winch it is negative. This is an example 
of a (jeAimd principle of sign; for instance ax,+hyAo 
Ghanges Irom positive to negative aa (a;^, y^) crosses the 
oounilaiy line iia; 4 -i>y+c= 0 . 

IE then a secant through a point P(^K^, y^) to the circle 
«>« -p y 2 ^ 2r/x 4- 2/y + c = 0 


Gvit the circle 111 A and S, the product . PP is ctiual in 
sign and magnitude to 

a;i“+7/i®+2.7a;i+2/i/i4-c ; 


and Pi*! .PP is known as the power of the point P with 
respect to the circle. When P is outside, the power of the 
point is oi(Ual to the square on the tangent from P ; and 
indeed tiic plivnso "aqnaro on the tangent from a point" is 
commonly used instead of "tho power of a point," even 
wliou tlio point is insi<io tho circle. 

CoK. 'I'ho snuiiro on tho tangent from Pfai,, y-,) to the 
circle ia!2+yl?/^+2t;a5 4 - 2 Z-'’y 4 -C '=0 is 


® 1® + 1 / ^ 2 + 2 '2 7/1 + 


Ex. 1. Mud llio sinmro uf the tangent fi'om { 2 , 1 ) to ^■® 42 /“-l= 0 . 
]?x. 2. Find tho Kijuaru of tho tangent from ( 1 , 3) to 

2^41=0. 

jix, 3, Find t 1 it 5 longth of tlio langGiit to the circle 

— X *1- 3,^ +1=0 

from (1, "-I) ; und >^how that the other point on the lino .^’+2;y+l=^^0^ 
friim which a lan^fonl to this cit'd o hm the smno length, i» ( — 2/5, — 3/10). 

Exi 4. Provo that llio lengths of tho tangents to the two circles 
and ,r^+/-3A?-4=0 from (o, 5) arc equal. 

Ex. 5, Provo that tho point (1, 2) is tangentially equidistant from 
lliQ two ciroloH 

^^34.^3 4. 2.t' + 3y + 1 «0, + A’ h ^ + 4= 0. 
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Ex, 6. l?i'Ovcj that all pain la on tlio .y-axia avo tangentially cqut* 
distant fL’om 

^ + 4 ^ 0 and 7/® + + 4 => 0. 

Ex. 7. Erovo that all points on. the lino +^4-1—0 ai'O tangoi^ 
bially cqiiidistant from the circles 

a >2 -fn ^3 q, ^ ^ 6 0 and 4- y 4- Oa* - 2^ + 4 = 0» 


EXERCISES XVI, 

1, Find the eqviatiion of the circio wliieh touebea llio .r-axis at lln^ 
point (4, 0) and passes through the point (0, 2) on the ^y-axis. At 
what other point does the circle intersect the 2 /-axia? 

2, Find the equation of the circio whieh touches the ^/-axls at the 
point (0, 3) and pasaos through the ])oint (2^ 0), What is the ecpuvtinii 
of tlio tangent at (2, 5) ? 

3, What is the equation of tho circle which touches the aMixin at 
the point (a, 0) and also touches tho lino 

4, Find the equations of tho ci voles which lotich Uio ,r-axiH at thn 
point (3, 0) and also touch the lino 3y-4a’«=12. 

6, Find the equations of tho circles winch touch the coovdinaio 
axes and the lino 3.r4-4?y— 12. 

6. M is tho projection of a point P on tho Hiio and T in 

tho point of contact of a tangei^t frojn P to tlio circio 2h j 

if PT^^AMP^ find the equation of the locus of P and draw the locus. 

7. M is the projoction of si point P on tho line aH-ct—0 and T m 

tho point of contact of a tangont from P to tho oirolo ; 

if PT^=^%p,^fPi where ^ip is a given length, find tho equation of Urn 
locus of P and draw the locus. 

8. il/ and iV are tho points of contact of tangents from P In Uvn 
circlos whoso centres aro (0, 0) and (c, 0) and wlioso radii aro a and b 
respectively ; if P moves so that PJf is to PN as a is to 6 

show that tho locus of P is a circio and draw tho circio. 

9. If tho tangonta from P to two concontric circles aro invursel^' 
ns tho radii of tho cirolos, show that the locus of P is a conciirttrio 
circio. 

10. A point P moves so that tlio length of tho tangont from it to 
tho oirolo x^J[-f~^u.v+p=0 

is ^ timoa tho longlh of tho tangont from it to tho circio 

show that tho locus of P is a circio. Draw tho circlos for tlio eancj 

- 7 , 4 '=== 2 . 
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11, Find the equationa of tho common taiipfoiits to tlie circlea 
^vliosQ equations aro 

12, S)iow that Olio ])air of conuiioii tungoiiis to tho civcloa wlioao 
equations ai'o {a^>h> 0) 

-f- 7^2 _ 2«.i? q- 6 0, H- _ g 

goes tlu'ougli tho origin, 

If these circles cut tho ,r»axis at Ay B and A\ B’ rcRpcctivelyj ahow 
that 0/1 . 0B'-0A\ OBy where A is tho point of tho first circle and A' 
the point of the second circle nearest to the origin 0, 

13, The lino joining tho pointn PQvu i/{) and (2(a?n, i/.^) cuts tho 

oirclo at A and B ; show tnat the ratios" PA \ AQ and 

FB \ BQ are the values of tho ratio ni t n given by tho ccjuation 

- r'O + 2wm(.iq.rij - r^) « 0, 

If FQ is a tangent to tho circio, thou 

(.xvt'a+i'iya “ «''')’*=(.<•* +,'A® - »•*) W +?/■? - f’^). 

Deduce that the equation of tho ])air of tangents from F to tho 
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CHAPTER YHI. 

COAXAL CIRCLES. POLK AND POLAR. 

67. Radical Axis. Deflnltion: If a variable point move 
80 tliat tho squarca on the lanyonts from it to two eircli'H 
arc equal, the locus of tho jioint ia called the radical axi.s ot 
the circles. Nolo tliat tho phrase " square on the taiiffont 
from a point to a circle” ia to bo understood in tho houho 
explained at tho ond of § 5(5. 
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Let x^+y^+2gx-\-2fy +G =0 (1) 

and ®®+y*+2f/'a;+2/'i/+c' = 0 (2) 


represent any two given circle.3 ; it is required to lind tho 
radical axi.8 of tho two circles. 

Lot {h, k) bo a point on tho radical axis. 
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Then the sqnavo of the tangoiib from {h, fc) to (1) is 
/t® 4* + %fh + 0 ; 

and tho aqmvo of fcho tangont from (/t, k) to (2) is 
+ k^ + 2gli + 2/Vc + c\ 

Therefore 

/iH /cH + 2/fc + 0 - // 2 + + 2 ^ 

that 18 , 2(f/ - gyi + 2(/ - f)k + (c - o') == 0. 



Fiq, 40. 


Writing (o), for (fc> fc) to denoto blio coorclinalos of any 
point on the radical axis, we gob 

2(/7^f7>+2(/-/0i/+(O'-o0-0 
as the egnation of tho radical axis, 

The radical axis is tlioroforo a straight lino perpendicular 
to the lino of coniros. 

For example^ draw the two circles 
x^+y^+1(C+Q^0 and (Fig. 45). 
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The radical axis is given by the equation 
that is, 

Again draw the two circles 

(Fig, 46). 

The radical axis is 

— 4 = 3^5 — 4 , 

that is, aj=0. 

Note, When two circles intersect thoir common chord is 
the radical axis ; becaneo each point oi intersection lies on 
the radical axis, and the radical axis is a straight line. 
Even when the circles do not intersect, the radical axis is 
a real line and is still called the connuon chord. 


EXBROISES XVIL 

1. Prove that tlio radical axU of the circles 

and 

is the .r-axis. Draw the figures. 

2. Pind the radical axis of 

(i) + 3.r - y + 2 =0 and -h 2a? - y - 3 s=0 j 

(ii) - 2a' - 3^ D and -l-y® *Jx -1* 2y - 4 = 0 j 

(iii) 2a'2^-2y2-^,^«+y^l^0 ; 

(iv) and 2,rH2;i/^-3.r-2^- 4 =j0, 

3. If iVis tliG foot of the perpendicular from any point P to the 
radical axis of the two circles, centres A and J?, whoso o(iimtions are 

-px - a=! 0, -hy® - gx a « 0, 

prove that tho difloronco of the squares on the tangents from P la the 
two circles is 2di? . iVP, 

4. Provo that tho radical axes of throe civclos, taken in pairs, aro 
concniTont. The point of concurrenco is called tho radical centre. 

6. Prove that tho three circles 

0)^ -1-^2 _ 4 _ 0, +7/8 - Sx -4^0, a?® - 4 — 0 

all mss througii tho points (0, 2) and (0, -2). Draw the circloa, and 
flna their common radical axis. 
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I’iiw tlio iJirclcH 

-I - Tkw 'I- ( J sz. 0, ,r- -h iy ^ -h 7.r + 6 — 0 , ^ - 9 -I- G 0. 

tluil tb<»y bavo a common radical axis. AVbat two imaginary 
\ tho y-axiH aro coniiuon to all tlm circles ? 

I'jiw Uio circloa roprcaontod by tho equation 
q- ?/® a<v - 4 =:= 0 , 

, 1, -2, li, -4. Ih’ove that they all pass through two fixed 
lid (liul tho c()i>rdinat(3a of blio points, 

raw tlio circlcH ropvoaoiiled by tho equation 

,r2 q, yi — -{, 4 0, 

—4, 5, --O, I'rovo that tlioy all pass through two fixed 
iry) pointa, ami liml tho coordinates of the points. 

»n\\v tho syfitoin of c ire lea x-oprusoiitod by tho equation 
— Tkv — 0 + -\-y^ 4- a* G)— 0> 

ing vuluea of tho constant h Provo that they all go through 
tfl of intoiMoclion of 

d-// hA’ -0=0 and -h + a -0—0. 
lino is thoir common radical axis ? 

)raw tho systom of eirelos represented by the equation 
4A+i-(.r2-h/+2A)--0, 

various valuos of tho constant h* What line is the common 
axis of the sy stein? 

)raw tho H 3 f«lom of circles represented by tho ccpiation 
^-^.3 av 4- 8 4- 4-y^ -h Ga 4“8)= 0, 

it variouB values of tho constant k. Through ^Yhat two fixed 
ary) points do all tlie circles pass ? AVhat line is the common 
iixis? 


OofUCftl Olrcloa. A system of circles, every member 
ch pasaoH thvongb two fixed points, is cafied a coaxal 
r of circles. Tho lino joining the two fixed points is 
dical axis oC ovory pair of the circles. 


’ho ociiiatioit 

(c^-[-y^~-ax—h~0, e) 

h is a iixod con-sbant and a a vaijing instant or 
lotor (!4;i«) roproaente a system o£_ coaxal cncles. 

all mss through the two fixed points (0 and 

//)i Tlioao points are real and distinct li o is a 
VO mimber; they are real and coincident li h is zero*, 

T 
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thoy ai’e iinagiimvy if ia nogativo. Tlio common radical 
axis is the y-axis. 

Fig. 47 reprosente tlio system for the case in wliicli 6=9 
and a has the values 0, 2, —4, 6, —7. 



Fig. 48 represents the system for the case in •which D = —4 
and a has the values 6, 6, 7, 8, — 6, — 6, ~7, — 8. 



When h is negative, say c®, equation (1) may ho 
written 2 

(o! - ^ a)2 + 1 / = - 0® (2) 

When a,~2o the radius of the cirolo is zoroj the oirolo 
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§ 68 ] 

has become the point (c, 0), Similarly, when the 

circle rcchicoH to the point ( — c, 0), Thcao two points 
(f), 0), ( — c, 0) are cal led the limiting points o^ the systeiu o£ 
coaxal circles given by (1) wlicu h is negative and equal to 
— The points (2, 0), ( — 2, 0) are the limiting points of 
the system represented in Fig. 48. Evidently the limiting 
points of the system given by ecpiation (1) arc I’eal when, 
and only wlien, h is negative. 

11. The equation 

.j. y^i ^ 2(jx + ^fy +C+ h{x^ +y^+ 2f/x + 2fy + ^0 == 0, 

where k is a varying constant and r/, /, c, r/, f\ c! fixed 
constants, represents a system of coaxal circles which pass 
through the fixed points in which the fixed circles 

ftj2q-^2^2f/ft)+2/j/+o = 0, x-+y^+2(/x+'2(f'y + G' ^0 

intersect. (Compare § 38.) 

Ex. 1 , The equaii on -1-y^ - ax - 4 = 0 ropr groh la a ay aloi n of coaxal 
circles ; find the equation of Iho circle of the ay atom which paaaes 
througli the point (i, 2). 

Ex, 2. Eiud the equation of iho circle coaxal with 

+.?/ - 7,r H- 12-0 and -V 8x H- 12 = 0 

which passoa through the point (-2, 3), 

Ex. 3. The equation ropreaonta a ayatom of 

coaxal circles ; find tho equations of the circloa of the system which 
lonch tho lino .r-l-3/y=sXl. 

Ex. 4. Find tho equation of tho circle coaxal with 

’h - 2.r -h H- 1 — 0 and .r® + 2 ^^ -h fi.r - Gy ^ 
which passes through (--1, --2), 
i Ex. B, Find tho equationa of tho circlea coaxal with 
- o.t7 4* 4 0 and 4- y’* -h H.r 4- 4^0 

which touch tho lino 3.r-4v:alB, 

69. Orthogonal Oirolos. Lot P bo any point on a circle, 
centre A (Fig, 49), and lot B bo any point on tho tangent 
at P. With B as centre and radius BP describe a second 
circle, Tho radii APy BP to tho point of intersection of 
tho circles are at ridxt angles ; tho two circles aro said to 
cut orthogonally at P. 
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K d denobe the distance iU5 between the centres A aiul -W 
of two orthogonal circles of radii <m and b, then clearly 

and conversely. 

Let cc^+y^+igoa+ify +c =0 

and + 1 / + 2(/'« + ^fy + e' = 0 

bo two circles ; it is required to find the condition that 11 
be orthogonal circles. 

Let distance between centres. 

„ a® = square of radius of first circle. 

„ square of radius of second circle. 



Now the coordinates of the centres are (—ft, ~f) itncl 

(-o', -/)• 

Hence 

Also 

and l^=>g'^+p~6'. 

The condition, that the circles bo orthogonal is 

that is, (g-gy+{f-.fy=rf+p-o+g'Hp-o' 
or ^gg’+yr^o+ii'. 

Ex, 1, Provo that the ciroloa 

and .r*+7/-6a)+4.«0 

ore orthogonal. 
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Provo that fcho circles 
and 


ihogonal. 


,^>2 ^ 4 _ Q 


5. Provo tliiit ovoiy circle through the points (2, 0) and (^2 0) 

ogoiml to every circle of the system ' 

4. Vmvo UiflUho circle .««+y*-a.«+i«=0 is orthogonal to the 
through the points (6, 0), (-6, 0), (0, e). ® 

6. rind the equation of the circle orthogonal to the two circles 

iifl -l-f - 9.r + 14=0, .'«*+?/2+16ii,’+ 14 =0, 
iSBing througli tho point (2, 6), 

0. Clive gcotnofcrical fiolutioiis of the questions in Exs* 1-6. 

7. l^rovo that every circle of the aystem 

_ 2a.tJ + =0 

logoual to each circle of the aystem 

I a and b avo varying conatanta. Draw diagrams of the two 
ns roforrod lu tlio aaiuo axes. 


. Invorso Pointa. Definition. If 0 is the centre of a 
» of radiua r, and P and P' two points lying on a line 



ugh 0 such that OP,OP'=r2, then P and P' are called 
XB6 pointa with respect to the circle. The constant 
OP' ia soinotimcs called the constant of inversion. 
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jP, F aro invorao points with respect to a circle, radius 
r, whose centre is the origin, and (», i/) are the cooi’dinates 
of P ; to And the coordinates {pa', y') of P'. 

Let Jlf, M be the projections of P, P' on X'OX (Fig. 50). 

OM' OF OR OP' 

OP' 


Then 


OM~OP'' OP^ ■ 

But 0Jlf=a!, OP. 0P'^r% 0F=3a^+y\ 


Therefore —=” 5-; — 5 

OF 
OP'’ 


or X 


* • 

Similarly, — 


jIfP' 


or 


y - 


OP, OF 
' OF- 

FV 






Wo may also show that 


0)^+2/^ 

I£ P (ftjj 2/) and F {x\ y*) are inverse points with respoeb 
to the circle a,^^.y^^-2^/.^+2/y + e=0, 

then r^==ff+f'^—o, 0 is the point {—g, — /), and 

OW^^x'+g, 0M=x+g, OF<=‘{x+gy+{y-^/f, 
so that x'-j-g _?/d-/ 

oa+'g ” i^+gfMlJ+jy~' y+f 


Ex. 1, Find tbo coordinates of the point invorao to (2, 3) witli 
roapoefc to 

Ex. 2. If a point P tvaco out tlio straight lino a‘== 2, find lliu 
equation of tlio locus braced out hy P', the invorao of F ^vith roRpuci 
to tliO cirolo 

Ex. 3, If a point P trace out tho straight lino ,v^a, find tho 
equation of tho locus of P\ tho iuvorso of Pwith rospoct to 

Ex. 4, If a point P trace out tho oirclo \vhoao oqnation is 
find tho equation of tho locus of P\ tho invorao of P with roKpoct to 



] mimB, i^OLE and volaii. m 


, If a point tviicQ out 6ho circlo 4^'-t'a==i0, find the 

‘ tho invomj (»f I* >yifch t’capcot to tbo cii-do ,^’^+^^=12^ 

l If i\ P' ai’i3 iJwoivso points with respect to a cji’cIg, pz^ore 
ovy cii'iJlu throu^^Oi Jtiul P' is orthogon/il to the ^Ivoii civcle. 


If a pcJiiifc P fcraoo out tho circle 

(a*— 

,1uit llio in^'cn'^^o of P with respect to the cii’clo traces 

a , 3 %iic , . 

.7^-^ ?/3 - ‘'T -i- ”5“— 5^ 0. 


\ ClL'Olo 


Polo and Polar. Definition. The perpendicular to the 
IP through the Invorse of P with respect to a 
contro 0, la callod tho polar of P with raspeefc to the 


> P fiO, p. ho tho point (a?^, to find the 
,U)ii of the pohir of 2 ^ with respect to the circle whose 
, ion is 

0 ijMclieufc of OP Cvhovo 0 is the origin) ia 

tC * ^ 

iiico tho gradient of tho polji.i’= — A 
,(3 cooi’tlinafcea of P', the inverse of P, ai'e 
r’^aa, 

^ a!® +2// 

jnco tho poiftv of (a’l , j/i) is the line through 

of gradient 

nJi’-'f-Z/tV 'Vi 

loi'ofoi’o tin) equation of the polar is 

'-'"sy+s*” “FA 
, . 1 


xxi+yyi"*®- 

Im point P(fl)i. 2/i) i« called tho pole of the line 
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Similarly, ifc may be ahown that the polar of j/^) 
with respect to a!«+i/+2,fy.'c+2/i/+e = 0 

is oJOJi + j/l/i + ^7(03 + +/(y + ?/i ) +0 = 0. 

It is important to notice tlmt il! y^) lies without a 
circle, its polar is the chord oJ: contact of tho tangents 
drawn from tho point to tlio circle; QR in Fig, 60 is the 
polar of P. 

Hence, if y^) lies without the circle 

tlxe equation of the chord of contact of tangents from (a)^, y^) is 

if (a?!, y^) lies without the circle 

a:*+2/^+ 2fifa3+ 2/1/+ c = 0, 
the equation of the chord of contact is 

+ m + flf (<»+ «i) +/(?/+ 2/i) + c = 0 . 

62. The Polar as a Iiocus. Let any secant of the circle 
through the point P(a3j, y^) meet the circle in 
A and B, and lot the tangents at A and B meet in Q ; to 

prove that tho locus of Q is 
the polar of P. 

Let Q be tho point (h, ft) 
(Fig. 61). 

Then AB is the chord of 
contact of tangents from 
Qi,h). 

Therefore tho equation 
of AB is 

But P(a)j , lies on this 
lino; thoroforo 

Bl. /(-Bj -p 

Writing x, y for h, k to denote a variable point Q, wo get 
os the equation of tho locus of Q. 




POLAE AS LOCUS. 


137 


§§ 62 , 63 ] 

But this is the equation of the polar of P. 

Hence the locus of Q is the polar of P. 

In Chapter XXIL the polar i.s discussed from a different 
point of view by methods which are applicable to the circle. 
See also Bxercisos XVIII., Example 41. 

63._ Reciprocal Property of Pole and Polar, Tiieohem. 1 / 
a point A lies on the polci/t' of B xoith respect to a circle, 
then B lies on the polar of A (Fig. 62). 



Draw rectangular axes of rofovonco X'OX, Y'OY tlii’ough 
0, the centre of the circle. Lot r bo the radius of the 
circle. Lot the coordinates of A and B, roforred to tlio 
axes, bo (ajj, y^) and (rUj, y^) 1 ’o.spcctivoly. 

Then the polar of B is the lino 

But d(a!i, 2 /j) lies on the polar of B ; 
therefore oiSjK^+y^y^—r\ (1) 

Now the polar of A is the lino 



138 


ANAI.YTIOAL GEOMETRY. 


[OH. Vll>- 


Henee Bix^^ 1/2) polai’ of A if 

and this is true by ( 1 ), Hence the theorem is osUiblislH^I- 
Points such that the polar of eacli passt^s through 
otlier are called conjugate points; the pohiva avo eaUr*l 
conjugate lines, 


Kx. 1. Find the equation of the polar of (2, 5) with rcHpc('t 1(< t Hi*'* 
circle 

Ex, % Find the equation of the polar of (0, 0) reftpi'(‘t ti> iIm* 
circle 3/^ - 4t* - 2// ^ 4 . 

Ex, 3. Taugentsi to the eirclo are drawn at the 

where the circle meets the lino Find the coordinuti'^rt 

their point of intersection. 


Ex, 4. Find the equation of the chord of contact of tani/onU drfL\v li 
from (2, 1) to the circle 


Ex. 6. From p) and ©(-rg, yjj) arc drawn peipondioularH 
Q/v to the polars of Q and P witli respect to tho cirdo ,1;^-^ r"* S 

prove that upjPM^OQjQNy 0 being tho origin. 

coordinates of the point of intomoetion of 
poiars of (3, 2) with respect to tho circles 

and 11,^4 10«=»0. 


the point (1, V) and Q the intorsecUoii of t)jo 
of P with respect to the circles * 

a’® +^2 - 8^ -f 1 2 « 0 and .^3 7,^. -p ] 2 i), 

given ofrcle/^^ diameter is ovtliogoiial I.0 tlm I 


of (*ri,y,)with respect to tluj 

of coaxal circles specified by tho equation ^ 

oqii3tent,all pims Llmnigh tho nxed inlojwowti**!* 
« ‘■osiines iWf,+;/,yj+o«=0 and .r+A-i=0. 


EXERCISES XVIII, 

ilhiu-a?of;:'£S «'« valnoa of »t ui»l 


3;?? -h By 34 toiichos 
oiamates of the point of contaet. 


-34^ mid fliKi th« 
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4. Find tlio coordinator of ilio points at Avhicli tho straight lino 
+ 2 cuts -l-y- 2(.i; + 4). Find also the e(| nations of tho tangents 
at these points and tho coordinates of thoiv point of intorseetkm* 

6. Find tho Gipuitions of tho straight lines ptirallol to 0 

winch touch B. llliistrato by a iiguro, 

6. Provo that 

,t’-hl=0, .y-hj 3.r+4?y=sll, 
arc tho four coininon tangents to tho circles 

-h ” ^y -h 1 f) 0 
and “h y/“ + 8a' - 4^^ H- 1 1 — 0, 

7. Shtjw that tho anglo botwooii tho tangonts drawn from tho 

point (3, 4) to tho cirdo =^0 is 

Also show that ;?y-a’cot r/j==2-l-tan^^i^ touchea this oirolo for all 
values of (j), ' ^ 

8. Find tho equation of tho common chord of tho circles 

(a* - a)*^ 4'^® 4* (y - h'f ~ 

Also find tho length of tho common chord, and show that tho cirolo 
doseribod on tho connnou chord as diamotor ia 

(r 4 h^) -j- y^) — {hx 4 ay), 

9» Provo that tho length of tho common chord of tho two circles 
4 yyS - %px 4 6® =s 0 and -h y'^ - Sg/y - = 0 

is "h + 7^)}* 

10, nbo straight lino moots tho linos y^x and y—%x 

in P and Q. Find tho o(piation of tho cirolo on PQ as diamotor, 

11, Tho equation ax’^hy^^o ropresonta a lino which cuts tho 

circle in A and’ B, Provo that tho coordinates of the 

middle point of AB are rtc/(aM-6^), hcj(<i^ 

12, Show that .7;=^rtcos 6>, .7y=artHin arc tho coordinates of a point 

on tho cirolo for ovory valuo of (9. 

If tho oxtromition of a chord of tho cirolo ai'o (a cos (9, asinO) and 
(a cos 0, ctsin 0), prove that tho equation of tho chord is 

^H-0 , • O’H0 0^<h , 

X cos ---g a cos ; 

and deduce tho equation of tho laiigont at tho first point. 

13, Find Iho oquatlon of that chord of tho cirolo .v^43/*==‘8 which 
is biaoebod at tho point ( - 1, 2). 

14, Tangents PP and 7Yjl aro drawn from yyi) to the circlo 
.r!44y3s=r2j (hid tho e(iimtioii of tho circlo circumscribing tho 
trianglo TPQ, 
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15, Trace the loci whose equations aro 

; (.v- 2)M'0/- 1)®:= 1, 

Find fcliG two points common to tlio throe loci. 

16, Find the squai^o of the tangent from ^i) to tlio circle 

Cl -f -S' 2/^y -h G = 0. 

17, The square of the tangont from P to tlio circle - 8.1M* 4=^=0 
is minus tho square of the distanco from P to the ] joint (2, 0) j prove 
that P niovea on a circle wlioao centre bisects tho lino drawn from the 
given point to tho centre of tho given circle. 

18. A and B aro tho centres of tho circles 

- 2 /j.t? -p 62 Q . .j, y 2 _p -p =5 0 , 

A point P moves so that tlio ratio of tlio sqnai’os of the tangonta 
from it to those circles is vijii ; prove that it describes a circle whoso 
centre C' divides .4j5 so that AGiBV^^injiu 

19. Prove that tho equation 

^ 2/y c -h h{lv'\-iny’\-n ) = 0 

represents a circle throngli the points of intersection of 

■v® 2^.v + 2/^ -p and lV'\'my -P?t -0 

for all values of k 

The line .v— 2 cuts tho circle .u®-Py®-9 in yl, U\ find tho equation 
of the circle described 011 AB as diameter, 

20. If is a tangent to the circle 

-p ?y2 ^ q, •f 0 0^ 

then it is a tangent to the circle 

^2 ^ y'i .j, 2^ ^ 2/^ -I- c H' h {Ic + my -p ?i) 0 
for every value of k, 

21 , If 8= 4- y^ + 2 ijy.u -p 2/y -p c and « s Iv -P my 4* interpret tho 

equation 0 with respect to tlio circle iS^O and the line w=i0. 

If w~0 cuts 8^0 in A and i?, find tho value of k when 
represents tho circle on AB m diainbtor. 

22. If -^1 and B aro conjugate points with respect to a circle^ prove 
that tho square on AB in equal to Uio mini of tlio squares on tlio 
fciirigonts from A and B to the circle. 

23, If A and B aro conjugate poiiAs with respect to a circle, ])rove 
that the circle on AJ3 as diaiiiotor cuts tho given circle orthogonally. 

24. Find tho equation of the circle pasBiiig through (1, 2) and 
orthogonal to the circles 

- 5.r-p4 =0, ,rHy^48.r-P 4 - 0. 

26. Provo lliat every circle throngli the points (6. 0), (-6, 0) is 
oi'l'licjgoiial to^ all tho oirclos of the system specifiod liy the equation 
,v^4y^-^\r-p65J£=sO, where X:i8 the paramo tor of tho system . 
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26, Provo that 0 ) uikI ( — />, 0) are iiivevao points with respect to 

all the circles of the syatoni At* 0, whore Ij is the 

paraniotor, 

27, Pincl the equation of tho circle pasBiiig through the point 
( - 1, 2) and orthogonal to tho circles 

+ ?/“ -4=0 and 4-.?/ - 3.r -4=0, 

28, Let ?;=0 and — <ur— 6— 0 represent two 

circles. Show '(1) that a circle can l)o described passing through 
(.'Ti, yj) and orthogonal to the two given circles, and (2) that two 
circle.H can be described touching the lino Av*h?M,y+v/-— 0 and orthogonal 
to the two given circles, Find the equation of tho circle in (1), and 
also tho ecpiations of tho two cirolcs in (2), 


29, If {h\ k') is tho invorso of (/q /?;) with respect to the circle 
prove that A 


30, Prove that tho points (/q k) and (//, /?'), wlioro 

,, . r^h-a) T j, 7 . 


aro always invorso to oaeh other with rospcct to a lixod circle, and 
find its equation. 


31, h'ind tho length of tlie least chord of tho circle 

a'2 4- ?y2 4- 2 (/a? 4- 2/y -h o =0 
wliich passes through an intornal point (.I’l, ^i), 

32, If ys.^‘4^y“•.% 4, provo 

that a./i4-yS=^0 is a circle passing through tho intorsoctiona of a=0 
and y— 0 , ol =0 and 8=0, /i=0 and y=0, /J=() and 8=0. 

38. If a=2.r--.y-h3,/i-r),r+3v-20, y = .y-3?/4; J4, 8s,7;4-4?y-hl> 
provo that a/J=y8 is the eipiation of tho circle circumscrihing tho 
quadrilateral whoso sides, taken in order, aro a=0, y = 0, ^=0, o=0, 

34, Provo tlmt constants q can bo so chosen that tho or i nation 
(«2,^?4-%"hC2)(«3.^H'63;y hV -1 ^ <^\) 

4- 4' h^y 4' 'h hV d- =0 

slmll roprosoiit tho circlo circumscribing the Irian glo whoso sides are 

4- - 0, 4-' 4- — 0, a^x + h^j + C3 - 0, 


Provo that 

p(3,r- 2;y - 3)(.v4' 2yy) 4-^7C^’4- 2y)(2.r 4-3y-l- 3) 

4- ?'(2.v4“ 3^ 4“ 3)(3.v -- 2?y - 3)= 0 

is the equation of tho circinnoircle of tho Ir I angle whoso hUIob are 
2.v 4-3^ ‘h 3 3.r - 2?y - 3=0, a’-h 2^=0, 

if p=8, (?=-!, r=^G. 
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35, If Mid /S'=0 1)Q tliB equations of two circles^ interpret the 
equation ^-kS'=0, where ^ is a constant. 

If a line meet j !?=0 in and (j, aS '=0 in P' and Q\ and 
0 ill /f, show that EP . ItQ : UP\ RQ' is constant for all 
positions of the lino. 

36, Tlio tun gouts from two fixed points to a variable circle are of 
given lengths ; show that the eirolo passes through two fixed points. 

37. Tlio equation of the circlo whose diauiotor is tlie lino joining 

the points iii which 1 cuts 

a 4- 4- 2f?r.r + 2/y + o »= 0 

is a(P + 'niP) - 2 4- — g7n%v 

- 2 {mi -Vglm -fP)y + 2 a H- 2</^ 4 - 2 /m -P a -P — 0 . 

38. Provo that the cireumcircle of the triangle formed by the linos 

hiV 4- cy + a — 0 , ox + ay H- 6 = 0 , ax i-by+o^O 
passes through the origin if 

(h^ 4- c^) (o2 4. (a® 4- h^) = aho{b ‘p c) (0 + a) (a + 6). 

89, If P(.'rij yi) is a point ■witbhi the circlo 

^^2/^ 4. 2^ 4. + 0 = 0, 

and AT? ft chord of the circle passing through i^sncli that 
find the lengtli of AB. If APjPB^mln^ find tho length of AB, 

40, Through the point /'(I, 1) is drawn a lino of griidiont 1 to 

meot the circlo 2.r-4y=«0 in A and B \ find tho lengths of PA 

and PB^ using the equation 

(x - a?|)/eos 0 = Q/-yx)lmn 0-r. 

41. Through the point A(.ri, y^) is drawn a lino to meet tho circle 
^^4*2^2 in Pand and to moot tho polar of .^l in R i provo that 

1/A7^4-1/A(3.=.2/A7^, 

that is, provo that R is the barnionic conjugate of A with rcHpoct to 
tho points P and Q in which any secant through A moots tlie circlo. 
(§ 44, III.). 

[Use tlio equation (.^;-.^',)/coa 6 ^(y-yi)lBin 0 -r.] 

42. Through tho point (3, 4) in drawn a chord of tho circle 

,^124,^3^225^ 

so that tho given point is a point of triscction of tho chord ; find tho 
equation of tlio cliortl. 

43, Through tho point A(l, 1) are drawn tho two chorda of tlio 
circle A’^-py^—10 wliich are trisected at A ; find tho oquations of tho 
oliords, 
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CHAPTER IX. 

CONOI-IOID, CISSOIJ). WITCH. PAEABOLA. 

ELLIPSE. HYPERBOLA. 

64. The Oonclioid of Nioomedes. Lot 0 (Fig. 63) bo a 
fixed point (called blio pole) and AB a fixed straight line 
(called tho directrix); lot OPQ bo a variable line cutting 
AB ip Q and lot tbo distance QP (measured either way) bo 
constant. The locus of P i.s called tho Conchoid of 
Nicomedes. 



Let X'OX bo drawn perpendicular to AB, mooting 
AB in 0; lot X'OX, FOF bo rectangular axes and let 
OO^o,PQ=^b. 

To find the eqtuUion of the conchoid. 

Let (ffi, y) be tlio coordinates of any position of P, and let 
MP bo tho ordinate of P. 
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The triangle.s OGQ, OMP are similar ; therefore 

OQ_MP OQ_y 
00~0li 0 

so that GQ—^, and therefore the coordinates of Q are 

(«.f) " 



The defining property of the conchoid is 
PQ®=.i)2. 

Hence • 

which reduces to 

This is the equation of the conchoid. 


Tine CONCITOIB. 


U5 


06 ] 

Tlio curve has three forms according as (1) 6 < c (Fig. 
53 {a)\ (2) h-c (Fig. 53 (6)), (3) & > o (Fig. 53 (c)). A point 
0, a line AB, and a length (or parameter) 5 being chosen, the 
locus may he rougldy sketched by luincl, as a circle may bo 
roughly drawn by hand instead of with a pair of compasses. 

The locus may bo mechanically described, as a circle is 
described with a pair of compasses, with the instrument 
sketched in Fig. 54. The fixed point 
0 is a pin projecting from a small 
wooden board; the variable lino U1H2 
is a slot cut in a thin slip of wood, 
resting on the board so that the slip 
is movable about 0 in such a way 
that Qi a pin fixed on the under side 
of the slip, moves up and down AB, 
a straight groove cut in the board, 
while P, another fixed xnn or pencil- 
oint, traces out the conchoid on the 
card, 

6B. Geometrical Problems. The Con- 
choid of Nicomedcs may bo nsed to 
solve problems, just as tlio straiglit 
line and circle (ruler and compasses) 
are used. Just as wo say, with centre 
0 and radius v describe a circle, so 
wo say with polo 0, directrix AB 
and parameter by describe a conchoid. 

Problems requiring the use of the 
straight lino and circle only are called 
Euoliaoan problems ; problems requir- 
ing the use of other loci, such as 
the conchoid, are called Geometrical 
Problems. Indeed, loci like the conchoid were invented to 
solve problems beyond the j)owor of the straight line and 
circle, such as that of trisecting an angle and that of finding 
two mean proportionals or duplicating the cube. 

66. Triseotion of an Angle, Lot ABG (Fig. 56) bo a right- 
angled triangle having B a right angle. Loscribo a conchoid 
having A as polo, 7iC? as directrix and ilAO as parameter, 
a A, a. K 
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Lot a parallel to AB bhrou<j-h 0 meet the conoliokl in 
Then- ills? tri.secta the angle BAG, 



Proof, Ijot AJ3 cut BO in F, and lot Q Lo the niiddlo 
point of EF, 

Tlion, since EOF is a right angle and EG ~ OF, 


GO=QE=OF, 


parameter of conchoid 
, ^2AO; 

thoroforo GA^GO=iQE, 
and 

GAF^ GQF:^ 20EF=^ 2FAB. 
so that AE trisects angle BAO, 

^ 67. The OisBoid of Dloclas. Lot 

X X'OX, TOY (Fig. 66) bo rect- 
angular axes. Lot A bo a fixed 
point on the (c-axis, and lot 
0.^1 = a. .Describe the circle on 
OA as diameter; througli A 
draw the poi’pondicular to OA, 
Let Q bo n variable point on this 
P,. perpendicular, join OQ cutting 

the circle in R and cut on 
OP^RQ, The locus of P is called the Cissoid of Diodes. 
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THIS CISSOID. 


U1 


To find the eqtudion of the Giesoid, 

Let fclio cooi'dinatcH of P Iks ( x , y) and lot MP be the 
oi’dinate of V. 


Tlien 

AQ MP AQ y 

OA~OM a 


and therefore 

^0=“?/ 

0/ 

.,.(1) 

But OQi^: 

OJ” Qj 


tli.eroforo 


...(2) 


Now 0Q.liQ=‘A(^, and fclun’oforo OQ.OP — AQf, 
Hence, by (1) and (2), since OP^sJ{x^-{-y'^), 


that is, 


or 


a;(a:2+2/®)=ft2/^ 

2 a!* 

a—x 


This is the ccnifttion of the Cissoid. 'I'lic loons may bo 
roughly sketched by hand ; its form is shown in the figure. 

68. The Duplication of the Ouhe. Lot d denote the edge 
of a cube; it is rcrjuired to construct geoinetrically d^ so 
that c?,®=2cZ®. ^J'liis is tho problem known as the duplica- 
tion of tlio cube. In Fig, B6, lot B ho tho point on OY 
siieh that OB='iOA, and lot AB cut tho Oi.Hsoid in P. 

Then, from tho equation 

. . (B® 


wb have 


r= 

Jl/P®= 


a—x 

_OJI/8 
'' OA-'OM~~i\IA' 
But, by similar As OAB, 
MA^OA^l 
ifP“OP”2’ 


,.( 1 ) 


and therefore 
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Substitute in ( 1 ) ; 

tlien 201/8 

Now construct dj^ so that 

0M:MP=^d:di. 

Then d»^2d<^. 

69. The Witch of Agnesi. Lot X'OX, Y'OY (Ni^r. r)7> In* 
rectangular axes, A a iixecl point on X'OX, B the 

jwint of Oyi, 01 f tlu- 
parallel througli .// I** 

Y'OY Let Q be a vtxri^ 
able point on GJ) ami 1 **t 
OQ meet tlio cia-elo t>n 
OA as cliainotor iu jft. 
Lot the parallel to tfX 
thron^li Q meet t-lic* 
parallel to 03^ tlinjutflj 
in P. The lociiH 
,A -V/ is callorttho Witch «.*f 

M JA X Agnesi. 

To find the einiai-iem 
of the Witch, 

Y Lot 0A'=^2li\ let J* Iw* 

/ the point (cb, y) ami il/ jT* 

/ tlio orclinato of it 

v' / _ From similar tritui 

Y / O OMR, ORA, 

Fiq. 07. 011 OM , 

OA^VE’ 

therefore 0/28^0.4 . OJf=2aa) 

From similar triangles OBQ, 0MB, 

0Q_0R 

oiroM' 



therefore 


0Q8 OR^ 

'UB^OM^' 



§ 69 ] 

that is, by (1), 
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OQ^_ 2ax 


or OOr-^^ (2) 

But OIf-+liQ^= Oli'^+Ml^^a^+if j 

therefore, by (2), + y® = --- 

OD • 

or ffi(tt*+2/®) = 2a®. 

This is tlio equation of tlio Witch. The form of the 
curve is shown in tiio ligiiro. 



Fxa. 68. 

70. The Parabola. Lot 8 pig. B8) bo a Qxocl point, called 
the focus, Z'Z a lixed straight lino, called tlio directrix ; 
let P bo a variable point winch moves so that its distance 
from 8 is numerically o(iual to its (perpendicular) distance 
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from Z'Z \ tlm locus o£ P is eallod a iParabola. The form of 
the, curve in shown in Fi^. 58 when B is the point (1, 0) 
and Z'Z the hue oj — — 1 referred to tlie axes X'OX^ Y'OY, 
It'-. was obtained by describing circles with 8 as centre 
and radii 10, 11, 12, 18 ... divivsions in length to cut 
succe 3 .sively the vortical lines from 0 to the right; (Uj, the 
point P on the curve is such that radius 6T = 15 divisions 
in length = Pjlf, the perpendicular from P to tlio directrix. 
The point 0 is called the vortex and the lino OX the axis 
of the parabola. 

To find the equation of the parabola in Fig. 58./ Let 
P (ftj, y) be any point on the curve. , , . 

Then SP^^PiyP; 

therefore , (aj+1)^ ; 

that 18 , 

is the oquafciou of the parabola. 

Ex. 1. Find Uio equation of tl»o parabola ^Y1u)ao fooiis is tho point 
(a, 0) and whoso directrix is tho line - a. 

Ex. 2. Find the oqnalion of tho parabola whoso foens is tho point 
(2, 0) and wlioso diroctrix is tho ^/-axis. 

Ex, 3, Eind tho equation of tho parabola whoso focus is tho point 
(0, a) and whose diroctrix is tho lino y = « a. 

Ex, 4. Eind tho oqnation of tho parabola Avhoso foous is tho point 
(2, 1) and whose directrix is 3.r+4?y = D, 

71. The Ellipse. Lot <8 and *5' bo two fixed points in a 
plane (called tho foci) and let a variable point P in tho 
piano move so that PS+PS' is constant; then tho locus 
of P is called an ellipse with foci 8, S'. Tho locus may bo 
meolianieally described by passing an ondloss string round 
two pins, placed at tho foci S, S', and tl\eu keeping tho 
string, tight by a poncil moving in the plane and ti‘acing 
out the locus. ^ 

Fig. 59 shows the form oC tho ollip.so when tho foci S, S 
arc tlio points (2, 0), (-2, 0) and PS-\-P8'^6. ' ' 

^ To fltd tho equation of this ellipse, ‘ ‘ 
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Leb P{x, y) be any point on the locus ; thou 

SP = ST = s/CiTT-F 2)’*+7/2 ; 
Lhcroloi'o V(.«+2)“-l-i/’*+s/(i?;— 2)*+/y‘‘’=6 ; 
or s/(;r + 2}- +y- = 5 - - 2 )‘^ +yi 

Squaring, we obtain 

(a: + 2)H 2 /* = 25 + (aj - 2)2 + 1 / - 1 0 ^/{x-2f+y^ 
which reduces to 

8ft) -- 26 - L0s/(x^f^. 



Squaring again, we gob 

64ft)2 -- 400.ftJ + (526 = 1 OOft;® --- 400ft; + 400 q- 1001/^ 
or, 8(5ft;H:i.0()/-2a6* 

This is the oqiuilion ot tiio ollipso. 

A A' is called the major axia and JiB* the minor axia oi: 
the ollipao; the i^oints A. and A' arc called the vertices o£ 
tho ellipse. 

Kx. 1. A point P HiovoH HO that tlu; huiii oC its (hHtaiicoR from tho 
points (2, 0) and (-2, 0) ih (I ; (ind tho oipmtion of tlio ollipHo traced 
out by P ; and draw tho iiguro. 
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Ex, 2, A point P moves so that the sum of its distances from tho 
points (g, 0) and ( -c, 0) is 2a, whore ; prove that tho equation of 
tho ellipse traced out is 


A . V 1 . .y 1 

iP — (r iP Ir 

where 

Ex. S. A line jl/Y, 7 inches lon^q slides with tho oiicl M on tho 
A’-axia and the end /V on tho tj-nxia; P is tho point on jl/iY that i» 
3 inches from U and 4 inches from A'’, If tj arc Uio coordinates 
of jP, show that i • « ,.g .,2 

If P is h inches from and a inchoK from A\ tho longth of MiV 
being now (a-f 6) inches, then 

,r^ 

"r ivQ ^ “*•' 



1?IQ. 00. 


72. The Hyperbola. Lot S and S' bo two fixed points in a 
piano (called tho fool) and lot a variable point P in tlio 
piano movo so that the dilleronco of PS and PS' i.s constant; 
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ina 


then the locus of P is called a hyperhola with foci )S, *S'. 
The locus may be mechanically cleflcrihod as shown in 
Fig. 60. The rod 8'K turns alrout while a string'^ 
(wno.se length is less than tliab of the rod) connected to jS' 
and K is kept tight by a pencil P moving in tho pinin' 
along tho rod. 

If S is tho point (4s 0), 8' tho point (—4, 0) and 
P(Si'~P(8'=4i, to find the equation of tho locus. 

Let P((B, y) bo any point on tho locus (Fig- 60). 

If fif'P-<SfP = 4s (t) 

\/(a) + 4)*^ +y^—»J((G~ 4)’“* -f)f‘ “ 4 ; 
therefore \/(a; + 4)* + 1/® = 4 + 4)“ + y'\ 

Squai-ing and reducing, wo have 

2a;-2=V(>J^>+ji/^. 

Squaring again, wc gob 

4a;® — Sa; + 4 = (o! — 4)® + 
or Sa;®— a/®=12, 

which is the equation of tho hyperbola. 

Tho same equation is obtained if wo start from 

/gP-^'P^d. (2) 

instead of from (1). Tho right-hand branch of tho curve 
corresponds to (1), and tho loft-liand branch to (2). 


73. Oonio Sections. If a right circular coiio bo out by a 
piano 

(i) whicli is parallel to a generator, the scctiou is a 
parabola', 

(ii) which is not parallel to a generator and yet cuts 
only one shoot of the comploto conical suriaco, tlui 
section is a cwde when the piano is porpondioular 
to tlio axis of tho cono, and an elli^m wliou it is 
not; 

(iii) which cuts both shoots of tlio conical surface, the 
section is a hyperbola. 
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Fig. 61 helps to explain those statements. The 
ellipse and hyperbola are often referred to as conic HOf.tioii 




(o) Tho Ilyporbola. . 

' ' ’ ■ ■ Vm, 61 , 

The definitions of parabola, ellipse and.hy])orl)i>li|, 
in §§ YO, 71, 72 do not show the connection bobwooii 
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curves as clearly as mighl bo; hence the following cleliniUoii, 
called fchc focus and direclrix definition, ivS also worth noting: 
'■ If is a fixed point, called thoyraw, and ZZ a fixed lino 
called the direclrix, and if M is llio projection on ZZ oC a 
variablo point P which moves ho that SP=e.PM, then the 
locus of P is called a parabola if ^=1, an ellipse if c<;i 
and a liyporbola iC r?>l, e l)eing called the eccentricity. 


Ex. 1. y\m\ the oqujition of the <?(>iiic section whose focus is the 
point (2, 0), whoHO directrix is and whoso eccentricity is 
The oqnation is {.v - 2)*^ =i H (.« - 

that is, 3ar«-hlOO/r:r=22rK 

The conic is the ellipse of § 71. 

Ex. 2. Find the equation of the conic section whoso focus is the 
point (4, 0), whoso directrix is and whoso eccentricity is 2. 

The equation is (.r - 4)*-^ = 4(,r “ 1 }2, 

that is, f3,v^ - 7 /^ = 12. 

The conic is the hyperbola of 72. 


Find the ofjnatioiis of the conic sections whoso focus is^ tho 
directrix is .r~2^»H3— 0 and whoso eccontvi cities 


Ex, 3. 

point (2, 1), wliOHo I 
aro (i) i ; (ii) 1 ; (iii) 2. 
(i) Tho equation is 




_^+3V 


Vr. /’ 


tliali is, 1 H- ‘Ivt/ -I- 1 0^'* - 80.r - 2B)/ H- 01 = 0, 

(li) Tlio oqmition is 




that is, 4.r^ 4* 4.v^ “)■;/ - 20.r -I- 2y Id - 0. 

(iii) Tho equation is 


(.v~ 2)<'.Ky- 1)8-4 


that is, .rHl0a^^ll/^44j;+38//-n=O, 

Ex. 4. Show that tlio gonoval equation of a conic section is of tho 
aocond dogreo in .r, 

Ijot tho focus ho (;>, tho directrix /.w-hwiyH-yi— 0 and tho occon- 
tricity o \ then tho etpiation of tho conic is 




,>Sq oaring out, collecting like tonus and rciiiTangiiig, wo got an 
equation \vlncli contains tonus in >v\ .jry, .r, 7/ and an absolnto torm ; 
tho equation is thoroforo of tho form 

H-2/iAy/-P &//-|-2^.'r 0. 
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7-4, The B(iuatioii of a Locus. A g('.om(itvical Iocuh hui^H 
as the straight line, circle, conchoid, cissoid, is (Ldhunl 
by a certain condition. A fundamental j)r()blcni in Ana- 
lytical Geometry is to represent a defined goonietrical lotsiiK 
by an analytical equation. This can be done in an in (ini 
number of ways; for rectangular axes of reference cuxn l>*> 
chosen in an infinite number of ways. It (ir, y) bo 11 
coordinates, with respect to ehoaon or assigned axes, of (f^iy 
point on a locus, the condition defining the locus can Wn 
translated into an equation in x, j/, and certain coiiHLiuit-w 
required to xSpecify the locus. Tliis equation is called tlxu 
equation of the locus, 

7B. Worked Examples. Wo shall now work soino exam } ) I 
of the process of finding the analytical cijimtioiTiH c 
specified loci. 

Ex. 1. If 0 is the origin of mtangular axes and Q run rtf i 

the circle find the egnation of (he locus of i's 

middle point ojf OQ, Draw the loci of Q and 1\ 

Let (A, be the coorcliimtos of a position of V (I'Mg. 02). 



ilMM 

sssui 

£ 

a 


»;si)sss! 

Sasshs:; 

ipSiSs! 

ssnsfssi 

KKsss:: 

iSSmsI 

issssi 

m 

iiai 

p 

p 

liiftSv 

m 

i 

IjllaB 

n 

■■ii 

a8S«8K! 

Itsa*! 

■■Wj 

1 

ii 
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Then (2ft, 2ft) are the coorclinatos of U>o covnmiKiiKliiig iniMiticn 
or 

But ® IS a point on tlio given cirolo j thorofovo tho coordinatuii ff O 
satisfy the equation « , ^ 

■■»*+, V®~4«-)-3<=0 ; 

(2A)«+{2ft)9-(l(2ft)4-3=0; 

4/i,«+dft*-8/H-3=0j 
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eoordiiiatoa of an^ point on fcho locus of P satisfy tlio 
4//3 ^ ar 4-3 := 0 , 

<^\jt?viued by writing v/ for /i, k to indicnto a variable point. 

;tlonou this is tlio e<iuRti(jn of the locus of p, 

\Vo may write (i) in tlio form 

rtncl 0^) ^ 

J-Toimo the locus of Q is tlio circlo centre (2, 0), radius l ; and tbe 
loe«« tjontvo (1^ 0\ railius 

:iilx» 2. A variahle vMe touches the a^-a^ms and the fixed circle 
'io/ioso radius is and centre ( 0 , a) \ find the equifiio^i of the locus of the 
cmitrC ofihQ vurinhlo circle^ and sketch the fomi of the locus, 

IjQt A (Fig- 03) 1)0 tbo contra of the fixed circlo. 

Jjot ^ position of the centre of the variable circle ; let 

bo the ordinato <>f l\ 



X>raw the porpoiulicnlar from P to OA, 

AP*"^ s=5 P^A ^ -H A^P^ ,(i) 

Also of tho radii of tlio Uvo circle^. 

NA^ 0 A-^ 0 iY=-a-‘k\ 
jancl JYP^h. 

Substituting i!i (i), wo got, 

winch roclucos to h^^Aak, 

Writing y for A, k to donoto a variable point on the locus, wo get 

n« bliQ omtatum of tlm looim, Iho form of wliioh is shown in tho figure. 
loouB is II purtibolii. of wliioh Ois tliovoi'tox and OJ the axis ^§70). 
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Ex. 8. A variable line pamn^ throuyh the point (1, 1) nwetn ty tu'rn 
of (V and y at M and iV re^pcclivdy. Parallels throiufk J/ and lu th^ 
axes of y and a? rcspectineltjj meet m P, Find the equation of tJw 
of and draw the form of the loens. 

Lot olio poaition of tlio varialilo lino Uiroinrli ^1(1, 1) \w J/J^V nf 
gradient m (Eig. 04), and lot P{Jty k) bo tho corresiiondiiig point on 
the locii«. 



Fig. G4. 


Fig. G4. 

Then the equation of jI^LY ia 



Now iV, wliosQ coord inaloa aro (hy 0), Uoh on tho lino (i) ; 

Ihoroforo - 1 =« vi(h ~ 1 ) 

Also A, whoso coordiniitoa aro (0, /?)» Uoh on (i) ; 
tliovof oro ^ 


Wo wish to obtain a mlalion bolwoou A, ro divido (ii) bv 
and got y 

that is, 
or 

Writing a’, y for hy k to do nolo a variable point on tlio Inoim, tel 

.vyz^x^-y 

na the equation of tho locus, whose form ia shown in Eig. (14. 

If wo write equatioiiB (ii) and (iii) in tho form 

A 5=2 1 «“ ^5=5 1 — W, 

\VQ 800 that 2/5== 1-^71 are fcoodom equations of tho 

Eciuation (iv) is the coiistraint cqunlion, obtained of conrao ito 
aliniinatiou of vi. Tho locus is a hyperbola (§ 72). 


EXAMPLES ON LOOI. 


159 


§7oJ 

4, A and A’ are the fohits («, 0) and (-a, 0) ; md B and B’ 
, j ^ joints (0, b) and (0, - b), If (j and Q', variable ‘points in A' A. 

S'O' ° it axtermlly and iniernally^ in tha same ratio^ and if BQ and 
^ ^^^€ct in 1\ find the equation of the locus of ]\ and sketch' the loom, 
q divide A’A oxtornally in llio ratio k \ 1 (Fig. OD). 




absewsa of ; 



Via, OD. 

Also divides A' A internally in the ratio 1 1 j 

iioroforo abscinmi of 

cicl $' is Uio point o). 

Tlio oquation of BQ in 

rh 

a(k‘-hl) ' b ^ 

Tlio equation of B'Q' m 

aC-t-l) Z ^ 

If trli on (;?, <7) is a point B on the lociis^ wo liavo 

f'"'® 


id 
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Multiplying these equations togoLlioi’so ns to eliminate h, wo 

This is nn equation connecting p, q with the constants apOoify»‘E 
the locus. Write x, y for p, 5, and we obtain 


as the equation of the locus. A sketch of tho locus is showix 
6=^3 j the valuo of k for tlio points (jf in tho figure 
Tho locus is an ellipse (§ 71). 

Ex. 6. Q and R are variable points on tho x and y 
Oil Bxihtends a right angle at the fixed point A («, h) j and P in iAtt 
^ the perpendicular from the origin to Qd Find the cqnaiioa^ oj 
tome of P* 



Let P{hy h) (Eig, 60) bo a point on tho locus, and lot iV^ liiti Uie» 
projections of P on tho x and y axes. 

Let ; 

then gradient of j 

ft c 

therefore gradient of A ll ^ . 

Hence the equation of Alt is 

. 

But R lies on AR j substituting .-^=^0 and OR in (i), wq 

b 

b.OH-^a^’Vh^^at (ll) 


or 


1(31 
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Now, fi ‘0111 tho righfc’iinglcd triaiiglo OPQ^ wo got 
OQ.OM^Or^- 


tliat is 




h 


.(iii) 


ITroin tho right-aiiglod triangle OPUy wo get 
OHAW^OP^ 

r OrJ^~. .. 

SubstihitiHg in (ii) Uio values of t and OR from (iii) and (iv), wo}<cl. 
"k 


■(iv) 




tlmt Is, (v) 

Writing (V, y for A, h to doiioto a vana])lo on tlio locus, wo got 
'\-y^){hv'\’ay) - + J)^)ivy 

as the equation of iho loons of P, 


Note, From (iv), so tliat (ii) may ho written 

h {h^ -1- P)//‘ , * . * (iia) 

Equation (v) is found hy eliminating i from (iirt) and (iii). 

The niotlmd of solution thn^ eonaists in /irat elioosing a sni table 
\Daramotor then forming two oiiuations in A, /*, and iuially olinii- 
natiiig U Tile last two stops again illustrato tho coiiiioction botwoon 
freedom and constraint O(j[natioiis, 


EXERCISES XIX, 

1, If A bo tho fixed point (0, 2a), and Q a variablo point which 
inovos along tho .r-axis, find tho ocpiation of tho locus of tho iniddlo 
point of AQi and draw tho loons, 

2, Pisa variablo point lying within tlio anglo XOY\ M and N 
are tho projections of P on OX and 6? J'^rospectivoly, If the porimotor 
of tho rectangle OMPN is d, find tho equation of tJio locus of P, and 
draw tho loons, 

3, Tf in Ex, 2 tho area of OMPN is Ij find the equation of tho 
locus of Py and sketch tho locus. 

1 OABO IS a vai’iablo roctanglo of constant porimotor 2a, and the 
sides OA and 00 lie along tho ax os of reforonco j find tho equation of 
tho loons of tho middle point of AGy and draw Oho locus when 'a=l, 

6, X is tho fixed point (I, *1) and AP is any lino throngli it cutting 
the .r-axis in P, If AG is porpondicular to AP and moots tho y-axis 
in Gy find tho equation of tlio locus of P, tho niidcllo point of JJOy as 
AP varies, 

a.A.o. 


L 
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A k m\A B aw atiy two ooints on tlio axes of .v iiikI ■>/ veMinnr I \ 
such that 2oi+3(?fi=l0 ; find fclio equation of tho locus of Hio 
point of AB, Mul draw tlie locus. 

7 0 ia a variable point on the circle Qr in lit 

«arIiloUo the avaxis to that hliuUhe oqnatifm of thci 

of P ; interpret the equation and diw the locus, 

8 0 is a vaviaWe point on tlie cirelo ; (0 ainl (* 

mi'M to tho jr- and respective!)^ sr> Unit ^ 

; ii«d the equation of tho iooUH of I\ and dm-w the 


9 i/0 ia a variahle ordinate of the circle { P Ut 

MQ ao that equation of Uio ]m\H of f\ 

sketch the locus. Find also tho area encloaod by tho liKum. 


10, MQ is a variable ordinate of tho circlo /*• / nrtu 

drawn parallel to the v- and .r-axes respocUvoly, ho that 
and HP^OMi where 0‘is tho origin ; rmd tho equation of Un> 

P, and sketch tho locus, 


IL If 0 is the origin and Q moves round tho circlo 

find the equation of the locus oi I\ tho point of triHoeliou i 
nearest to 0, Draw the bens, 


12, J is tho dxeci point (d, 0) ; APQ ia a variable secant of i ll*' fi 

circle } fiM tho cmiatiou of tho tois of tlio middh* 

the chord PQ^ and draw the locus, 

13, A variable point moves so that its distanco from 

is lujunencally equal to its distanco from iho point (0, ^Jn) ; fiilfH th^ 
equation of tho locus of P, and sketch the locus, 

14, A variable point/’ moves so that its distanco from (lur^ 

(0, 4) is nnmencally equal to its distuuce from tbo lino;/-' 1 j tUnl Ih^ 
equation of the locus of jP, and sketch tho Jucurf, 


15, A variable point P moves so that its distanco from hi hi- 
(8, 0) is double its distanco from tho ^-axis j find tlio oqiiabiui* *:<T lim 
locus of Pf and sketch the locus. 


18, A variable straight line cuts XVX^ T'OV in A Q 
and moves ao that tho area OPQ is constant (-a^) \ ((tul tho 
of the locus of the middle point of PQ^ and sketch tho )omm» 


17. A straight line FQ of constant length slidos Hi# 

axes of .t? and;^ ; find tho eguation of tho locus (i) of tho niuUlIn 
of PQ, (iij of each of the points of IrieocUon of PQ. B)wlo}t Uu^ A»rmm 
of the loci, 


. the locus of a point whbhmovt'ssn 

rta from the point (1/^^ 0) Is always equal to its ftum 

11% Sketch the locus. 
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Make a drawing of tlio ollipse whose focus is at the origin, 
0 directrix is and whose eccentricity ia 1/2. Eind the 

lion of tho curve. 

A 8lvai|^ht lino I'otatoa in a piano about a fixed point yl, whose 
inaiea with rospocl to rectangular axes OX and 6?Jrin the piano 
—a and and cuts the axes in the variable points Q and A 
inb P w taken on fclio lino so that JPQ^JiA. Show that the 
ian of tlio loons of P is the hyperbola and sketch the 


li is a hxrd ])oint on tho ,^-axia such that 0 is any 

on tho ,^’-axi8, OD ))i.soofca tlio angle BOG and meets BO in D, 

1 IB the niiddlo point of CD. Find tho equation of the locus 
iH C moves from 0 to a point A along OX. Draw the path on 
:d papei\ taking /' ns 5 cms. and OA m 30 cnis. 

A variable circle touches tho .r^axis and tho fixed circle whoae 
is (Oj a) anil radius a j find tho equation of the locus of the 
on bho variahlo eirclo which is furthest froia. (i) tho A’-axis^ 
y-axifl ; and sketch the forms of tho loci. 

A dxed circle, conlre (0, M and radius ct, is drawn. A variable 
ouclicB tho fixed circle and tho axis o6a\ Find the equation of 
Lis of tho Centro of tho variable oirclo (i) when ^>0, (ii) when 
il) ^YhGn b<<{. 

V variable oirclo is dosoribed to pass through the point (a, 0) 
touch the stiWght lino Fmd the equation of the locus 

ontre of tho variable oirclo, and sketch tho locus. 

i variable cirelo is described to pass through the point (0, a) 
ch tho straight lino Find tho oquafcion of the locus or 

’ 0 ^ and sketch tho locim. 

k. variable cirelo is described to pass through tho point (<z, 0) 
oh tho lino find tho equation of the locus of its 

Mid skotcli tho locus, 

. variahlo circle passes through tho point (a, a) and touches 
is. Find the oquafciou of the locus of its centre, and sketch 

h 

fixed cirelo of radius cl touoUes tho a’^axis at the origin. A 
oirclo touches tho y-axia and bbe fixed circle; find the 
of tho locus of tho oontro of tho variable circle, and sketch 

ad tho oquatioiis of tho loci of the centres of the circles 
itoh both tho .tNixis and tho fixed circle Sketch 

itid refer each tikotch to its corrospoading equation. 

variable circle tonclios OX and the line The join 

igin to the eonbvo of tho circle moot^ tho oivclo in F, Find 
ion of tho looua of P, and skotoh tho locus, 
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31. A 0A\ BOB' are two porp&ndiculav diameters of a circle whoso 
centre is 0, and whose radius is muL^v. B ia a inovahlo point on tho 
circle, A'B moeba BOB' in N ; and Qm ^ point on AH whoso distauco 
horn BOB' is equal to OA". Eind the equation of tho locus of ft A'OA 
and B'OB hoing tho x- and ?/-axc8 of reforenco. Trace tho locus 
on aquared paper, taking special care tonhow the form near the point 
whose abscissa is unity. 

32. A is tho fixed point (a, 0) ; $ is a variable point on the ^y-axis, 
and AQP f\, variable isoacolos triangle on AQ as baso, having QP 
parallel to the linoy=,t’. l^rove tliat tho equation of tho locus of V is 

Trace tho curve. 

33. P is tho foot of tho perponclicular from tho origin on to a 
movablo line culling tho axes at A and B so that 0A‘\'0B^h Provo 
that tho locus of P is apociiicd by tho equation 

Prom coiisidorations of its geoinotrical proper tv, sketch rouglily the 
part of the curve that lies within tho angle JfOl . 

34. OABO is a square; 7) is a fixed point on OA produced. A 
variable lino BJ^i moots A U in P and BV in Q ; prove that tho locus 
of the in torse clion of OP and yKJ is a straight lino. 

35. A circle, described with tho origin 0 as centre and radius a, 
moots the negative part of tho axis of x in A, P is any point on 
this circlo, ancl Q is a point on tho ordinate of Psucli that 0Q—Al\ 
Provo that tho locus of Q is a circle, centre («, 0) and radius rt/^/3, 

36. P is tho foot of the perpendicular from tho origin to a tangent 
through the movable point Q on tho circle on OA as diameter, wlioro 
0 ia tho oi4giii and A ia tho point (2ot, 0), Provo that tho equation of 
tho lociiB or P ia 

(A'3 4. 4. ^2) a V 0. 

The locus is called the pedal of the circle with roapocl to tho point 0 
on ill 

37. A circle ia described on OA as diameter, Avhore 0 is the origin 
and A ia tho point (2«, 0). § ia any point on tho civclo, li ia tlio 
imago of Q in OA, and tho diameter through li moots OQ in P. 
Provo that tho locus of P ia given by the equation 

38. A is tho point (<t, 0); B and 0 are variable points on tho 
y axis such that JW^a, rrovo that tho locus of tho foot of the 
porpondieular from G to A B is given by 

- a.r(2.V“^-y)H-a%i74'y)=jO, 

39. A and jO are the points («, 0 ) and (0, h) roapoctively. Q Is 
a movable point In tho line /li3, and i/and A^are its projections on 
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tho fixoa of .V and ^ rospectivoly. Prove that tho equation of tlic 
looiiB of tho intoi'ftOcUon of ^liVand BM ia 

hV'hab.vif 4 - - 2 «% 4 - 

Skobch tho locn«. 

40. A luul B ai’o fclio pointa (a, 0) and (0, &) respectively, and OACB 
IB a rootanglo. O is drawn a variable line to meet the axes 

of .t; and ,?/ iu (i and H rospectivoly. BQ and AR meet in P\ prove 
that tho equation of tho loons of P is 

4- a h, \>}/ 'Va'^ip^ah {h.v + ay\ 

4:lt G is the fixed point ((/, j A and B aro its projections on the 

and y-axes. V hi OA and Ji in BO are such that Qlt is parallel 
to OB j ^ hi OB inul T iu AO are such that ST is parallel to OA, 
XjT Qli and STuvo jnovalde, prove that tho locus of the intersection of 
QfS and RT is tho lino AB and that the locus of tho intersection 
of SR and QT w tlio lino OO 

42, A is tho pnint (Sa* 0) ; is a variable point on the circle on OA 
na diainofcor, winn'o (> ih tho origin. On the lino OQ is measured, 
oithor way, a longtli QP oqiial to 2a, Provo that the locus of Q 
(cnllod a eardloia) i« Hpocinod )iy tho equation 

43, A ia tho point (rq 0) mid B any point on the lino ; tlie 
biHGctor of tho aiiglo OBA cuts OA at A\ and from lY n perpendicular 
iti drawn L« OB, meoting it at P. Pind the equation to the locus of 

iiH B inovoH along the lino .v^a. ^ ^ ^ ^ p 

If PJY ia procliuHid to nmet tho hue at (?, und the equation of 

ilio locuft of tho niiddlo point of and show that the focus is a 
oiaaoid. 


MISaBLLANEOUS EXAMPLES L 


1, Provo that tho points (3, A) and ( — 4, 3) are equidistant from 
bho origiiK ^ 

2; Provo that the points (J3, 1/S), {7\/3/2j 3), (\/3, 11/2) are the 
vorLicoa of an otinilatoral triangle. 

3, A, Bx two points on an axis, have absciaaao (a-h&), respec- 

tively. 0 tuul B are points on tlio axis such that 
AG\On<^a : &=> -AD \ DB j 


4 A, B, G aro tho Uiroo points (1, 4), (3, 3 ) <3, 11/3) respectively. 

M is iilio initltllo point of AJi, ami ^l<7 la P/- ^ ® 
to .tVj oAloulnto tho intorcepto maclo by MN mi the axes. 
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6. Prove that the points (-3, !),(-!, 6), (-6, ~4) are eollinear 
ana land iho ratio in ^vhich tho first cuts tli© join of tlio second 
and third. 


6, ProvG that the lines joining (-2, -3), (Oj 5) and (1, 
are the diagonals of a parallelogram. 


-r>)> (3> V) 


7, If {a^ h\ {Gy d) are opposite vortices of a parallelogram and 
(o, y) la a third vortex^ find tho coordinates of tho fourth vortex, 


^ 8. Find the coordinates of Uio intoraoction of the medians of the 
tnangio ^vhose vortices are (6, -* 1), (-3> -4), (I, 8). 

9« Find the coordinates of tho centroid of the triangle whoso 
vertices are (,v,y i/.,\ ij,), 

10. Provo that the iinos joining (4> 0), ( -2, 3) and (-3, 2), (6, 2) 
trisect one another, ? \ / 


11, If (- 3, 2), (h 1), (f), 7) are tho middle points of tho sides of a 
triauglo, find tho coordinates of tho vortices of Uio triangle. 


/ ^ 1, 2 are placed at tho points (2, G), (4» - lOl 

(^1> fi^id the centroid of the masaea. 


13. If masses aro ])lacocl at the points j i/i)y {iOoy 

(a’g, y^)y find the centroid tho immos. ^ ^ ^ 


14. If masses m^y are placed at tho points i/X 

••• > yn)> lind tho controid of tho masses, 

15* If 0 is the centroid of any luimher of fixed points Ay 7i, (7, otc.» 
and P IS a variable point, prove that 

where n is tho number of points. 

16, If G iQ tho controid of masses Wj, etc., placed at tho fixed 
points Aiy A 2 , etc,, and P mu variable point, prove that 

, aA^)^^ (2m) . 

partielo starts from tho point (2, 3) and moves with com- 
^ 4 feet per second parallel to Die axes XOX, 

J C/i respectively ; prove that the x)Ositioii of the particle at tiino 
t seeoucls IS specified by the oquationa 


tho scale unit of each axis being 1 foot, 

Qraph tho lino of motion and find its equation in tho form 

A*v Py 'h C7s=»0, 

18. A partielo starts from the point (-4, -1) and one second later 
aiTivos at the point (-2, 3) ^ find freedom equations for its path and 
clccluco tho constraint equation. 
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19. Tlio flcalo unit of each of fcho axes A'^OA', T'OY U ono fool. 

The motion of a parlielo in tho piano of llio nxos is given by ilio 
aquations + 

t being measured in socomla. Graph to a suitable scale tho positions 
of tiiG pai'ticlo wljon t is - 3, 1, 0, 2^ 3, 4. What aro tho .r- and 

y-compononts of tho volouity tho particle, anti wlmt is tho constraint 
equation of its pntli V 

20. Draw two rocttingular axoa v'Ov. Lot ono inch, tho scale 
unit on tho ^axis, roproaont ono second; lot ono inch, tho scalo unit 
on tho ?^-axis, roproaont a volocity of 32 foot nor second. Draw tho 
straight lino joining tln^ origin to (I, 1). Tho diagram is callocT a 
Velooity-Tinio or v-t Diagram of tho motion of a point on an axis, 
Find from the diagram 

(1) tho volocity when ^ is 0, 1,2, »3, 4 ; 

(2) at wlnib times tlio volocity is («) 10 ft. por soc., (b) 32 ft, per see., 
(o) 48 ft. por see., (d) 78*8 ft. por see. ; 

(3) tho acooloratioii (incroaso of volocity per second) j 

(4) tho space described in 1 see., in 3 secs., in tho 3*"^^ see. 

21. Talcing tho velooity-tinio diagram of Ex. 20,^ lind gonoral 
fonnulao specifying (1) tho velocity a at time (2) tho time t at whidi 
tlio volocity is v. (3) the Hpaoo described in t secs., (4) tho volocity u 
wlion tho spaco ciescribed is s, 

22. Tho velocity-time diagram of tho motion of a point on an axis 
is a straight lino. Show that tlio gradient of tlm lino measures tho 
accoloration of the motion. 

23. Tf is tho equation of tho volociiy»timo diagram, what 

is tho jnousuro of (1) tlio accoloration of tho motion, (2) tho initial 
velocity, (3) Urn timo when tho ))arUclo is at rest ? 

24. Find freedom equations for tho motion of a point along a 
straight lino whon tho point Ims at ono timo coordinatos (a, h) and 

seconds labor coordinates (e, d). .Deduce tho constraint equation 
of tlio lino. 

26, Find freedom equations for tho locus of a point whicli moves so 
tliat tho gradient of tho lino joining it to (2, 1) is constantly 3/4. 

26, Provo that the linos joining (-4, 3), (~2, 1) and f-b, -]), 
("3, -3) aro both porpondiciilar to tlio lino joining (6, -2), (3, -O). 

27, Find tho (3quatioii of tlio porpondiciilar to through 

tho point (*-2, 3), tho coordinates of tho point of intorsoction, and tno 
length of the porpondicuhir. 

28, l?rovQ that tlio coordinatos of tho foot of the porpondiciilar 

from tho point (,rj, yj) on tho lino are 

h(b.i\ - af/x) - ao aiaify - - ho 
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29. A point initially at (7, 2) moves so that its diataucoa from tin.' 
lines' 3.r - 4^ + 1 = 0, 8^' + 6^ - 8 = 0 are in a conatan t ratio. Eind tU 
cq^iation of the locus of the point and the value of tho conatant mti(^ 

30. Eind the coordinates of the point which ia ectuidiatant from 
(2,3X(5,4),(3,-2). 

31. Eind the coordinates of the orthocentre of the trianglo who^*^ 
vertices are (2, 3), (5, 4), (3, - 2). 

32. If 0, G, n are tho circunicontre, controid and orthocontve 
the triangle whose vertices are (2, 3), (6, 4), (8, -2), calculate 
and GH. 

33. Eind the coordinates of the verticoa of tho aquaroa deacribud t*l i 
the join of (3, 4) to the origin. 

34. A^E are the points (c, roapoctivoly. Tlirongli vf 

is drawn AC equal and perpendicular toAifj lind tho coordinatcH of 
the two possible positions of <7, 

35. ABC is a triangle having C? a right anglo, On yl7i ia dcH(U‘lUiHl 
the square external to tho trianglo. If GAy OB aro Ukou aa axfrt *»f 
A' and,?;, find tho coordinates of the vortices of tho sqviaro other liiiiii 
Ay J3 in terms of b when a—OBy h^OA. 


38. ABC is a triangle, right-angled at A ; on BOy OA, AB 
described, external to the triangle, squavoa BCBBy CAFOy AUlt/C, 
specified in the order of their vortices. If tho figure bo roforriHl 
AB, AG as rectangular axes of prove that the middle p(unt «»f 
DB has coordinatoa ^(6+2o), Also find tho cqualioim «*f 

BG and (7//, and prove that tUe join of thoir intorseotion to A 
perpendicular to BO, 


37. If Py Qy R are the middle points of tho sides BEy FO, 11 IC f 
the squares described, as in Example 36, on tho sidoa of tho riRltt- 
angled triangle AiJ<7, prove that 

4AP§7^=:250Hl3AA7?a 


^ points and 0 is a variable point. A (?/> ^ 

are squares described on ACy EG oxlornal to tlio tWiut&sUl» 
I'bc middle point of EGy is a fixed point, mo 
V3 G keeps to the same side of tho line AE, 

If fcha figure is referred to rectangular axes so that A and Ji aru 1,1 i*s 
Domts (p, q) and (r, s), what are tho coordinates of 


39. Show that there is a point such that the porpendioular fi'niii 1 1, 
>n t Id fine « sin!" ^+2,)/ cos </)n=a 

S'lmewliatevor tho value of </), and find tho coordinutos of 


40. JTind the ratio iu which the line joining (1, 2) and (3, J 
nteraecfc^in and the coorduuxte of tho point 


of 
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41, If AB^ OT> cut at 0 ami Ay By Cy D liavo cooi’dinates (-4, 1), 
(2, 5), (G, -f3), (-1, 4) reBpeotivoly, find AO\ OBy GO\ ODy and fcho 
coordiiuitefl of 6>. 


42, Provo that tlio lino jniniii^^ (10, 6) and (2, 3) is clividod iiitornally 
and GXtornally in tlio «anio ratio by the circlo 

43, Find tlio equation of tlio piivallel to 2a?™3y+l=0 through tho 
image of (1, -- 1) in the givon lino, 

44, ^'1, By Oy D are tlio four points (2, 4), (H, 1), (10, 6), (7» 3) 
respcotivoly. Sliow ]u»w lo draw a lino through 11 lo origin dividing 
^l//and 01) in tho snuio ratio. Provo tliat there are two solutions of 
the probloin, and find tho equation of each of the two lines which 
solve it, 

46, Givon one side of a quad ri lateral in magnitude and position, 
tho length of tho opptjsiio side, tho angle between these two skies if 
produced, and tlio aim of the quadrihitonil, Ibid tho locus of one of 
tho free vortices, 


46, Find tho otpuitions of tlio two straight linos through tho point 
(3, 4), which are equidistant from tlie two points (2, 1) and (1, 2). 


47, A and B are points on tho .r-axis, 0 and i) are points on tho 
j/'-axis, and,yiA7/ are parallels to tho ^/-axis, CB)F and J)0/I are 
pai'allels to tho ,^^axis, and All and I)B moot in I\ If B* is the point 
(«, b) and O tho ])oint (c, d), diid tho coordinatea of P in terms of 

by Cy dy and prove Unit P lies on tho lino OB^ when 0 m the origin, 

48, Find the oquatum of tho lino joining tho point (-2, 1) to tlio 
intersection of .r-?/- 1^=0 and V.r-hy-hSStssO, and prove that it bifiocta 
the angle hotwoon' thoiii. 

49, A lino movoa so that tlio auni of its diataucca from tho points 
(5, '-I), (-3, -3) is tupial to 12 { find its onvolopo if tho lino docs not 
pass botwoon the iioints, 

60, A lino moves so that the sum of tho reciprocals of tho in tor- 
cep ts ninclo on tho axes ia constant and otinal to l\ Provo that tho 
lino in all positions pasaos through tho fixoti point (3/^*, ]//?), 


61, Provo tliat 


whoro Ms a paraniotois are froodom equations of a straight line, and 
find a transform iitioii tluit wmild bring them into tho form 


-p h% d'Uy 

whoro 11 is tho paramotor. 


62, Find tho iii-contro of tho trianglo wlioso sides aro 
3a’ 4- 4^^ - 1 2 = 0, 3,r - 4y 0, /y (J 0. 
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63, Obg side of a aqiiJiue of side a di’cwn from tlio origin luis 
n gradient tau $ ] prove llmt the equaiiona of tho diagonals aro 

(cos 0 - sin a?(sin 0-\- cos 0)^ 
y (sin 0 + cos 0) + .v(co3 0 - sin 0) := a, 

64, Eind tho in-con fcro of tho triangle whoso sidos aro 

0, a;+;/-75=0, ,t*-3?/+5:=0, 

66, Provo that a common tangonl to two circles cuts tho join of 
Gontros internally or externally in the ratio of tho radii. 

Eind all tho common tangonta to the circles 

- 3.^’ - 43/ = 0 and - 21 ,v -I* 90 = 0. 

66. Find tho equation of a straight lino through («, h) and inaldng 
an angle a. with tho line 

Piiid the equations of tlio sides of the roctaiido which has (L 2), 
(3, 4) ns coordinates of the extromitios of ono diagonal and whoso 
other diagonal is parallel to 2.v-3;/"0, 

67, Eind tho coordinates of a point such that the line joining it to 

the point (Jy g) is bisected at right angles by tho lino ; 

and find tho locus of tho first point aAou tlio only roHtriotion on the 
given line is that it shall pass through a fixed point. 

68, A and B are tho fixed points (a, 1/a), (6, 1/6), P ti vavlahlo 
point (^, 1/0 ; PA and PB meet the axes of .v and ,?/ in My M" and 
iV, N* rospectivoly. Prove that MM* and iW' are of constant lengths. 

69. If A and P be two points on tho axis (h\ B and <2 two points 

on tho axis Oy, A and B Doing fixed and Py Q varying in such u 
manner that 1111 

OA.^WOB'^Wi' 

show that PQ passes through a fixed point, 

60* Tho vortices of a triangle lie on tho linos 

y s= a? tan tan 0^ , y — tan O3 , 

the eircumcontro being at tho origin ; that tho locus of tho 

ortho centre is tho lino 

X (sin 0^ 'h sin 0^ sin flg) - y (cos 0i + cos 0^ P cos O3) = 0. 

61, The. equations of tho sides of a triangle aro 

3.^*-^4y=sl2, r).v-12ys=20, 24y-7.v— 72. 

Eind (1) the area of tho triangle, (2) tho coordinatoH of the in-'Centro. 

62, Find tho equations of tho tangents from tho point (11, 3) to 

tho circle and of those from the point (4, 5) to tho circle 

2*^^ + 2y^ - 8.r -h 1 2y + 21 =51 0, 

63, Find tho equation of the circl6 inscribed in tho triangle whoso 

sidosaro ^.=0, 3^=0, xj4.^ylZ==\. 
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61 Draw tho loci whoso equations aro 

^ 0, (.V - ay -h - 6)^ ^0, 

Cy-l)(.i-2)+(^^3)0/^4)==O. 

65. If tlio coordinates of A bo (3, 0), those of B (0, 3) and fchoso of 

0(-^, 0) i and if I) divide AIJ m that AJ)='iA/J, and divide BC 
eo that ibid tho points in which l')E outs tho coordinate 

axes- 

66. ABC is a triangle ; if tlio coordinates of yi, B bo fO, 0), (0, 0), 
and tho lengths of aO^ BO l )0 13, 5, iind tho coordinates or 0. 

67. Tho coordinates of P and Q aro (0,0) and (10, -4), If tho 
point yf, whoso coovdi nates aro (0, «), lies on iind tho value of a 
and find in what ratio BQ is divided at IL 

68. A and B are two points on tho .r-axis cqiikli.stant from tho 
origin f), and ABO is an ecpii lateral triangle. ISliow that a point 
whicli moves so that tho^ sinn of tlie sipiurcs of its distances from 
tlio sides of the triangle is doscribes a cirtilo, Eind tho radius 
and tho coordinates of tlm centre, and draw tlio circlo. 

69. Tho straight lino ht^ mciits tho axes in B and (i? \ 

find tho area of triangle OBQy where 0 is tlio oi'igin. 

70. If .r/rt+?//6='l intersects a’/4rts-///J and .'iya-y/46 in B and ft 
find an oxprossion for the length of B(^. 

. 71t Prove that tho circles 

'h ^uul -V 

touch if *h '1 (6 W -h « 4 — IP'y » 0. 

72. A and B are tho points («, 0) and (0, h ) ; OAPB is a rectaiiglo 
and Q ia tho projection of B on AB, If A and B move so that 

whore o is constant, show that tho locus of is a straight lino. 

73. Pi ft it start simultunoouHly from tho^ points yl, 7i, ft whoso 
coordinates aro (tq a'), (/>, //), (c, o'), If their component volocitioa 
parallel to tho x ami // axes arc I and l\ m and m\ n ami n‘ roapoc- 
tively, find when l\ ft It aro col linear. 

7^* Xh’ovo tliat the oontros of tho throe circles 
aro collinoar, 

76. yl, B^ (7 aro tho points (1, 0), (0, 1), (1, 1) respoctivoly, and 0 is 
tho origin. A point P moves so that tho product of its porpondioular 
clistuncoB to 0/1, BO is equal to tho [irodnct of its perpondicular 
distancofl to (ift AO, Kind tho oquatioji of tho locus of and discuss 
tho equation. 
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7G, Skotcli roughly tho path of a point, which movoa so that its 
ttiHlaiioo from (1, 0) exceeds oy imity its distance from the y-axia, and 
Juia fcho oqviation of the path. 

77, Pind the equation of the parabola whose focus is (0, B) and 
Wuoao directrix is -5/ =sL 

78, roughly the form of the parabola whoso focus is (2, 8) 
and 'whasG directrix is and find the equation of the parabola. 

79, ,Dra-vv fcho form of tho ellipse whoso foci are (-3, 0) and (3, 0) 
whoii the sum of the focal distances of any point on it is 8. Find tho 
Equation of the ellipse. 

80, A variable point moves so tlint tho diiToronco of its distances 
from tho points (0, 0) and (3j 4.) is 3 ; draw tho form of the Iooub and 
imd its oquabiou, 

81, Tho fooiia of a parabola is (3, 0) and the directrix is a’ - 2^5=2 ; 
find fcho equation of tho parabola. 

82, An ellipse has eccentricity 2/3, a focus is (**”1) “4) and tho 
corresponding directrix is 2a?~l-3y~5, (find tho equation of tho 
oil ipso, 

^ 83, A hyperbola has a focus at tho point (2, 1), tho corrospoiuUng 
divoGirix ia 5 and tho eccentricity is 2, Ifind tho equation of 

fcho hyperbola, 

84, A variable recfcanglo whose diagonal is of constant longth a 
IniB ono vertex at tho origin 0, a second vortox A on tho .r-nxis and a 
tliird vertex i3 on tho ?/-axis. If Q is tho froo vertex and I\Xi y) tho 
pro]ocUoii of (2 on A% (1) find tho equation of tho locus of Q j (2) 
j)rove that xla^lOAja)^ and yja^iODja)^ j 

(3) find tiho equation of tho locus of I\ and sketch tho form of tho 

lOOUB, 

86, TTind fcho oquatioii of fcho radical axis and fcho longth of tho 
common chord of tho ciroloa 

and ay 4-0=0. 

86. Oirclos arc drawn through fcho point (0, 0^ touching tho circlo 
Show that fcho locus of tlio polo or tho axis of a* with 
roapoefc fco those circles is tho curvo 

(x - oy=^(a^ -- - (c -*• 

^ 87. irind tho equation of tho chord of contact of tangents to tho 
circle from tlio point (A, k). 

If Lilia chord subtonds a right anglo at tho point (A', provo that 

88, ITind tho coordinates of the limiting points of tho cirelos 
_ 2^4-8y + 11 =0 and ^+y^4'4a;4-2y +6 =^0, 
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89. Pine] tho equation of tlio cirennicircio of tlio triaiiglo formed 
by the pair of lines and tho lino ^ == 5 m- -hi?. 

90* Find the oqimtion of tho pair of lines drawn (X) from tho 
origin j (2) from tlio point (/) to the intersection of tlio lino 
with tho lino-pair 

-1- + hy'^ -h + 2/*^ -p c = 0* 

91, Provo tliat tho circle which passes through tlio points {at\s 
aji^y {at^^ ajt^ also passes through tho point 

92, Pind tho equation of tho circlo cirennmeribing the square^ two 
of whoso adjacent mdoa aro tlio lines joining tho origin to tho points 
(a, 0), (0, a), What is tho equation of tho tangent at tho origin 

93, Provo that tho two circles, oacli of which passes through tlio 
two points (0, a\ (0, -aj and touclics tlio struiglit lino y—mx-hOy will 
cut ortliogonally if 

94f Provo that tho circlo on tho lino joining tho origin to the point 
(q^ l/c®) as diauiGter passes tlirougli tlio point (l/o, 0 ). 

95, Show that for a eortain value of h the equation 

(2,r -y 3) 2) -j- /'(3,v - ?/ -h 2)(Sx - -\- 2) 0 

will roprosont a circlo. Pind tho valuo j find also tho radius and tho 
coordinates of tho centre of tlio circlo. 

96, Tho equations 

4- -h A - a) = 0 and x^ -h fi{y - &) = 0, 

whoro Aj aro parainotors, roprosont UVo variable circles which touch 
one another ; show that tlio Jocua of tho point of contact is a circlo, 
and find its equation, 

97, Tho straight lino joining tho point (a'j, ^j) point (.^ 3 , y^) 
passos through tho point (c, 0 ) and aubtonds a right anglo at tho 
origin. If one point inovos on tho circlo 

x^ “h 2yx »= 0, 

tho other moves on tho circlo 

0 -p ?/) -p 2g(x^ - 1 - 1 ?/ - ox) = 0 . 

98, Pind tho condition that tho lino A*cosaq-ysin a~io =0 should 

touch tho circle -h 2gx -P 2/y ‘p c ^ 0 . 

Deduco tho equation ot tho looua of tho foot of tlio porpondicular 
from the origin on a variable tangent to tho circlo (called tho pedal 
of tlio circle with roapoct to tlio origin), 

99, Tlio polara of a point J* Avitli roapoct to two given oirclos moot 
in Q ; show that tho radical axia of Uio circOos bisocta P(j>, 

100, Pind the locus of a point auch tliat tho pair of linos joining 

it to tho points (-a, 0 ), (Uy 0 ) aro harmoincally conjugafco with roapoct 
to tho pair of linos joining it to tho pouita ( 0 , ( 0 , h). 
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MISCELLANEOUS EXAMPLES It 


t Provo that tlio origin liea outside tho circle 

^ 2,?/ H- 1 — 0, 

Pincl tbo equations to blio two tangonta from tho origin to the circle, 

2, Two circloa can ho deacribecl to pass throxigli tho points (1, 2), 

(3, 4) anti touch the line 0 ; lincl their oipiations, 

3, The throe aides of a variable triangle pass through ihreo lixod 
points ; ono vortex lies on tho lino .v=0, a second on tho lino 
Find tho equation to tho locus of tho third. 

4, Tho angular points of a quaclrilatoral iakoii in order are A, i?, 
< 7 , I). Points jlT, N' are taken in AB and OB respoctivoiy, such that 
AM \ MB^ ON\ ND \ prove that the sum of the areas NAB anti MCI) 
is constant. 


6, The straight linos joining a variable point P to two fixed points 
(‘"Vg) ^2) l^ho axis of x in M and N roapcctivoly. Find 
the equation to tho locus of P if tho ratio OM : ON is given, 0 being 
the origin. Show in what casos tho locus breaks up into straight 
linoa, and give tho gooniolrical explanation in each case, 


6, Find the equations of tho svm medians of tho triangle whoso 
vertices are the points (Ij 0), (0, 2), (2, 4), and tho coordinates of their 
point of intorsection, 

7, AGB and BJ)N are two straight lines. Show that tho inter- 
sections of AB and J)JS^ of BG and of Cl) and PA, Uo on a straight 
line, and find its equation referred to AGEy PPPas axes. 

8 , 0 is tho origin, A a point whose coordinates are (2, 1), B a 
point whoso coordinates aro (3, 2) ; find tho coordinates of a point P, 
chosen so that the triangles OP Ay A7U) may bo directly similar, tho 
coordinate axes being supposed roctauguiai\ 

9, Show that tho expression 




contains as a factor j and hence prove that if A3, A3 aro three 
points on tho axis of .r, and 7Ij, Pn, B^ throe points on tho axis of v, 
then tho throe points of inlorsection of A^B^ with A^Pj, AgP^ with 
A3P3, and ylflPji with AjPg lio on a straight lino. 


10, _ The equation to a certain straight lino referred to rectangular 
axes is A.^+P^‘hC'— 0 ; find its equation referred to tho lines that 
trisect tho angle between tho axes, 
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11» Two eiroloK of radii a and h Irnudi tho axi« of y on opposite 
aido.s at Uio origin. I’lio axo.s being roolaiignlar, prove Umt tho 
other two ooinnioii langonts aro given by 

{h — a)a’ -J: 'i\lah 2«& = 0. 

12. Provo that any two porpouclionlar straight lines passing 

through tlio points Ornyi)» ho represented by tho freedom 

cciuations + 

and 

rospoctivoly, Ilonco lind tlio equation to tho louus of tho intersection 

tlio above pair of Jines^ and interpret yoiu* result, 

13. A and B are points on tho axes of x and y respectively, such 
that OA^a^ OB^h^ AB^(i\ prove that tlio equation to the lino 
joining tlio middle point of A B to the centre of the circle inscribed 
in tho triangle OAB is 

&(6 4- c - a) a’ - a (c h)y -f ah {a - h) — 0. 

14. Deduce tho equation of the bisectors of the angles formed by 

the line-pair a^v'^’V^hxy-\'hy^t=^0 by cjxpreasing tho conditions that tho 
lino -pair 0 should Do (1) at right angles to each 

other, (2) liarnionically conjiigato with respect to tho given lino-pair. 

16. If {ABOB) and {AB*C*iy) are liarmonie ranges, prove that BB\ 
G0\ DJy are concurront. 

16* Pind tho area of tlio triangle formed by tlio linos 
lx -h iny ^ 1 , -h ^hxy + by‘^ t= 0, 

17. Pind tho area of tho triangle formed by the lines 

y p= wqa', y ^ ax 4* hy +0—0. 

18. Find tho oci nation of tho straight lino drawn in a givon 

direction through the point of intorsection of two given straight linos. 
siioAv that tho coordinates of tho ortliocontro of tho trianglo formed 
by tho linos ^ .p ^ s= o, hx 4- oy 4' a — 0, ox 4- ay -l-h—O 

aro given by 

Hnuix - ahl 4- horn 4* c«?i^ kl7n7i}/ = oal 4- abm 4- &c?^, 
whoro llk—ha-\’ca>'babt n—o^-ab. 

19. Draw tho curvo (.?; -by - 1 2(.r - 1) (y 1 ), 

and show how it is rolatod to tlio linos 

20. The equations of tho sides of a trianglo aro 

X'bly-B^Of x-bmy--7n^^^0^ x^hny-n^^O j 
find the coordinates of tlio ortliocontro. 



170 


ANALYTICAL GK0M15TKY. 


21. Provo that 

whore h is i\ parameter, ropreaonta any three equally inclined lino^ 
through the origin. 

22. Prove that the coordinates of the in-contro of the triangle of 
aides a, 6, o, 'whose opposite vortices are (a‘x, yi), Wg), (^'g, ^3), are 

«.rtH-&.r8-hav8 

U'hb'yo ’ a-\-b-^G 

23. If roprosonts two straight 

lines, the equation may bo written in any of the following forms : 

(1) - ah) {ax + %+</)’'“ - {(A^ ^ - a/p = 0, 

(2) (4^ - a&) (/u? -1- by -\' fy - {(A^ - ah) x q- A/- hgY — 0, 

(3) {g^ - aG)(gx-\^/y^oy -- {{g^ -* ac)x H - {fg - cA)?/P:=: 0. 

2^. If ropresonts two straight 

lines, the lines n.ro harmonically eon jugate with respect to each of the 
following pairs of linos ; 

(1) ax - 1 - hy -1- (jf 0, (h^ - +</A - a/« 0 j 

(2) kv 4- by 4-/= 0, (A® - ah) x-^/tf-bg—O \ 

(3) fir.'r+/y+c«=0, C-7 ^-«c>4-(/^-cA)2/=0, 


26. If ^i) is the point of inloracction of the liiie^pnir 
cwj ® + ^Iixy + 6//® 4- ^gx 


prove that 


Xi 


/to-s/ kr-ffi' 

af-gh bg—fk ffi-ab* 


_ ho ^ < y/ ^ cft Af^ 
bg -/ h^af— gh A® - a6 ' 


26. Prove that the equation 

ax^ + 2A.^^ 4' d' ^gx 4- 2/;y -h 0 - 0 

ropreaenU a pan' of parallel straight lines if k^^ab and ctf^gh*^ 
anti conversoly, provided a =(- 0. 


27. Provo that 

{ax 4 - by - iXoa^H- py - 1) -h kxy - 0 

roin'esonts two straight lines if A=(cf-ou)(A-/ 9) ; and find the co- 
ordinates of their point of intoraoction. 

28, If a^4-2/^^y4'/^^^4'2^,^’4-%^J/4-ots;0 

an d a'.r® + Wxy + &'?/ + 4- 0 ' = 0 

both represent Uno-paira, prove that they will represent the same 
lino-pair in two differont positions, provided 

(A® ^ a6)(a'®4- 6'3) ^ (A^a a^^){a?-^h^>^UW - 2m«0. 
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29, 0 being the origin of roclangular axe«, prove that if jDA’4- = 0 

out in P and Clicn 


01\ OQ 


^yu«r-?>)^-h4An 

hp^ — 9.hpq’\-uq^ * 


30, A Btraifjht lino AB of constant length has its oxtromities on 
two fixed straight linos OX^ OX, Show that the locus of the orllio- 
eentro of triangle OA7J is a circle. 


31. Find the area of tho (jiiadri lateral bounded by the ^lairs of 
straight lines given by tho equations 

- 3.V// 2.v-h 7y - G *==^0, 

H- S.iy ^ + lx - 27y -- 44 0. 

32. Show that the equation of tho circle circiiin scribing tho Lriaiiglis 
formed by the lines 

ax^ 4- 2/<.ry + ~ 0 and + ^// - 1 = 0 

ia (x^ 4-^^) («(/^ - ^hpq 4' hp^) 4- { ^hq -[^p (« - h) l•.^’ 4- { 2 Aju -q(a-h)}i/=^0. 


S3, Investigate Uio equation to tho polar of y) with respect 
lo bho oirclo 

and show that, if p bo a variable parainotor and (a?', y) a fixed point, 
then the j^olars of'(.v', y') with respect to tho circles will jiuhs througli 
a fixed point lying on a circle through (.i?', ?/) and tho limiting points 
of tho circles, 


34, Provo that 

{a + 24 4- &) 4- 2 (a - h) xp 4* (« - 24 4- h)y^ — 0 
denotes a pair of straight linea each inclined at an angle of 45® to oiuj 
or other or the linos given by 

4- ^hxp 4- *=* 0. 

86, Find tho equations of tho throe radical axes of bho circles 
(x - 4- (y ” hy - U\ (x - hy^ 4- (y - ay “ 

(x - a -h- ^J)34^y^ = «6 4- c^ 

and prove that they are coiunirronb, Find also tho equation of tho 
circle which cuts tho throe circles orthogonally, 

36, Show that tho equation 

{ah -- 4-) {ax^ 4^ 24.iy 4- 4// d" 4- 2/y) *h + h(f 2/7/4 = 0 

r op resell ta a pair of straight linea ; and that these straight linos form 
a rhombus with the linos i(x*^-V9.hxp4-hy^M\ provided that 

{a-h)fg4^h{P-0^)^O. 

37« Find tho equation of tho circle which has for its diamotor tlio 
chord cub oh* on tho straight lino a.r-pAyq'C—O by tho circle 

{a^ 4- 4®) {x^ 4-y^) “ 2fi^, 


O.A.Ot 
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38» If tliQ sidea of a pamllologram bo pavallol to the linea 
S/uyy + hy- — 0, 

and 0110 diagonal bo pamllol to 

0, 

show that the other diagonal ia parallel to the lino 
y{bl -^m)—{v{am - M), 

39- Show that the two linos given by 
a {co^ + f) = (^0? -h 

contain an angle lv-bmy—0 bisects one of 

the angles between the linos. 

40. Show that the linea joining the origin to the inlorflcctionB of 
+ 5.ry - 3^® 4- 2.v 3y — 0 and 3.^’ - 2^ *= 1 
ai*G at right angles. 

41- The diagonals of a quadrilateral figure are roprosonted by the 
equations .r = c, ;// «= o an d a pair of oppoai te sides by a.v^-^^hy ^ « 0. Show 
that the other two sides intersect at the point j 26'i/(6 - a)’, 2cfiy(a -//)}, 
and that they are parallel to the linos 

(t w + byf + ah(x « 0. 

42. Find the condition that the straight lino + should 

touch the circle (.v - a)^ + (y - 6)^ =* r'K 

Provo that tbo equations of the common tangents to tho oirclo 
,^^3^^2si=289 and tho circle whose diameter is the chord of the first 
circle made by tho lino a' cos a sin a =15 aro 

3 (.r cos CL sin a.) db 4 ( 3 / cos cl - ,v sin a) — 85. 

43. l?rovo that if the civdo a'2+^^2«p2o.^4-2/)y-Pca=!0 inlorcepla on 

the lino 1 a length which subtonds a right angle at tho origin, 

0 4* m®) 4- 2 {gl +/w -h 1 ) ^ 0. 

44. Find the equation to tho lino bisecting tho acute angle botwoou 
the linos joining the point (1, 1) to tho points (1, A) and (2, 3). 

45. Tho jmints yl, 71, G aro inverted into tho points A\ 1]\ {?' will) 
respect to a circle of radius unity whoso centre is tho origin. If tho 
coordinates of A, 7i, 0 aro (6, 8), (3, 4) and (-3, 4), thon 

A vri3'C^7A^j5(7- 1/1260. 

46. Show that tho straight lino through (.Vj, ;/j) and tho in tor- 

section of the lines and -0 is given by 

AX’^ByArO A\v-\'B'v’\’h' 

A .t’l 4” By^ + 0 A\v^ + ^ 

and docluce tho equation of tho pamllol through (.rj, y{) to 
4a’-hj5y4- G-0, 
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47. Eind the gradient of the lino x—a^hi^ y=C'\-dt\iy couBidoring 
the gradient of the lino joining tho origin to the point at inAiiity on 
the given lino. 

48. Tho lino lv+7ny-\-'n^O hiROcts an angle between a pair of linos 
of which one is^^r+g'^+r^O ; hIiow that tho other is 

(p.v + (J^ + r) {P -\- 7iP) - 2 4 * 7nq) (Lv 4 - 7ni/ + 7i) = 0 . 

49. Show that tho limiting points of tho circlo and an 

equal circlo with centre on tho lino f.r-f ?«?/—« lie on tho curve 

(h ' + -h a^)=:7i{A:- 

60, If d- -p 2fy d- c = 0 

and S' s ^g\v-h ^''y + o' - 0 

ax'o two circles of a coaxal aystoin, show that tho two point circles 
(or limiting points) of tho systotii arc given by tho eqiiadon 

- o') - SS'(^2.Xf H- W - c - «') + - c) «0. 

51, If OM^ ON aro tho absoisRa and ordinate of a point P with 
rospoct to rootangnlar axes X'OX. Y'OT, hud tho locus of P \1 
yoM-l/ON^h 

62. A locus is dotorminod by tho condition that tho sum of Oho 
squares of tho diRtances of any point P on it from two fixed points 
A and B is e(pml to tho Hqnaro of the dial an co of P from a straight 
lino porpondiciilar to AB. Hhow that tho c<i nation to tho locus can 
bo put in tho form (a*— a)^+2//=&'*, 

63. Two points P and Q start from tho same point yi on tho oir- 
cuinfcronco of a circlo and movo along tho circuinfoi’encoj Q moving 
twico as fast as P, Find a couRtraint ctpiation for tho locus of tho 
intersoctioii of tho tangonts at P and and givo a rough tracing of 
the locus, 

64. OX) or aro r octangular axes and f/, V (ixod points whoso 
coordinates aro (n, 5^) and (r, s) roRnoctivoly. A and B aro points on 
the axes OA'i or rospecLivolVt ami AU and BV moot in P, If tlio 
area of the quadrilatoiul OArB bo constant, ])rove that tho Iocuh of 

is a cubic curve which passes through tlio points q)^ (r, «), (r, q). 

66. A circle is dcscribocT on OA as diamotor, whore 0 is tho origin 
and A tho point (2fq 0). P is a variable point on tliis circlo and OP 
is prodiiccch oithor way, to Q so that PQ-h; find tho equation of 
the locus of Q, Tho locus is called a limajon, 

66. A and B aro fixed ])oints on tho axes, of a* and such that 
0/1 OB^hi P is a luovablo point and BP and AP moot tho axes 
of iv and y in 0 and D, If tho sum of tho ai’caa APO and BPD bo 
constant and equal to c^, find the equation to tlio locus of P, 

67. A and JJ aro fixed points on tho axes of ,v and ?/ roanoctivoly. 
such that OA^Ui OB^h] A' and B* in liho maiinor two otlior fixed 
points on tho axes, such that OA'—a't OB'—h', A movable straight 
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line parallel to A'B moeta tlie axea of .r and y in A" and rea];) 0 c- 
tively. Prove that the locus of the iiitorfioction of A”B and AB" is a 
curve of the second degree which passes through 0, yl, B. What 
peculiarity arises when AB and /VB' are parallel 1 

68, A and B are variable points on the axes of x and y rospoctively, 
the abscissa of yl being p and the ordinate of B being such that 

a constant, A variable point B equidistant from yl and B 
movea so that the area OAPB=c\ a constant j find the equation 
of tho locus of I\ 

69. A circle of radius a, whose coulro is the origin, moots the axis 
of y in G, Q is a variable' point on tho circle, and OQ meets tlio 
tangent at G in T. M is tho projection of Q on tho axis of and MQ 
is jjvoducod to P so that i)fP^OT\ fmd tho ocination of tho locus 
of P, and roughly trace tho locils, 

60, OXf OT are fixed axes inolinod at any angle; yl and B arc 
fixed points on OX and OF respectively, such that 0yl=«, OB—h, 
II 18 a point whoso coordinates are n), BB and Alt meet OX and 
OV in P and Q respectively; find tno ecpiation to tho straight 
lino PQ^ and show that if PQ moves so that OP^OQi then tho locus 
of ft is a curve of the second degree which passes through 0, yl, B. 

61, -The vortex yl of a triangle ABG is fixed, B moves on a fixed 
circle to wliich ^(7 is a tangent and OA^OB i fmd tho locus of 0, 

62, A is the point (a, 0), Q is a variable point on tho circlo centre 
(0, a/2), and radius a\% whoso abscissa and ordinate are 

AQ moots the y-axis in It If P is tho point whoso absoisaa and 
ordinalo are OX OX prove that tho locus or P is 

xh/ - Mxy"^ + a^y^ -I- a^xy - a^y = 0. 

Sketch tho locus. 

63, Q is tho origin, A is the point (a, 0) and B tho point (/;, 0), 
(6 < a) ; MQ is a variablo ordinalo of tno circle on Oyl as diameter. 
If BP parallel to OQ meola MQ in P, sketch tho locus of P^ and 
prove that tho equation of tho loous is 

xy^ -P -I- 9,ah)x - 

64, ^3 is a variable point on the lino y^a which moots tho 2 ^-axia 

at yl, If 0 is tho origin and on tho line *0^3 are cut off Ql\ QP' equal 
to AQi sketch tho locus of P\ and prove that tho equation of tho 
locus is y»-2o/+aV+A'-2eu'»=0. 

If yl is tho origin t wligt does the oqiiatiou bocomo ? 

Q5, 0 is tho noint (0, a ) ; Avith centre G a cirolo is describod to pass 
through the origin 0. Tho ordinalo through X, a variablo point on 
tho ,^’-axis, moots the circlo in §, If P is a point on tho ordinate XQ 
such that XP is a moan proportional between OX and XQ, sketch tho 
locus of P, and prove that the equation of tho locus is 



MISOELLANKOUS EXAMPLES II. 


181 


66. A ia fclio point 0) and 00 i ft a variablo radius of tho circle 
centre Of tho origin, and radius a. B is a point on tho circuinfcronco 
such that AG^BCf and from 00 ia out olf OP equal to tho ordinate 
of B\ sketch tho locus of Pf and prove that tho equation of tho 

67» 0 is tho origin of rectangular axes and G is tho point («, ~ «). 
Tho circle coiitvo Of radius 00 f ia doacriljod, and ONf NQ aro tho 
abscissa and ordinato of a variable point Q on it. If 7^ ia a point 
on such that NP^=0N, NQf akotch the locus of P^ and prove that 
the equation of tho locua ia 

-H y* 2aa’(a’^ - 

68, 0 ia the origin and 0 ia tho point ( - «, 0) j tho circlo centre Of 
radius 00 f is described. An otjual circle rolla on this circlo \ sketch 
the locua of the point which is initially at 0, and prove that tho 
equation of tho locua is 

:(A 4- + ^ay\v -p =1 

69* A variablo ordinato moots tho circles 

(a’ - 2a)2 4a^ and {x - Adf 4-^^ — 1 6a** 

at Q and 11 Skotch tho locua of tho middlo point of QRf and prove 
that the equation of tho locua ia 

' y ^ + ay - 0«,y 'P aW = 0. 

70, 0 ia tho origin; 71, G avo tho points (&, 0), fo, 0) roapecbivoly, 
ONy NQ aro tlio abscissa and ordinato of a variablo point Q on tho 
oirclo doacribed on OB lus diameter, and tho parallel to OQ through 
G moots A^Q in P ; skotch tho locus of 7^ and prove that the equation 
of tho locua ia 

+ .‘t’’* -* (6 H“ 2c) -P (0® -P 2ho)x - ho^ — 0. 

Examine tho case when 0=6, 
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CHAPTER X. 

THE OONVERSE PROBLEM. GRAPHS OF EQUATIOiSfS. 
POLYNOMIALS. 

76. The Oonverae Problem. It has beou shown how a 
specified locus or curve may be voprcHonted by an cqiiaLl< >n i 
the converse problem is to ropre.sent a given ecjuatioii l>y 
its graph and to find the properties of tho graph from Lho 
equation. Some cases have been already dealt with. 'i.'l lUH 
we can draw the graph of any equation of tho forms 


ax+bij+o~0, (1) 

ai»®+«y®+2f/a)+2/y+tf=0, <2) 


and we can find properties of tho graphs by discviHHUig; 
the equations. 

For example, the equation a!®+y^~6.v=i0 ropresotUs a eir«?l4» of 
radius 3, with its centre at tho point (3, 0); tho y-axia is a tULii^rlil. 
to the cirolo, the origin being tbo point of contact j otlior 
are at once seen to be +3, y= -3, .■k= 0, and ao on. 

In Chapter IX. some other curves wore considered, tlioir 
equations being found and some properties statoil. Wo 
now go on to discuss more fully tho drawing of cilW'isi 
from their equations; at every stej) tho student will liHVo 
to remember that a point lies on tho graph of a jjj i von 
equation if and only if tho coordinates of tho point HttiiHfy 
the given equation. 

77. Plotting by Points. Tho moat straiglitforwai'cl tvfiy 
of oMaiiiiiig the graph of a given equation is to caleiilato 
the coordinates of a niimbor of points, plot the poiiiUt and 
draw a curve through them. Tho chief rule to bo olisaiivvtsd 
13, tiiat the points obtained must bo claso enough to^ciUior 
to enable us to be sure that wo liavo found tho Ktiiiefal 
trend ot the curve; as we proceed wo shall find inoanu of 
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reducing the necessary number of calculations. The student 
has doubtless had some previous practice in plotting simple 
curves from their equations, and we shall here only refer 
to one or two important typos, 

Fig. 67 is the graph of from x— ->2 to x^2. 
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The diagram from which the hgnvo is reproduced was 
drawn to a scale, “1 inch«l/' for both axes, and therefore 
shows only a small portion of the curve, As x increases 
beyond 2, the value of y grows very rajiidly, and the curvt^ 
rises rapidly ; to show the curve for such values of y, we 
must choose a small unit for the 2/-axis, 

In order to have clear notions of the way in which y 
varies as x varies, it is avoU to take the clifroronco hotw('.en 
successive values of x to be small, say O'l, as shown in the 
following table ; 

1 1 
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Tlxo student should complete tlio table ; it will be seen 
that when oi increases by small amounts ?/ also increases 
by small amounts, so that the curve is bound to be a 
continuous, nnbrolcen line. 

Tlic curve is symmetrical about OK because, il a is any 
number, the y of the i)oiut whose x is —a is the same as 
the y oi the point whoso oj is +a; in other words, OY 
bisects all chorda that are parallel to X'OX, 

As a point moves along the curve from any position on 
the left o£ OK to any position on the right, the ordinate 
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of fcho point decreases till the point reaches 0, and then 
increases. The point 0 is therefore called a turning point 
of the graph; Qio value of the ordiimto at the turning 
point — in this coso, zero — ‘is called a turning value of the 
ordinate. 

'Phe aj-axis is a tangent to the curve at 0. 
cuiwe is a parabola (§ VO). 

Fig. 68 is the graph of from 05 = 5 = —1*3 to 

for larger values of x the values of y soon become largo, 
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and fchc curve rises very steeply on the right and descends 
very steeply on the left. The curve has no turning point, 
In this case the origin is a centre of symmetry; if any 
point P on the curve is joined to 0 and the joining lino 

f roduced till it cuts the curve again at P\ then OP'^PO. 

t is easy to sec that if P is the point {a, then P' is the 
point ( — rf, —a^). 

Again, the oj-axis is a tangent to the curve at 0, but to 
tho riglit of 0 the curve lies above the tangent, while 
to tho left of 0 it lies below, A point vsuch as 0, whore a 
curve crosses its tangent and bonds away from it in opposite 
directions on opposite sides of tho point, is called a Point of 
Inflexion ; the tangent at the point is called an Inflexional 
Tangent. 

For positive values of a; (along 0P\ the curve is said to 
bo concave upwards ; for negative values of in (along 0P% 
tlio curve is said to bo convex upwards. 

Tho graph of resombles that of 2/=cc^; near tho 

origin it lies closer to tho ai-axis, it crosses that of 
at the points (1, 1) and ( — 1, 1), and thou rises more rapidly. 

Tho graph of y^x^* resombles that of near tho 

origin it lies closer to the ft;-axis, it crosses that of y^(n? at 
tho points (1, 1) and (—1, —I), and thou rises more rapidly 
on tlie right and dtssconds more rapidly on tho loft. 

In order to appreciate tho dillbronces in tho behaviour of 
these curves, tlio sbudeut slunild draw on tho samo diagrani 
the graphs of y — x^^ for 3, fi from to on^ i% 

taking 1 inch as unit lengtli for both axes. Ho should 
also draw tlio graphs of the same eciuatious from = l to 
a) = 2; in this case tho unit longtli for the ^-axis must bo 
small, say 0'2 inch, tho unit length for tho aJ-axis being 
still 1 incli. 

78. The Graph of y — ax^ If a is positive, tlio graph of 
y is obtained from that of y — x"*^ by multiplying each 
ordinate of the latter curve by a; if a^2 wo double each 
01 ‘dinato, if a«= J Ave lialve each ordinate, and so on. Tho 
graph is thus of th(i same gonoral cliaractor as that of 
it lies, if jr > 0, above tho latter wlicn (C > 1, bolow when 
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If a is negative, eay where c i« po*sitive, the graph 

oi: y that is, of == — c^K’^ is the reflexion in the CD-axis 
oE the graph of ^ ; or, if we produce eaeli ordinate of 

y = GX^^ its own length, downwards when tl)o ordinate is 
positive, but upwards when tho ordinate is negative, the 
ends of those ordinates will lie on tho graph of ox\ 
The important thing to note is that when a is positive 
the curves have tho forms shown in Fig, (h) (a), {h\ and 
that wlicn a is negative, they have the forms shown in 
Fig, 69 (o), {d). 




It is possible, by a mere eliango of scale, bo interpret the 
graph of as being the grapli of y^ax'^K For example, 
the gvaiih of y — (Fig. 67) may bo road as tlm graph of 
^ = if the segment OF, which is unit segment for tho 
graph o£ y — be taken as representing iO units ; in other 
words, let the unit segment of tho jy-axis be of tho 
old unit segment, and tho curve will become the graph of 
2/ = LOoJ^. Similarly, Fig. 68 will be tho graph of 3/ ^ if 
OF—^, that is, if the now unit segment of tho jy-axis bo 
double tho old unit BCgment, 

Thoso graphs are usually called parabolic curves of order n, 

79. The Graph of y^=:x. If we interchange x and j/, tho 
e<|uation becomes The graph of y^^^x ia 

therefore the same curve as tho graph of but tlio 

axes do not occupy tho usual positions ; iu place of 
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X, F, Y\ we must write F, X, Y\ X', It will be an 
interesting oxerciso for the student to show that, when the 
scale units for the ai-axis and the j/^axis are the same, the 
grapli of — x is the rcllcxion of the graph of y — in 
the bisector of the angles XOF, X'OY'\ in this case wo 
keep the old axes and draw a new curve. 

When n is a positive hxtoger the y-axis is’ a tangent at 0 
to the graph of 


The graph of is of the same general character as 

that of y'*^^x, 

Tlie student should work several of the following 
examples in order to become (pute familiar with the 
curves ; it will be sufficient in most case>s to get the general 


shape correctly* 


should, however, tr 


And 11 10 


position of the turning i^oints as accuralely as possible, 
The transformations of Example 6 should bo noted. 


EXEROISES XX. 

1. Trace, from ,v= -*2 lo .r=2, the graphs of 

(i) i/= ! (ii) ; (iii) >/= ~x * ; (iv) y= 

2. Trace the graph of from . 7 ;— -S to j take the ftcalo 

unit of the .v-axis to be 1 inch, that of the ^-axiH to bo inch, and 
compare with Tig, G7. 

3, The same m Example 2 for ,?y— comparing the result with 
Eig. 08. 

4, Trace, from .^ 5 = -2 to .^"=2, the graphs of 

(i) ~ j (ii) ,?/« - 3,1’^ ; (iii) ?/= ; (iv) )/= - 3aA 

How could these graphs ho olitaincd from those of Examplo 1 ? 

G, If in Fig, GY the lino tlmnigh (0, -1), parallel to lui 

choaoji as a now ,r~axift, what will be Urn wpiation of the graph ’/ 
What will be the equation if the now .r-axis is I unit above the old 
,7>axis? Wliat ^Yill bo the e(iiuition if the now .a?-axia is the line 
through (0, &) pai'allol to the old .r^axis ? 

6, Bkotcli roughly for values of botwoon -2 and 2 the graphs of 
the following equations ; 

(i) ; (ii) ; (iii) ; 

(iv) y “• 6 ; (v) y 2.t*^ + 1 j (vi) 2,^^ — 1 ; 

(vil) y — 5 I (viii) - %v^ - 5 ; (ix) y ^ 2a?^ j 

(x) y =s 4- 3 ; (xi) 7 / 5=3 2^^' - 3 j (xii) y — - 2,^'^ j 

(xiii) 2 / — - 3 ; (xiv) y 1 = - 2,^® - 3, 
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7» Crrapli tho following equations : 

(i) ?/==== ; (ii) ; (iii) y-- ij/.r ; 

(iv) j (v) y^=.v+4 j (vi) y=^ --.r). 

80, Solution of Banations. Graplis arc often UHefxil for 
obtaining approximations to the roots of equations, and wc 
shall take one or two examples. 

Ex, 1. Eind to 2 dociinal places the roots of the oqnation 


B,^’2^4a?-7=:0 (1) 

Write tlio equation in the form 

,v3=.0‘8,r+l'4, (2) 

and considor the graphs of 

<i) y^O'Sx^VA (ii) 


The graphs of (i) and (ii) are tlio curved lino and the straight lino 
of Eig, 67, -which inloraoct at the points A and B, Now, the point A 
ia on the graph of (i), and thorofore, denoting by xa , yA tho coordinatoB 
of , we have _ ,^^^2 

But A lies also on tho graph of (ii), and therefore 
,y.i«*0*8.r^ + l*4, 

Hence Xa^ — 0‘8,r^i + 1 ‘4 ] 

in words, Xa is a root of equation (2), and thoroforo also of equation (1), 
In the stimo way wo seo that xn is a root of equation (1), 

The values of Xa and Xn can bo read oiV tho figure, the accuracy of 
those values being determined partly by tho caro with which tho 

S hs avG drawn and partly by the scale of the graphs. Wo can 
with fair accuracy to 2 accimals, and thus got 

Those roots can of course bo obtaiTiod more acouratoly by solving 
eq\iation (1) algebraically ; wo are, however, concornod chioily with ft 
mothod which can ho applied generally. 

Ex, 2, Bind to 2 decimals the roots of the equation 


( 1 ) 

Write the eqtiation in the form 

,'K»=^^V'i'*+18==0*46:rq-0’77, (2) 

and consider tho graphs of 


(i) 2^=0’4 Ga’+ 0-77 (ii) 

wliich are given in Kig. 68. Those intorsoct only at tho point ^1, aiul 
wo have 8, y^=O'40.t>^+O'77, 

an d tb oroforo a?/ = OAQXa + 0*7 7, 

so bliat is a root of ecpiabion (2), and thereforo also of equation (1), 
The value of Xj ia 1'08 to 2 docinial i:)iacos. 
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For equations of the form ax'*^+bx+o^0 this method of 
solution is very convenient becauso the graph of can bo 
drawn with considerable accuracy by mqrcly plotting a 
sufficient number of points. When the parts of the curve 
whore the straight line intersects it have been approxi- 
mately found by moans of a rough sketch of curve and lino, 
it is advisable to plot the curve carofull 3 ?' in the neighbour- 
hood of the points of intersection; this can bo done by 
linding two or three points in these neighbouiiioocls. So 
far as the solution of the equation is concerned, these 
neighbourhoods are the only jiarts of the curve wanted. 

Ex. 3. Solve graphically to 2 clociuial places tlio equation 

( 1 ) 

We take this oxaniplo merely to ilhistvato another inothocL I'irst 
draw the graph of the equation 

( 2 ) 

This equation is of such a simple kind that wo can graph it fairly 
accurately by plotting points ; wo take the range of a- from ,^»= - 1 
Lo .^’-3 and draw up the following tablo ; 


3 

B 

-0^8 

-O’O 


-.0*2 

3 

0*2 

0'‘l 

0*(i 

0*8 

1 '' 

n 

B 


o-m 


-0*06 

-1 

-1*30 

- 1‘6J 


-1*96 

|-2 


m 





2 

2*2 

2*4 

2*0 

2*8 

3 

v'^ 

-i-oo' 

-1*84 


-1*36 

-1 

-0‘CG 

-0'(H 

O-fiO 

1*24 

2 


Wo have calculated a largo number of values hecauso wo are going 
to use the curve to solve sovoral e([uations, and we numb make cor tain 
that the curve is fairly accurate for the coinpleto range chosen. If wo 
wanted to find merely the general character of the curve, such a largo 
miiubor of points would not ho required; even for the solution of 
equations wo only need the parts of the curve near the points wlmro 
it is mot by other curves, and careful plotting near those points is in 
most cases quite aufhciont. 

Plot these points, taking oacli scale unit to bo 1 in oh, and draw a 
smooth curve through thorn (Fig, 70), The point (1, - 2) is Uio turning 
point. 

Now, if P is any point on the graph, wo have 
^ 2a> — 1 1 


.( 3 ) 
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To solve ecj nation (1) avo have only to iiiid those j)oiiita on Uie graph 
ef (2) for winch the ^ is zero ; A and Ji are the points, and tlioroforo 

0 _ 2 xa - 1 , 0 - - 2.t?/i - 1. 

The roots of (1) avo thus 



Ejq. VO, 


Again, to solve the equation --25=5 0, write it in the form 

In equation (3) we ninst now have y/* — h The two iioints on the 
curve for which tho i/ is 1 are 0 and I), and theroforo tho required 
roots are and .^^55== ^0‘V3, 

l^x, 4. Use Eig, 70 to find to 2 decimals tho roots of tho following 
equations, and verify your results by algebraical solution : 

(i) 2^- 2*6 5=0 ; (ii) ^^-2.r~-3=0; (iii) 2 .v^- 4 a'- 3 =sO ; 

(iv) 2A•^~4^’-^55=0 5 (v) 3.v2-ar-8=0j (vi) 5aj3-10a?--14«0, 

Ex. (3, Solve graphically the sinudlaneous equations 
,(i), 2,^*"-By=56 

On tho diagram (Eig, 70) that contains tho graph of equation (i), 
draw, with the same scale units, the straight Tine EP which is tlio 
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graph of ef|uiition (ii). Now if P is any point on fclio graph of (i) and 
any point on the graph of (ii), wo have 

-ly %Vq- C\?/q err 6. 

Tlieso two equations will ho siinnltanoons if Ujo points 2^ and 
coincide ; but tho straiglit lino intovseetH the curved lino at E and I*\ 
nnrtUun-oforo 2 ,f, 5 -%;;=G. 

Tlioroforo av;, ?//; is ono i>air of solutions of equations (i) and (ii) ; 
similarly .V/’, is the oilier ])aii\ KoadiJig oil* tho values of theses 
coordinaU's, wo lind that tho solutions aro 

X = 0*00, y 5= - 1 *1 V and .v » 2*3 1, y = - 0'27, 
d5x. 0. Sol VO graphically tho simultaneous equations 

(i) - 2.r - 1, .r - ^ = 1 j (ii) ?/ - 2.r - 1, 2.^.’ -f % — b ; 

(iii) - %v -» 1, 2.1* - = 5 ; (i v) y 5= — 2.r — 1, 2A*+y 4- 2 =-0. 

Ex. 7, Solve graphically tho ccpniUons 

(i) ar^ fu’ *- i ~ 0 ; (ii) 4 bvr - 4 — 0 ; (iii) a4 ~ 7a; - 5 = 0 ; 

(iv) %v^ - 7.1* -h 3=0; ( v) 4 1 thv - 30 0 ; (vi) - 27u; -10=0. 

Ex. 8. Solve graphically tho sininltancous equations 

(i) 4 - 2.1* 3, y = ; ( ii) .i’^ 4 y ^ - Ax - 2y — 20, = 4 a*, 

Ex, 0, -^^l)ply Rxajnplo 8 to solve tho equations 
(i) q- .v2 - 2 a’ = 3 ; (ii) {x^ ~ 20)2 

81. Punction of x. The gvaj)li of the equation 

i% often called the gi’a^jli of the function a?® — 2rtJ-"l. In 
calling (a;” — 2 a? — 1) a function of to wo Biniply moan tluit 
(x^ — 2x — l) dopondH for itH value on the value of x, and 
varies wlion x varien. TIuh variation in exhibited to tin? 
oyo in tho gmpli of Fig. Y(). For oxaniplc, we can Ray at 
once tliat 2a)— 1) m negative ro long aR x lies hotweon 
— 0*41 and 2*41, that it is pomtive ro long as x is outside 
tlicse limits, that it vanislies Avhon a? =—0*41 and when 
a? = 2*41, that it reaches its least value, namely —2, Avlion 
a = I, that its value is — 0‘(S when «) = 2*1, and so on. 

If y then stands for (.a?^— 2a)— 1) or if y =a)®— 2 a)— I, 
y is called a function of a?; x and y aro called variables. 
Hero tho variable y depends for its value on tho value of 
tlio variable x; x is therefore called tho independent variable 
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and y tho dependent variable. Soineiimos tlio indopondont 
vaviablo O) ia called the argument of tlio function y, . 

The student will roadily recall oxamplcs of two vaviablca 
which are connected uh independent and dependent. Thus 
the space described by a falling body is a variable, the 
time of failing is a valuable, and the space described varies 
with tlie time of falling; wc say the space described is a 
function of tlio time of falling, and this dependence is 
expressed by tlie equation Again the volume of 

a sphere varies whon its radius varies; the vohnuo is a 
function of the radius, What function is the vohuno of 
the radius r? It is the function and wc write 

V =|7rr®. 

In these examples the independent variables are i 
and r, the dependent s and V rospeetively. Wo migiit 
ask, how does the time of fall vary with tlio distance 
fallen? The answer would be oxproHSod in the o(iuation 


In this case t depends for its value on tho 

value of 8 ; i is now tho dopondont and s tho indejiondont 
variable, That variable whoso values are tlio objects o£ 
inquiry or calculation ia called tho dopondont variable, tho 
other being tlie independent variable. 

Wo iiavG then tho following dolinition i 


Definition, If two variables denoted by x and y are such 
that y varies in value when x varies in value, and if, when 
a value is assigned to x, tho corresponding value of y can be 
determined, we say that y is a fimetion of x, 

TJio notation /(oj) is used to indicate a function of cw, 
SQ that whon 2 / is a function of (c wc write y=;/(ir), The 
letter f m a functional symbol, not a multiplior, and the 
symbol /(i») must be taken an a whole. Other letters than 
/ may be used, as g{o}\ 0(n3), , and when diToronb 

functions occur iii tho same problem dillbront letters muftb 
bo used. 

The symbol f{a) means ''the value of tho function /(<«} 
whon (C has tho value a or the value of tho function /(no) 
whon a ia pub in place of a.” Thus if /(«j) — 2a) -- 1, 
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We have noted above that ilie equation «= not only 
determines h Avlien t is given, but also detormiiics t when s is 
giYon. In general, the e(|uatioh ?/==/(aj) not only deter- 
mines y when x is given, but dotcrinines x when y is given; 
if the equation wore solved for x in tonus of y^ we should 

a) — expression containing y^F{y\ say. 

In other words, an equation containing x and y enables 
us either to express y in torans of x or to oxpi’oss x in 
terms of y\ an a(j[uation in x and y is therefore said to 
define two funGiions that arc said to bo inverse to each 
other. 

For example, the equation y^x^ gives, when solved for 
X, the equation x^^y; it thoroforo dclinea the two 
functions, the G^lhG of a variable and the cube root of a 
variable. 

The folloAving examples illustrate one or two technical 
terms. 


Ex. 1. Tlio equation dolinos two fiinotionR ; 

state tlao functions explicitly. 

Solving the equation foi\y in terms of .r, wo find 




.(i) 


Wo have now expressed y explicitly as a function of If wo solve 
for a? in terms of ?/, wo got' 



and Avo have now expressed x explicitly as a function of y. In (i) the 
independent variable is .r, Avhilo in (ii) the indopondoiiL variable is y j 
the two functions /(.r), F(y) are inverse functions. 


Ex. 2. The equation defines two functions j state 

the functions explicitly. 

Solving the equation for?/ in terms of .r, avo find 


Solve the equation for x in terms of y, and avo uoav got 

' - 1) or iv=y -s/iy^-l) .(ii) 

In this case, to oacli value of y (when y^ is not loss than 1 ) correspond 
two values of iu] the function .v defined by the given equation is 
u.A.a. N 
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thoi’oforo said to be a i'loo-mhied function of The two sola of 
valuea of x belong, in tlie graphical ropreseutation, to two clilTQront 
parts of the one curve. For example, if we take the equation 2 /-. 
and solve for .r, wo find 93=’^sj}j or and a? is a two-valuod 

function of ?/. The equation +\/?y is reprosonted by the curve 0i\ 
to the 1 ‘ight of the ^-axis, and the equation x=^ by the curve 0/f 
to the left of the ^/-axia in Fig. 67, p. 183, 

The given equation is said to delino the functions implicitly \ when 
it is floTved and expressed ns in (i) and (ii) tho functions are defined 
explicitly^ 


Ex, 3. If y is the variable ordinate of a point Q ^Yhich lies on Uio 
line joining tlie points A (0, 6) and B ([3, 0), and if Uio line joining Q 
and tho point G (0, 5) meets the .'F-axis in P so that tiio area of the 
triangle OPQ is a function /(^) of y, prove that 


/(y)" 


6 ?/(?/-6) 

4(^-6)’ 


Since <2 lies on tho lino A By we have 


2,VQ+^g=G 

Tho equation of GQ is 

.r Xq 

Now P lies on GQ iiwAyp—O j therefore, by (ii) and (i), 


•'* 2/<!-6 2 ( y «- 6 )- 


Hence, from (iii), 

A 0PQ=i(.r/>?/Q - Xi^yp ) = "4 ( ‘ 
Dropping the suffix, wo have 

•'W 4(3^- 6) 


..<l) 

.(«) 

(ill) 


EXEBOISES XXL 


1, AB is a straight line bisected at C, On AGy GBy AB ate, 
described Bomicirclos all on the same side of AB, Lob a 011*010, 
radivis y, he described to touch the throe senucirclos, If AO^>^x 
Prove that /(. v)-A7/3, 


2. A is the fixed point. («, 0), referred to rectangular axes, origin 0 \ 
Tho fixed cirolo, centre Ay radius a, is described. A variable oiroloj 
radius is described in the quadrant XOVy to touch the fixed oircU 
externally and to touch OX at P, If y^f{x\ Provo that 




2a 
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3, AUG is a fixed triangle ; P is a variable point in AJ3. PJ) 
PIS pamllol to GA, GB respectively meet these sides in P 2) 
reapoetivoly. li AP^x, PD . PE=f{x\ PDIPE=^P{x). Prove that 




whoL’o skloa of the triangle. 

4. Tho (liainotor of a fixed circle is c?. If ;/-/(cr), where .v is the 
length of a variablo chord and y tho porpendicular distance of the 
cliord from the contro, prove that 

5. A ia Uio paint d), 2) referred to rectangular axes, origin 0, and 
the circle on 0/1 ns diameter is described, the centre being JP is 
the variable point (.r, 0). The tangent from P to the circle meets the 
lino ^^2 in ft?, If /'<?=*/(, r) prove that /Or)=s.t?+l/a\ 

6. Tho readings on two thormometors, one Centigrade, the other 
Fahronhoit^ immersed in a basin of water of uniform temperature, 
are' 3^, rcspoctivoly. If ^*=/(.r) prove that | (.t?- 32), 

7* A I) is the cliainolor of a fixed semicircle. P is a variable point 
in ABi and somiciroloB are described on AFj PB to lie within the 
fixed Bomicirclo, A variablo circle, radius y, touches the three 

Bomicivclos ; it y=f{x). Prove tlmt /(•'g)= 2(X-c^+W 

wliQi’Q AB^a, / 


8, A , P, Oi 1) arc tho vortices in order of a quadrilateral, where 
a constant, AO—BD=h^ a constant. If BO— a: and 
AJ)^2/> y ^ function of say f{.v). Prove that 


82. Rough Form of a Graph. Polynomials. When we only 
wish to discuss tho variation of a function in its leading 
feaim’os. it is dcsirablo to be able to determine the shape 
of tlio graph rapidly. It is easy in certain eases to draw 
quickly tho rough form of the graph; the following 
examples explain tho method. 

I. y=(x-l)(x-2). 

(1) Note tho Koros of tho function (a!-l)(a;-2). 

(a) When a! = l, y-O- Mark A on the diagram 

^^^'hon ft! is a littlo less than 1, the factor (a— 1) 
is small, and therefore (a>-l)(!B-2) i.s small and 
has tho flign ( - )( - ) or, on the whole, ( + ). Mark 
jj roughly on fclio diagram. 
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When is a liiUo gi'eater than 1, the factor 
(ft) - 1) ia small, and therefore (oj — l)(ft}^ 2) is small 
and has the sign ( + )(•“) or ( — ). Mark 0 roughly 
on the diagram. 

(b) When ftjs=2j j/^0. Mark D on the diagram, 

Whon ft) is a little loss than 2, the factor (ft) — 2) 
is smalh and therefore (ft)— l)(ft)— 2) is small and 
has the sign (+)(^) or ( — ). Mark E roughly 
on the diagram. 

When ft? is a little greater than 2, the factor 
(ft) — 2) is small^ and therefore (a) — ■J)(ft) — 2) ia 
small and has tlm sign (+)(+) or ( + ). Mark 
F roughly on the diagram. 



Fw. 71. 


(2) Note the intercept on the y-axia. 

When ft)— 0, J/ — 2, Mark Q on the diagram. 

(3) Examine the function when co is largo. 

Whon ft) is large and positive, (a)-l)(ft)— 2) la 
large and positive. Mark UK roughly on the 
diagram, 
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Wlien 0) is largo and negative, (oj— !)(«?— 2) is 
largo and positive, Mark LM roughly on the 
diagram. 

(4) Mark soloetcd points on tlio diagram to give what 
precision ivS desired to the trend ol the grapli. 

When 0)— I'S, i/ — 0’26. Mark N, 

When 0 )= 0*5, y— 0*76. Mark P. 

When aj - 2^5, y - 0*75. Mark Q. 

Whonaj = 3, y— % Mark P. 

(5) Finally join these parts of the graph by a smoothly 
running lino. It is obvious that there must be a turning 
point between A and P, and it must be near iV‘(l‘6, — 0'25), 
At a later stage we shall be able to fix the position 
accurately. 

All that need be written down preparatory to drawing 
the graph is the following table : 



1 

1- 

l*h 

2 

2^ 

2 + 

0 

4- CO 

B 

1*5 

1 H 

0*5 

2*5 

3 

V 

0 

0+ 

0- 

0 ' 

0- 

|o>h ' 

1 ^ 

H-co 

j-|-co 

-0*20 

0*75 

0'70 

2 

giving 

""'r 

B 

a 

IT 


-y 


JIK LU 

~V~" 

P 

<2 

R 


The symbol 1— moans a number a little loss than 1, 
wliile 1+ means a number a little greater than 1 ; 2 — , 
2 + , etc., have similar meanings. 


JJx. Skotcli UiG rough forms of the graxihs of 
(i) \ (ii) y^x{x-’l) \ (iii) ! 

(iv) ; (v) (vi) 

II. y = x(x-l)(x-2). 

Construct the following table : 


.V 

0 

0- 

0-1- 

1 

1- 


2 

2- 

2-K 

\ CO 

— 00 

0*5 

0*5 

1*5 

2*5 

V 

0 

0- 

O-H 

0 

0-h 

B 


0- 

OH- 

-hco 

- CO 

Fo 

0*dl 

(R 

1*0 


giving A B G D Js} F G IYk'LM nF Q R B T 
of Fig. 72. 
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It is obvious that there reust bo a turning point bofcwoon 
A and D, and another between D and G. 

Ex. Sketch the rough forma of tho graphs of 

(i) ^=t{.f-l)(.r-2)(.v-3) j (ii) y=(«-2)(.i,’“ 3)(.«- 4) ; 

(iii) y=(2-ir)(a!-lX.'r-3) ; (iv) -.•»(.-» 2) ; 

(v) i/=i»(i»+l)(.v+3) i (vi) 1). 



Pia. 72. 


III. y=:x*(x— 2). 

Construct the following table ; 


X 

0 |o-[o+ 

2 

2-i 

2 -h 

+ 00 


1 1 

1-2 1 

VA \ 

Of)' 

2-a 

2/\ 

0 jo-|o-j 


0-1 

04* 

4-00 

- CO 

T j 


rs j 

o-gj 

1 


giving A B 0 D E F QII RL M N P Q ft. of" Fif{, ?3. 

Note the points JIf, N, P required to get ovoji ji, roiiffh 
notion of tlie dip of the graph. There ia obvioualy 4 i> tuwi- 
mg point between JV and P. 
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We consider some simple cases. 


83. Graph of y2=f(x). 

/*Cc53) being a polynomial, * ■ — > 

To caoh value of: » there are fc^o values of i; which are 
marnovieally equal but arc of opposite signs; the a:-Sis is 
fcUereroro an axts ol symmetry, so that fn calcidatiS co- 
ordinates wo need only attend to one value of y ® 



I or y“±*y(x®). 

If flj ia negative y will bo imaginary; there is no part 
oJC tho curve, UioroWo, to tho loft of the y-axis. The 
values of arc easily calculated for a series of values 

O, OT, 0'2, ... of co; the curve, which is called the semi- 
OTiblcal parabola, ia shown in Fig, 74. It consists of two 
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branches OA, OB, and the aj-axis is a tangent at 0 to hath 
branches, 

A point such as 0, at which two branches OA, OJLi liavo 
the same tangent, but beyond which they do noi jfcCfin, is 
called a Cusp, 

The graphs of y^^of, whore n i,s a positive odd intopfor 
greater than unity, have all a cusp at the origin, tho (C-axia 



being the tangent there. The graph ot y^^ce htm not ft 
uiisp, 

II. y*=x(x-i)(x~.2) or y*=±V{*(*~l)(3c — 2 )), , 

First draw the graph of: 

/=2/i or y<=^±s/yi. 

The graph oF y^ is shown in Fig. 72. 
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I£ is negative, y will be imaginaiy; hence wo need 
only consider the values o£ x that coiTe.spond to the part o£ 
the graph (Fig. 72) between * = 0 and a: = l and the pai’t 
from a: =2 onwards. We see at once that the rough form 
of the graph con.sists of an oval lying between k=0 and 



05=1 and an open branch from «=2 onwards. Tlao curve 
(Fig. 76) is now drawn from the following table: 



III, y‘-*=x(x--l)‘'* or y==±(x— l)7x, 

If (D is negative, y is imaginary. Lot us take 
i/,=(a>-l)V®, 
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and plot the part ol! the curve corresponding to tHiei 
equation. 

i/j=0 when a:=0 aird when 03=1. When as is a pi'opw 
fraction, is negative; when on is greater than unity, ?/i iw 
positive, and y^ now steadily increases as as inoroasos. Wo 
give the table : 


X 

0 

0-1 

0‘3 

0‘6 

0'8 ! 

1 

r2 1 

1*5 

I ^ 

2*n 

[■r 

1 

Vi 


-0‘28| 

-0'38| 

-0‘35 

-0*18 

0 

0'22 

0*01 

[r4i 

2!J7 



Pm. 70. 


Plotting these points, we get the part OABQ of Wi tr. 70 : 
the part OA'BG' is the reflexion of OABO in fclio 
and may be obtained by plotting the points dorivotl frmii 
Uie above table by changing the sign ol each orclijiato, 
ine 2/-axis is a tangeui 

It is obvious that as oJ increosos from 0 to 1; 2 / can not 
possibly become as largo as unity; in fact, tho UiAo 
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upper limit to the value of v 
X’lio ciu'vo, therefore, must have a loop such as OABA'. 

A point Riich as B, at which two branches of a curve 
cr>oaH, ia called ti node, 

*Tho rough form of the gi^aph may also be readily ob- 
ta.inccl by hrst graphing y=x{x-lf by the methods of 
§ 82 and then marking roughly the points whose ordinates 
arfo tliG acpiare roots of the positive ordinates of this graph. 
In tlio sauio way we see from Fig. 73 that the graph of 
=oi^{x—2) consists of the oi'igin and an open branch 
Er'om a) = 2 onwards. An isolated point, like the origin in 
tliis ease, ’whoso coordinates satisfy the equation of the 
e\irvo but in whoso neighbourhood there is no other point 
o£ the curve is called a conjugate point or an isolated point. 

EXERCISES XXII. 

Tnico tlm rougli forma of tlio {ifraplia of fclio following eqimtionsj 
plotting ft fow olmHon points to givo some jDvecision to tlio graplis : 

1. -2. 2, (2;i?+l)(.v-l). 3. 2^=(,r+l)(2-^‘), 

4, ?y«=(2.rH-l)0 6, 7/=(.r+l)(.r®~l). 0. ;}/^.v{.v—iy, 

7 , I/ » (,w 'V !)• 8, yy — (2 - a?). 9 . y = - .<5; (a* + 2)2 

lOi 11. y— 12. 

13. 14, 16, 7/=(A’~l)2(iJ?-2)2. 

16. 17. ?y 2)(^ 3)(.r- 4). 

18. 19. 20. ,t^(.3;-l). 

21. 1). 22, 3), 

23. 25, 

26, Tmeo in tlio samo dingratn tlio graphs of 

y a ^ ^ jiticl y® = 3^^ 
ctncl dorivo from yonr graphs fclioso of 

and 

27. 'J.'raco tho gmphe of tho following equations : 

(i) y« riW(l 5 00 y— » 

(iii) y«« ^ir^/(2aa;-P^^’^) when 3 and & has the values -4, -1 
O, <LS (iv) 2 /- */>;{(.«- l)(.v-2)}! (v)2/=±Vi(®-l)<^-3)li 

(Vi) y=±V{(-'»-l)(6-2-«)}- 
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GHAPTBU XT. 

BOUGH GBAPHS OF RA.TIONAL FRACTIONS. 
FREEDOM EQUATIONS. 


2 ' X 1 

84. Graph of y=j^. Construct tho followhiff tttblo : 


1 

x ' 

2 

2- 1 

2+ 

1 

1- 

1 + 

0 

Huiall 

V 

0 

0 + 

1 

0- 

1 ^ 

-00 

-[* CO 

-2 



ABO D,j!! Fa UK L NoloO) A 


A' j largo 

^2 

1/2 

IM 

3 

y j - 1 + 1/a? approx. 

-4/3 

-3 

IT) 

-i/a 

NotG(ii) 

T 

IT" 

F 

Jl' 


From this table Fig. 71 has been drawn. 

The curve is a hyperbola. 

N ote (i). If an approximation to the value of a nui ruu’ietil 
fraction, say 237/lS[)2, is wanted, wo <livide 2J17 by 1802, 
getting 0T252..., and wo retain one or more oC bito flrai 
figures O'l, 012, 0'126, ..., according to tho <lof^roo ot 
accuracy required. In tho given fraction tho ii^iivosi oj 
numerator and denominator are arranged in blio ojtlor 
of importance ; thus 2 is tho most important njgvT.vo of the 
numerator and comes fiv.st, but in tho denominafcoi.* 2 is Uw 
least important and comes last. In tho fraction (2 ■— co)/!®. 1 J 

the numerator is, when « is sTTudl, already arransyorl in the 
order of importance of its terms, but tho denominator mmi 
be written in tho form — 1+», so that tho most i»uporUv«t 
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fcex'm — J coino lirsfc. II avg divide 2 -^;k \)y the 

fow tovins will ^ive an approximation to the fraction 
Wlieu it) small. In gonomh when x is small the numerator 
*x-nd donominator of a fraction, ai^ranged in ascendimr/ 
powers of will give by division an approximation to the 
f vacbiou ; tho i^’OCghs is called Aacending Oontiiiued Division. 

Carrying out the division of S — £0 
— l+a; as indicated at the side, 

\v^ find as an approxiinatiou 

jy =; --2— 

It will he soon that the exact 

vnliio of y 


2-2.1; 


0? 

jc — 


0:^ 


XT 


so tliafc wo can in any given case determine the degree oC 
ixccuvacy in the approximation, 



loobh aides ot X, becanae is io»b 
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every small value o£ whether that value he positive oi- 
negative. 

Note (h). When x is large wo write the fraction ii'^ 

form — so that both in numerator and in donoinint^tov 
a) — 1 


the moat important term may come first, and, if wo 
divide, the lirat few terms of the quotient will givcJ Uii 
approximation to tlie fraction when x is large. In thif^ 
the division must usually ho continued till one term al> 1 
of the quotient contains x in a denominator. In 
when X ia largo the numerator and denominator of a 
arranged in deacendwfj powers of a?, will give by divi*^iOl^ 
an approximation to the fraction; the in’oeesa is ctvllccl 
Descending Continued Division. 

Carrying out the division as indi- f 

cated at the side, wo find that / i ^ ^ 





is an approximation to the fraction 
when 05 is large. 

When X is positive^ 




■ 1 ; 


-I I 
-M-' 


1 



tlieroEoro, on the far right (PQ in the diagram) the 
appears above the line MN, whose ordinate is —I. 
When X is negative^ 

y=-i+i<-i; 


05 


theroEore, on tho far lotb (JJjS in the diagram) the 
appears below the line MN. 

1 

The approximation y = — 1 + - shows that if a point ti*n,V 

along the curve past P, then Q and so on, tho poiii fc w'l 
come closer and closer to tho straight lino MN"', sirntltwl 
if it travel past 8, then ii and so on. MN is oallocl i 
asymptote of the emwe. DN is also an asymptote. 'X'] 
following is tho formal definition of an asymptote. 
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Definition. A straight line MN is said to he an asymptote 
to a branch of a curve which goes off to infinity, when the 
distance of a variable point on the branch from the line MN 
tends towards zero, as the point moves to an infinite distance 
along the branch. 


OoR. 1. 


The graph of • v 

24- . 


may be derived from the 


graph oE V intorchaiiging the axes. 


Cor. 2. The grapli oi y — positive) may be 

2~x 

derived from the graph of y ~~ — j by substituting the 

abscissae a, 2«, etc., for the abscissae 1, 2, etc., and the 
ordinates a, 2«, etc., for 1, 2, etc. Indeed, the grapli oE 

y =- — ? is the graph oE y = reduced in the ratio 

(B-l ® ca~a 

1 : a. If a were negative, what would bo the relation of 

the graph of y to that of y = ? 

° aj—rt <B— 1 


86. Graph of y=- 


■3xH4 


(1) .Examine the zeros of tho function. Put 2 / =0 ; 

then 0 — a>® — 3a!® + 

or 0a=(a)+l)(a!— 2)®, 

so that 2/=0 when »= — 1 and when a!= +2. Mark A, D 
on the diagram (Pig. 78). 

Now 


^^+J)(a!-2_)® 

y-~ ■ " 2 “ “• 


•( 1 ) 


When ai=~l — , 2 / = 0 — . Mark B roughly on tho diagram . 

Whena!=~l+,2/-0+. » 0 „ „ 

Whenoj^ 2— ,2/=!0+. „ JH „ „ 

Whena!= 2+,2/ = 0+. „ F „ „ 

(2) Examine the appearance of tho graph when o) is 
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small. If we sfcavfc with equation (] ). wo mxist nso Aftcoiicling 
Continued Division, and we should obtain the lovni 

4. „ , 4 

™ a/=-^2 appi-’ox- 

When(e=0, 2 / = oo. 

,When a;=0— ,T/=+«)- Mark GH rouglily on the tl iu.^min. 

When a; =04-, 2 / =+ CO. „ KL „ „ 



(3) Examine the appearance of the graph wl\oi\ rtj is 
large. 


By Descending Continued Division applied to 




we have 




8!b*4-4 




Draw the lino = « - 3 , 

When a! is negative, ,i/=(a;_3)-|-, Mark MN roneJily on 
the diagram. 

When 03 is positive, 2 ^=(a!-^ 3 ) 4 ., Mark PQ roxisEhly on 
the diagram. 


(4) The trend of the graph is now apparent, trivo 

some precision to the graph, iilot tlio points B, S, T. If, K W. 
Draw a smooth line through tho points A ... IV. 

All that needs to he written down is tho following tabloj 
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Fig. 70 . 


86. Graph of y = 


x®(x— 2) 


■(x+l)*(x-iy 
Tho following table shows tho gonoi’al trend of tlio graph : 


IV 0 0 - 0 - 1 - 2 2 - 2 + 


1- 1+-1-1--1+ livrgo 
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The plotted points 


.V 

--4 

-3 

-2. 

-Of) 

O'O 1 I'D 

3 

V 

2*13 

' 2’81 

1 

0'33 

1-07 

0-33 j j 

0‘2H 


give the graph as shown in Fig. Y9. 

87. 

Fivab draw the graph of 
as in Fig. 79. 



^henf^ViOri/=.±^y^. 
be positive, so that there 
between ccal and !c=2. 


For real values of y, -t/i rouBt 
no part of the grapii of y 
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Tlie trend of the graph is easily soon. The plotted 
points 



•^4 

-3 

^2 

-IT) 

*-0'5 

0 

0T> 

2 

3 

4 

V\ 

2-13 

2-81 

5^33 

T2-()0 

1-07 

0 1 

0'33 

0 

0'28 

0‘43 

y 

j:r4a 

d:LG8 

n-( 

« 

61 

-H 

:l:aT.r. 

4: 1-29 

d: 0 

-J;0'f,8 

±0 

J-0T)3 

tL- O' 00 


then give Fig* 80. 

88, Solution of Simultaneous Equations. Tho following 
example illustrates sonic nietliods of procedure. 

Ex, Solve tho sinmltaneous oquations 

,v8-.17/=2, (1) (2) 

g 

First, grapli tho oquation or 


.17 

O-h 

0- 

+ largo 1 

“ largo 

y 

- CO 

q-00 


.r-t‘ 


gives tho trend of tho graidi ; tho ailditional vain os 


.17 

■ 0*7 

0'« 

1 

! 2 

3 

1*41 

?/ ' 

-2-10 

-17 

i 

i ^ 

2 '33 

0 


81. 


give tho grajih as in Fig. 
oquationa and 

Noxt, grapli tho oquation ?/-h.iy/s=S or .r 


Tlio asyiuptolos aro givon by 

y 


- largo 


-“y-, 

givoa tho trend of tho grapli ; the additional vahiofl 


y i 

0-8 

1 1 

2 

3 1 

173 

1 

,v 

2'D5 

2 

-0'/) 

-2 

0 


Tho table 


y 

0-i- 

0- 

iV 

"h 00 

- CO 


+ largo 
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givo tlio grapli as in Fig. 81. The asymptotes are given by the 
ec^uabions 7/ -h A? = 0 and = 0. 

The Bolutious, being tlio coordinates of fcbo points of intorsccfcion of 
the graphs, aro bhoreforo 



Fig. 81, 


If wo multiply equation (1) by 3 and oqiiabion (2) by 2, and then 
aubtmet, W6 gob 

— 2;/^ = 0 or (3,^-f y)(A’ - 2?/)=»0 .(3) 

The interseobions of 3a?-hy=5i0, and either (1) or (2) givo solution a. 
Also the infcorBections of (shown in diagram), and oibhorQ) 

or (2) givo solutions. In fact, the solutions of (1) and (2) are tho 
same ns the solutions of 

— A7/ = 2 

or of 


I 3a?+3^=0 


and 

and 
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EXERCISES XXIIL 

Trace bho rough graphfl of the following oquatioiiH, plotting a few 
points to givQ some precision to tlio graphs ; 

1 . y-- 2 . ;/=- 5 . 3 ,?/=^. 4 . 2 /=^-, 


5, 6. 2.^vy-A’-3^'^2=0. 7. 

8. 2.v,y-«+y+2=0. 9. ?y=l-|-“. 


10 . =.«+-•• 

I* 

13 . 

16. 

19. 

21 . 


11 . 

14. //=■*’+!}• 
17. 


12 , -f*- 

16. .y=.t-i. 


18. 


20, 


.-(iirjKilirl) 


r" 2 

Provo that, in Ex, 22, y ^ ,v + “ is tho approximation wlion w 


23 V- _^i--. 24 

^~(.i-2)(.»;-3) ^ .v-2 


26 . 


26. (i) when a is po.siUvo, (ii) when » is nogalivo. 


.iHx- 1 ) 


27. 


28 ' 


30 »/»= 31 

^ (,B+l)(.r.'-l-2)‘ a-a-l ■ 

(y-^' •’' (y-i- !)(.!/“- 4) 


28 . 

32. 


35, Graph on tho samo diagram tlio following equations i 

(i)y’*=^ (ii) (iii) 

and uso your graphs to dorlvo thoso of 
(iv) a!2=i, (v) (vi) 

36. Graph tho following oquations j 

(0 Hi) , 
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37. Trace the form of the Conchoid from its equation 

±£Zi*0 

■> ~ (x-ef 

(i> when h<e, (ii) when h—c, (iii) when h>o. 

38. Trace the form of tho Ciastnid from its equation 

^ a-.r 

39. Trace the form of tho Witch of Agnesi from its equation 

.'i*(a24'y^)=2a^ 

40. Solve tlio simultaneous equations : 

(0 4A‘^-6.?;y+3=0j 9?/— 6.w/ = 4; 

(ii) 4'r^-8?/-7, 

(iii) (?/4-2*V'-'3)(//-«.^’+l)::tsO ; 

(iv) ; 

(v) 

89. Freedom Equations. In this article we show how n 
curve may he drawn when its froodom equations are 
given, 

T t 

T’irst draw the graphs of etj^Yqr^ 

graphs in Fig, 82 were drawn by the methods of this 
chapter according to tho following table : 


t 

4: 3 


±l 

0 

largo 

mnall 

X 

-0*8 

-0*6 

0 

1 

-l+2/j:« 

i-ai* 

?f 


+ 0'‘l 


0 

Hi 



A rough grapli of y, considered as a function of can 
now bo quicTcly drawn by observing from tho above gi:aph8 
how ^ and y simultaneously vary os i varies from — co to 
+ 00 . Tho graph in Fig. 82, showing the variation of y os 
a> varies, was drawn by noting the general trend of tho 
variation of y as o) varies, and plotting certain cliosou 
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11. a}=t{t~l), y=^t{t + l). 

The graph of is shown os a full line, and the 

graph of i/=t(i+l) a.s a clotted line in tho diagram of 
Fig. 83. Tho following table shows the trend of the 
», y graph ; 
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This process is called elimination, and wo are said to havo eliminated 
& between tho two given equations. 

Ex, 2. Eind tho points of intersection of the graphs specified by 
tliQ equations .v=t{l-l), 0) 

+ ( 2 ) 

We require that the equations 

(3) 

(4) 

should hold simultaneously. 

From (3) and (4) or 

Eenco, from (3), 


i - 1) s= 2^ - 2, z,€, - 3^ + 2 = 0, ic. t «= 1 or 2, 

Hoiice, from (1), .^^-0 or 2, ?/=2 or G, 

so that the points of intorscelion aro (0, 2) and (2, G). 

Noto, We might havo expressed equations (1) and (2) as constraint 


equations, viz. 

- 2.17/ H’ 7/“ - 2.?; - 2?/ « 0, ( F) 

2.v--7/+2«=0, (2') 


and then solved (1') and (2') as siinultanooua ecpiationa. 

Freedom equations almukl bo translated into constraint ociualions, 
if tho latter can bo readily found and handled. 

Ex. 3, Provo that the constraint eejuation of tho graph specified by 
1 — t 

is 

Ex, 4. Prove that tho coordinates of tho points of intorsoetjon of 

1 •*- ^2 I 

- 2+7«, y =J - 

are (0’8, 0'3) and (-O'G, 0’4), and that the corresponding values of i 
are J, 2 and oC w, | and j. 

Ex. 5. If .v- Vt cos a, y — 1 7 sin «. - where F, a, g aro constants, 
draw the graphs of cc and y considered as functions of and then 
draw the graph of y considered as a function of !i\ I'ho values of t 
may bo vesbriotod to tho range from t^O to ^=^2 I'sin a/r/. Find also 
tho constraint equation of blio curve. 

EXEEOISES XXIV. 

1. Draw tho graph showing tho variation of y as x varies when 
What is tho constraint equation of tho graph ? 
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2. Draw to y axes the graph of 

inahing the form near the oHgiti quite olear. What is tho consti'aint 
equation of the graph ? 

3. Trace the graphs of 

(i) a'=(<^l)(«-3), 

(ii) .«=«(< -2), 

4. Trace the graph of 

What is the constraint oqimllon of Uio graph? 

6, Trace the graph of 

and find the constraint equation. 

6. Trace the graph of 

and find the constraint equation. 

7. Trace the gm})h of 

and find the constraint equation, 

8. Trace the graph of i 

, 2i! 

and find the constraint equation 
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CHAPTER Xn. 

IRRATIONAL FUNCTIONS. 

90. Graph, of y=x— li:2v/(x— 2). In §§ 83, 87 some 
oquatioua of the Conn ?/-*=/(a!) ■vvoro cUscuasod; in this 
cluiptor wo shall show how iho general sliape of cxirvos 
given by equations of the form 

y~ax+h±y//(K) or (y-ax-hf=f(x) 
may bo obtained when /(m) is of a simple typo. Wo begin 


with the equation 

y=x-l± 27 (x- 2 ), (1) 

wliieh may bo expressed in tlio forma 

(y-(c-l-l)“=4(®-2), 

cc® — 2*2/ + 2 / "• 6a; -b 21/ H- 9 = 0 (2) 


From equation (2), by arranging it in powers of y and 
solving tho quadratic so obtained in term-s oC (S, wo derive 
equation (1). 

First draw tho grajih of 2/1 — a;— 1, tho line AG in Fig. 84. 

For real values of y, tho values of a: mu.st bo equal to or 
greater than 2. Mark on tlio lino AG tho points A, B, 0, 
D, JS, F, whoso abscissae arc 2, 3, 4, 5, 6, 7, 8, ; then 
tho table 


.1’ 

2 

1 ^ 

A 

r> 

fi I 

7 

8 

±2»/(.r-2) 

*0 

1 rl-2 

rl:2'8;j 


:hA j 

:l:4'47 



A lih Co M Eo Ff Gs 

Mb' Co' , JM' Ee' Ff G^ 
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gives the points A, h and h\ g aud c', ♦.« on the cunvo hy 
the following rule. Bh and Bh\ Oo and arc 

whose measures are +2 and —2, +2*88 and — 2*8S» . . . , tlioao 
numbei’s being obtained from the second row and from the 
same column us contains the stops ; thus, Jib ^ + ^ and 
56V 2, To plot the point b move 2 units iipwarclft from 



lUQ. 84. 


5, and io plot 6' move 2 units downwards from fi, and 
?P The two steps from A arc both zero, so tluvl A 

itsell IS on mivvn 


. Mote (i) that «!=2 is tlio taugoufc ab tho (2, 1) 

7/=»«!-l bisects all cJiordB 

parallel to the y^axis. 

The curve is a parabola and AQ is a « diainotor ’’ of tlio 
parabola. 


§§90, 91] 
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91, Graph of y:=^— l±7{(^"^2)(x + l)}. If y is real, 

the product (ft)--2)(a;+l) must bo positive or zero. Tlio 
graph of (rc — 2)(a5+l) is a festoon cutting X'OX, whero 
— 1 and whore 05=2, and therefore 05 cannot lie between 
— 1 and 2. (A very rough sketch of tlie graph of 
(03 — 2)(a5+l) or a mental picture will show at once that 
the ordinate is negative for values of a) between —1 and 2.) 

Draw the graph of — 1, the lino HD in Fig. 85. 

Mark on ED the points A , /i, G, D, , . . E, F, Q, wlioso 
abscissae are 2, 3, 4, 5, . . , — 1, — 2, — 3, — 4, , Tlion tlio 
table 


.V 

2 

3 

4 

Tj 


-1 

-^2 

^3 

~4 


±0 

H -2 

d:3'lC 

±4-2.1 


d :0 

d :2 

d:3‘lG 

-i-4‘24 


A m Co m ... Ko Ff Q(j Ilk 

BU Cd DeV Ed Ff QiJ IW 


gives the points A, h and h\ c and g\,,, on the curve 

(Fig. 86). 

I'lie equation may be written in the iorms 

=(®"’2)(a!+l), 

15a;2+ 8 £C 2 / - 16?/” - 8 ai - 32?/ - iS = 0 ; (1 ) 

Irom the second oE these forms tho given equation may ho 
derived hy arranging it as a quadratic in y and then 
solving for y in terms of ». 

Note (i) that ai = — 1 is tho tangent at the point ( — 1, — J) 
and IB =2 tho tangent at tho point (2, — (ii) that 

(0 t 

?/ = j— 1 bisects all chords of tho curvo parallel to tho 

y-axia. Tlio curve is a hyperbola and TW is a “ diameter ” 
of tho hyperbola. 

Tlie expression on the loft side of equation (1) may 
by a factorising process bo written 

( 6 a) — 4?/ — 6)(3a} + 4i/ + 2) — 36 ; 
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hence the equation of Uic hyperbola may bo expressed in 
the form (5^. _ 6)(3»+4y + 2) == 36 (2) 

The asymptotes of the curve are the linos 

Soj- 4.-1/ -r 6=0, ^x+i^y+2^0; 

they are shown in the diagram. 


pii-illllBi 

i 

m 

iiSi 

pll SiliKH 

I 

In 

nllll! 

■9 

m als! i [shsil 

iS§ 

B88888B888SB 


|gfi£:3Sfi8S88S§S388:fi9B8: 1 

IpiB 

isHpiniis 

PiP:SiBBilF|i:l 

|]Q8»lB»SB9S9ilB»gBB8B 

PMn 

^i||| 9 l 

bliillilili 

iiilillUs 

|gi883KS8i3:|Bj[|»:u|[ 

IsSBilsIlllilBfSBBB^flSi 
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92. Graph of y=:|-l±7{(3^+2)(6-x)}. If y is real, fcho 

product (ftj+2)(6-'a;) must bo positive or siovo. The graph 
of (cG+2)(8--flj) is an invoviecl festoon cutting tho a;-axis 
at t»=5 — 2 and aj=6, and therefore x must lie botwoon --2 
and 6. 


§§ 91 , 02 ] 


ellipse. 


Mafk on AK Uio points A, B O T) tp jr \ 
nlxscissao aro -2. 0, 1, 2, ... 6. Then thf table ’ 


Biy Co' Ld' Ed Jr cf^ % 

KiyoB the points A/6 md h\ c and o'. ... on the curve 
J lio cijuatiou may bo written in tlie forms 

(2/~|+iy = (a} + 2XC-ffl), 
fjOJ* " Acpy + 4y 8 — 20.r + Sy _ 44 _ q. 



X^io, SO, 


Note (i) that — 2 is tlio tangent at the point ( — 2^ ^2) 

and aseaO tho tangent at the point (6, 2); (ii) that y^^—l 

"bisects all ohorcls of tho curve pai’allel to the 2 /-axis. The 
ovii'vo is an ellipse and AK is a "diameter” of the ellipse. 
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93. Graph of y=5-l±7(xHx4'l). If y iarcal,iV®H-«!+' 
A 

musfc be positive or zero. The graph of is 

festoon which does nob cut the aj^axis, and thoreforo 2 / i 
real for every value of jb. 



Draw the grai)h of the lino Ali" in Trig. 

since y is real for every value of <b the curve oxtendf 
two branches from left to right, one above AF and 
other below AF, 

Mark on AF the points .4, B, 0, D, JU, F, whoso ctbaoii 
are —3, —2, —1, 0, 1, 2, Then the table 



--3 

-2 

-1 

0 

1 1 



S-2-OBI 

±1*73 

tbl 

±1 

±1*73 



Aa Ab Co Dd JSo FT 

Adi Bb' Co' Dd' Ed 2^ 

gives the points a. and a', b and on the curvo. 
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The equation may he wiitten in the forma 

(;!/“2+1-) =*"+«+!, 

3a3®+ 4a;?/ — 4?/® + Ba; ~ Sy = 0 (1 ) 

oa • 

iiToic that ?/=^ — 1 bisects all choi-rlsof tlie curve parallel 

to the jy-axia. The curve is a hyperbola and AF is a 
“diameter” of the hyperbola. 

Equation (1) may by a factorising process be expressed 
in the form 

(3a;-2?/-l)(3;+2?/ + 3)=-3. 

Tlic asymptotes of the hyperbola are the lines 
3a;— 2?y — 1 = 0, x+^y — ^ — 0\ 
thoso linos are shown in the diagram. 

94. Graph of y is real, x must not 

lie between 1 and 2. 

Draw tlio graphs oi the two oejuations 

then y=yi+y%, 

and any ordinate oi: the curve ia obtained by adding 
(algebraically) the corresponding ordinates and y^. A 
sketch oi: the curve is shown in Fig. 88. 

Some of the details oi the graph wore obtained as follows : 

(1) o largo, By Descending Oontimiod Division 
x-l . , 1 

and by the ordinary process of extracting the square root 

Hence, approx. 

V 


a,A,Q. 
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The lines y=x->rl and arc aaynipbokoa; tho 

graph appears above ^^aJ+l to the Jar right and Ijolow 
to the far left, but appears below y=a}-l to tho fav right 
and above to the far left, 

(2) i/=0 when i-hftt is, when 

2)=!B~-1 or ®+l — 0. 



Pig, 88, 

This equation majr bo solved graphically (soo 01 mp. XV.)l 
its roots are approximately — 0'80, 0‘B6, 2'26. 'niOHO givo 
the points whore tho curve crosses tho (S-axis, 

(3) The following table gives a unmbor of points : 







§ 04 ] 
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EXERCISES XXV. 


1, Graph the cqiiatiena : 

<i) Va' ; (ii) y=|±/s/Cf+l) ; (Hi) (4!/-.is)2=16(.'»~2) ; 
(iv) 4.r^"12.vy+%^— 4.v; (v) 

2» Graph tho eqmtion ^=iV-l±2Ay{Cr-2)(.r-l-i)}. What aro 
the afiyniptotoa of tho curve ? 

3. Graph tlio cq\i atiou «= - 1 4: 2 { (a* H- 2) (G - ,r) } . 

Pin cl the ocjuaLion (i) of the fliainotor lhai hi sects chords parallel to 
tho .y-axis ; (ii) of the diameter that hiHcots cliorcls parallel to the ^'r-axis, 

4. Graph tho equation 

+ G.ry - Oy/® Ax - 1 2 ?/ - 1 3 « 0 . 

rind (i) the equation of tho diamolor that hiaeeba chords parallel to 
the y-axis; (ii) the eciuation of the dianiotor that hisects chords 
parallol to tho .v-axis ; (iii) tho equations of tho asymptotes. 

0. Graph tho equation 

““ d- 2 .V - 0 ^ - 8 = 0 . 

Pind tho eciuation of tho diameter that Insects chords (i) parallel to 
tho y-axis ; (ii) parallel to tho .r-axis. 

For what values of ?/ arc tho values of .v equal, and what is tho 
nature of tho corresponding points on tho curve 1 


6. What values of y/ give equal values of x in tho following 
equations f 3 ^.a 4^.,^ _ 4^,2 + a® - 8^ = 0 j 

(ii ) 5.r2 - 4-1 ?^ + _ 5i0.r -h 8;/ - 44 = 0. 

Graph the equations. 


7. Draw tho curves given hy iho following equations : 

(i) 4.^'^* 4- 9/ = 36 j (ii) 4.^’2 -- 9/ 30 ; (iii) 4.^® -- 36 ; 


(iv) 5 +s=ii 



f ,v - 

(^0 


8, Simplify tho following ocpiations hy change of axes (§§ 48, 40), 
and then grapli tho equations : 

(i) (rH2.^+2y2^4y=::13 \ (ii) \ 

(iii) 4(^^)''+o('^)*«38i (iv) 4(.«+y)'>-0(®-y)«=72 j 
(v) 4(^-+y)2-9(;i;-.#= -72 5 (vi) J ; 


(vii) (.r-2j^+l)^q-(2,«+y+l)®=6 j 
(viii) 4(.^>-2^y+l)«+(2»+2^+l)*=20 j 

(ix) (iD-%+l)»-4(2«+y-|-l)»=20i 

(x) (« - %+ 1)5 - 4(2,t’ + 2 /+ 1)5!=!> - 20. 
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9. Qi'ftpli tlio following equations : 

(>) (ii) : (iii) 1 

(iv) y=.*±v'{(.«“l)(.«-2)(.t'-3)} j (v) (,S^--l) * 

(vi) y-a)^:^^]x \ (vii) ; (viii) 


10. Solve the following simnltaiiooua ct^uationfi, and vovify thg 
Rolubions by graphs ; 


2 -1- ?y!i) - 3*tjy s= 3.^’ -h 2?/, 

-> ‘Uy =Gcr-h3y/. 


({[\ I x^-rivy^2,f:^2x-'4yf 


0 »> 



Oil. xni.§€5] 


CHAPTER XIIL 


SUCGliSSrVE APPROXIMATIONS. 


95. Change of Origin. IC tt'uotj are rectangular 

axca, parallel rospccbivoly to Z'OZ, Y'OY, it lias been 
Bhown (§48) that the coordinates <r, y o£ any point P, 
rofon’cd to the axes through 0, are connected -with the 
cooi'clinatoH >} o£ P, referred to the axes througli u>, by 
tlio equations 

nj=/A-t-^, j/ = A;+>; ••• (l)i )j = y— /a ... (2) ; 

whoro h, h are the coordinates ot the new origin to with 
voloronco to the axes through 0. An equation can often 
bo simpUriod hy change of origin, and we shall show in 
this chajitor how a change of origin enables us to obtain 
more nceuvato graphs with comparatively little labour. 
'I’lio following examples should be carefully noted. 


Ex. 1. Bhow llmfc Ihe equation may by change of 

oriK'o 'w I’OtUieod to the form ^ . *1 

By tins pi'ocoHB of "cotnploting the square,” wo find that the given 

oquiilion may bo put in the form 


■44J- 


A a 


or 






2a/ 


Now lot y+-" 4 “=■»)• sefc 


^ ^ 4a ^ 

the oqsuitions ot transformation in the form 
and oompivi'O with oquntioiis (1), wo see that Lho coordinates h,Js of the 

li , 


now origin avo 




2t3t* 


X;- 


4a 


(3) 
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Tho graph of is cloarly the same curve as tho granli of y csax* 

if bo til curvoa aro plotted to tho same acaloR. Hoiico tlio gnipli of 
yissaax^-VhX’^’O is idontical with tho graph of except that it 

occupies a diftbront position with respect to tlio axes A'^OA', Y'OW 
Tlio sha]30 of the curve tho ref ore de]ieiids solely on tlio constant a. 

The graph of is a parabola 77), and tho //-axis is called 

the axis of tho parabola. AVhon a is positive the origin is tho lowc3st 
point, and whon a is iiogativo tho liighcsl ]>oiiit of the curves 
this point is called tho vertex of tho parabola. Iho graph of 
is thoroforo a parabola, and whon tlio equation Inis 
been reduced to the form tho now origin is the vortox; 

equations (3) givo tho coordinates of tho vortox referred to ilio axes 

x'ox.roY. 

When a is positive the euxwo is often called a fosloon,^^ and when 
a is nogativo an ‘‘inverted festoon.” It should bo thoroughly fixed 
in tho abudont’s meiiiory that tho curvo is a festoon or an in veiled 
festoon according as a ia positive or negative. 

Ex, 2. Show that (.r- l)(,r- 2) is positive or nogativo according na 
a does not or docs lio botwcon 1 and 2. 

The graph of (.r-l)(.r-2) ia a festoon which cuts tho .r-axia whoji} 
and where x—2; and thoroforo tho ordinate is negative botwooa 
these two points, but positive if the x of the point is not botwcon 1 
and 3, 

Ex. 3. Show that is nogativo whon ,v lies bolween 

1 and 2 and a is positive, but positive for tho same range of x whon 
a is negative. 

If a is positive tho curve is a festoon, but if a ia nogativo tho curve 
is an inverted festoon, and tho results follow as in Example 2. 

Ex. 4. If tho roots ct, j8 of the equation 0“0 are I'eal 

and unequal, show that, whon a is positive, tho expression 
is positive or negative according as ,v does not or docs lie between 
«. and j8, bub when a ia nogativo the expression is ]iositivo or nogativo 
according as x does or docs not lio hot woo n a, and (i. ; 

■When a is positive, the curvo ia a festoon which cuts tho ^?-nxla 
where x^cl and whore x^fj] wlioii a ia nogativo, tho curve ia aJl 
inverted fostoon which cuts the .r^axis at the saino two points* 

Ex. 6! Show that is positive for every real value of x. • 

Tho roots of aro imaginary j therefore tho graph ofl 

does not cross or moefc tho .r-axis. IJenco tho ordinate liai 
always tho same sign j whon x—0 the ordinate— 1, so that tho ordiimUl' 
is always positive. 1 

Ex. 0. Show that if tho roots of tho equation are 

imaginary, the expression cu’^+f^.v+o has always tho same aign iw 
0 or a, J 

Tho graph does not cross the t^'-axia, so that tho ordinate has always 
the same sign ; to find tho sign, pub x^O, Wlioii tho roots ad 
itnngintiryj a and c Imvo tho saiiio sign. , j 
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Ex. 7, If «, G aro in nacending oi-der of magnitude, prove that 
one of the roots of the equation 

—+•^+—==0 
a)-a w-b x-c 

lies between a and 6, and iho other botwoon b and o. 

Ex . 8. Pi nd the necessary and an fjiciont condi tion s that + 2 &.r d- c 
should have (i) the positive sign, (ii) the nogativo sign, whatever the 
value of A\ 

96, Shape of a Graph near a given Point on it, In thin 
and following articles wo shall show how to obtain rapidly 
fclie shape of a graph in the neighbourhood of any given 
point on it; wo begin with the graph of a quadratic 
function. 

Lot it be required to examine the shape of the graph of 

a; 

near the origin, which is obviously a point on the graph, 



Fia. 80 , 

We must examine the relative importance of the terms 
and wlren x is a small positive or negative fraction* 
Now when x is small, say 1/10®, is 1/10®, which is much 
smaller; the error in taking —o) instead of — x os tlio 
value of y is 1/10®, or just a little more tlian 01 per ccufc» 
of the true value of y. When x is 1/10* the error in taking 
instead of is 1/10®, or about O’Ol per cent, of tho 
true value; and so on, Now draw tho straight line QVQ 
(Fig. 89), which is tho graph of y = — os. 
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Near the origin the graph of munt lie close to 

Q'OQ, but does nob coincide witli QiOQ\ tlio only point 
fcliese two graphs have in common is 0. Further, 

— aj+.r®- — aj+Cposibivo quantity )j 
whether x is positive or negative. Hence the graph 

of yz=ix^—x near 0, is derived from Q'OQ, tlio graph of 
by drawing tlirough 0 a curved lino close to Q^OQ 
and above it on hoth sides of 0, as in Fig. 89. In bl\e 
figure, if OM^Xy i¥Q= -oJ, QP^x^y QP being thorofore a 
positive step, then (§ 3) 

J¥/^:=il/Q+(2P==^^a)+a)2; 

if OM'^Xy QT'=a;®, Q\P' being like QP a 

positive step, then 

irP'=iirQ'+Q'P'=:^rtJ+a;^. 

The equation y^-x k the closest apjwoximation of the 
first degree to the equation wliore (Q ia small, 

and is called the first approximation near tlio origin. For 
the sake of distinction, the y of the first aj)])rox inflation is 
often called y^y so that - — oi is then written as the first 
approximation to 1/= 

The Tcmgmt at the^ Origin. Of all straight linos which 
pass through 0, the line y = —a;, wliich is tTio graph of the 
first approximation to j/=: — cu+txjS, lies closest to tho curve; 
tins line is the tangent at 0 to tho curve. 

We thus see that near 0 the curve is a part of a fo>s^toon; 
the curve is concave upwards. 

If we want now to oxamino tho shape near any other 
point, say the point a>(l, 0), wm shift tho origin to this point 
by putting 1 + ^ for x and for iy, and then find the first 
approximation near tho new origin. Wo thus have 

The fii^t approximation is and tho curve p^top lies, 
n^r (*), above the straight lino q'wqy which is the graph of 


Tiio equation of the tangent at «), roforrod to the nev 
axes, IS ; to find ilio equation referred to tho old axes 

TO ramt pnt»-l Of f and y fof Tlow tl,„ o„uati““ 
tile taugont at (1, 0) to tho gi-oph oiy^ay-o; is y = 
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It is easj^ now to form a mental picture of the slaape 
near tlie origin of the grajih of the equation 

y^ax-^hx. 

The first approximation, which represents the tangent at 
the origin, is yy^hx\ the tangent has a right-hand upward 
slope if h is positive (like J/'cof/), but a right-hand downward 
slope if b is negative (like Q'OQ)* If ^ is positive the 
curve lies a6ore the tangent, but if a is negative tlie curve 
lies heloiv the tangent. 

To make himself <iuito familiar with the shape, the 
student should draw the graph for different positive and 
negative values of a and 6, for example for the values ±1, 
±2, ±8 of C6 and 6. 

Ex, 1. Draw the graph of iioiir tho point (3, 6), and show 

that tlio equation of tho taiigeut at the point is 

?/— 5 ^’- 0 . 

Putting 3^'^ for a? and G+tj for ?/, wo shift tho origin to tho 
point (3, 6). Tho equation bocomos 

6 + 7 ; =(^+3)^ —(^+3) or 

Tho tangont at the now origin is and tho curvo lios above 

tlio tangent near tho now origin, To return to the old axes, put ~ 3 
for ^ and y - G for 1 ] ; wo thus got 

7y-0=5:5(.r--3) or 
ns tho equation of tho tangont at (3, G). 

Ex, 2. Draw tho graphs of tho following equations near tho points 
indiciitod, and 11 nd tho ocpiations of tho tangonlB at those points i 

(i) point (2, 2); (ii) yn=:(a'“-2)(.V“3)i points (2, 0), (3, 0) ; 

(iii) y - (.V - 2) \ points (3, 2), ( - 1 , 0) ; 

(iv) y = 1 2.r^ - 3 .zj + 1 ; point (2, 3) j 

(v) 7y=(.r^l)(r-2)(.7;~.3) ; points (1, 0), (3, 0), 

97. Point of Inflexion, Consider tiro graph of tho equation 

Near tho origin tho first approximation is y——Xt re- 
prosonted by Q'OQ of Mg, 90, Tho grajih of y^x^^x 
near 0 lies close to QOQ, 

When X is positive, wo liavo 

y^ ^ 0 ?+ (positive quantity); 
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but when a) ia nogiitivo wo have, Hiixio ii;* iw now in'jgnlivOt 
— a;+a?*=5 ~-fcH-Owpt«'t,ivo (|UiinLity) 

= —(B — (poMitivo (inantily), 

Henco P'OP, fcbo gmpl) of av'~-a! iioiir tlio in 

derived from C^OQ by drawing a ourvod lino o.loso i.n Q OQ, 
uhova it to t]jo rigli't of 0 and hdinu it to t\io lofb m 



Fig. 90. In tho figure, if —m, QP 

being a positive atop siiico as i.s jicwilive, then 

if OM'=‘0, Jlf'Q'=! —0), Q'J>' iHting now a nogntivo 

stop since oi is nogafcivo, tlion 

JlfP'=jirg'+Q7»'« -(Dd-ft!* 

P'OP touches Q'OQ at 0 tviid also a’om’fi (/(fQ at 0, 
Tile origin is a Point of Iiifloxloii on bbo graph of J/ 

Oiiicl the tangent ih an Infloxlonol tangent (^ 77). 

The student should now work tho lollowinj^ so 

as to rccogniao at onco tho nliapo oi: a (in wo noai* a itohit ot 
inllexion. 

Ex. L !Dmw the gmpliH nour Llio origin of 

(i} 2.r j (il) ; (ill) j 

(iv) j (v) ;/ to j (vi) y < * 

(yH) 

near Uj0 

{A w* 
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0« ‘® a point of infloxion on the gx-aph of 

thill 2/=2.^•^-3ls the oauatiou of the inJlexional 

XJx. ‘1. I>m\v bho graph of 3/= »• - *■5 near the origin. 


98. Tlio Polynomial for Small Values of x. Let the polv' 
be written in ascending powers oi x; the ociuation 
is thbiK of the form 

jy = r t + 6a) + c®^ + dai^ 4- e® ‘ +/a)'’ + ^ 1 ) 

Take a doRiuto example, say 

1/ = 5 4- 2® — 3®* + 4®® + Sav*' (2 ) 

When ® = 0, 2/=!5; without netually shifting the origin 
to tlio point (0, 5), we can see that the Bust approxiinatimi * 
to ofpiation (2) when x is small is 

Mapp. 2/^ = 5 + 2® (3) 

I’ho err«)v in this approximation is — 3a’^4-4®»+2®'‘ ; the 
rutio oE the error bo the term in ® that has been, retained i.s 


— 3®®4-4a)^^^ 
' 


that is, — g !B + 2®2 + ®*. 


The error is therefore small compared with 2® when ® 
in small. 

'I'o ilnd 11 second approximation wo retain the term — 3®^ 
nnd write, denoting by j/2 I'll® second approximation, 

2nd app. i /2 -=B+2x—8x^=yi—3x^ (4) 

The error in this approximation is 4a)® 4-2®*; the ratio of 
the error to tlio last term retained, namely — Sx\ is 


4 ‘.b®+ 2 ® * 


tiiat i.s, 



The error is tlvorofore .small compared with — 3®“ when 
(t) is small. 


Biiiall valuus of x Iho value of « ia nearly 6 , and ive might therefore 
any Uiab y=^r, is Lite firat approximation; imt foi- owr purposes ive need 
iipni'dxiiiiitlioim that contaiii If wo shift tho origin to [0, 5) by putting 
£ iur iu and for y, tlio first approximation at the new origin is 

olivionsty t;rx 2 ^, (ioing back to the old origin by putting a: tor f and 
y '“fi for wo got or ^= 6 - 1 * 2a?, whioTi m equation (3>> 
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We can now sec what tlio shape of tlu'. (!nrvc is thci 
point (0, 5); see Fig. 91. A is the ]M)iut (0. h) ; ,/MO la 
the graph of the first approximation and is the tiingniit at 
A\ DAE ia the graph of the seecaid upproxinintion wliieli 
is part of an inverted festoon and is coiivox iipwarda, lying 
below BAG on botli sides of .<?1. 

Close to A tho graph of (:!) cannot diller niuidi li'om 
DAE-, tho difference EG, for e.xainphi, botW(a>n Llin ordb 
nates of G and E, when a; is tlio abscissa of each la 

and, as wq have Hccn, Uic sum oC ilie iu ( 2) Unit 

follow is small compared with wlnni x ih mu nil I, 
The corresponding^ point on the graph of (4) inust Uu'sniioi'cj 
lie below G close to IH. 



FiO, 01. 



Consider now a case in which equation (1) (lOutaiiiH ii< 
term in x\ but docs contain a term in that in, 
d=\-Q, Take for instance ’ 


jy 5 + 2iv + .(6? 

Near (0, 6) tho first approximation is tlio sanio an hofom 
but there is now no term in a?- to givo uh an appvnxiniatioi 
of tho second degree in no Hocoud approx iimitioij 
The graph of (5) must therefore, near /I, ]i(i iniuih ciloHoj 
to BAG than DAE docs. Denoting by j/.| tlio approxinmi 
tion to (6), which contains tho torin in and cal ling thij 
the third approximation, wo havo ;i 

3rd app. 2/a = 5 + 2ir -h 2/i + . .(fit: 
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§§ t)H, 1)1)] 


ka'iionaij action. 


” “-'i -"p-i -itu « 

i„ s SfauLftiu^r “*)• “‘i 

'rt* ' . / -I \ 1 ^ ^ 


K lu ( I ) f- 'I'''®’ graph of (1) near A 

> {L n. 9i), but it hes nnich closeu to BAG 

Hi -Ll f1 = () j?_i_ JT •■ 


VCHombloa DAK 

than DA K <loo«, irc = 6’ ct=o7/j=o /=)=ft 

yl I'C’Hoiiiblos DAD fLi'icc linf ;+ i* i’ 7 ireav 

^ ] (,H III (,H I (.i- >g- J-i), but it lies much closer to BAG 

^vhlch in im mUexional tnugent. 

TjX. I'/Xiuiihm the shape of the ciu-vos given by the followiiie 
ofiuationH iieiu- the piinla wlioro they ci-oaa thoy-axis. 

(i) yr=7_4i.4..^.«_2^,i , ya,7-.4.K4-a>i; 

(iii) y!=>7 -'!.«+ A’®— Sar' ; (iv) y=a7— 4a;+,i'S. 


99. The Rational Fraction for Small Values of x. AVe shall 
now connidor a fractional function, say 

cr'^+aj-pi 


Fiist avrniigo numerator and denominator in ascending 
powers of nj and divide, continuing the division as far, say, 
ttH the term of the quotient in £»^, The integral quotient is 

3 — 4a! + + £c®. 


and tlio romainder is — (•Ijc'^+a:''), so that 


2/ — 3 — 4icd- 3a!®q-ai® 


4a!*+ai*‘ 
1 q-aj+a;*^ 


= 3 ~ 4a! + 3 cb® + oj® — It, 


"whoro It = ( -las® + a!®)/( 1 + a; + a;*). 

‘When a; = 0, lys^S, and near tlie point (0, 3) on the graph 
of (1) ffi is small. Ifrom the value of It, we have 

R_ 4a!+cB® 

(B® ~"l+a3+£B®" 


When CB is small, tlie nnmorator of the fraction ia small, 
and the denominator differs but little from unity i hence 
when ft) ia small, It in small compa/red with «®, Proceeding 
as boforo, wo find approximations. 
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1st app. {Q'^ Qi 8 3) 

2nd app, 

= 2 / 1 + Zx\ {P'AP, Fig. 9 3) 
3rd app, y^—i—4fX+3x^+x^ 

^yo+x^ 

Tho 3rd approximation is not shown in the diagram; it 
could hardly bo distinguished irom tho 
second. 

Thus, near tho point (0, 3) the grapli 
of (1) is a curved lino which touches 
tho line — 3— 4a; and lies above it on 
both sides oC the point. 

It is easy now to oxamino the shape 
of a curve near any given point on it; 
if tho point is (A, Ic), wo have tho rule. 

Rule, Shift the origin to the 'point 
(ft, h) hy putting ft-f^/o?’ x and h+ij 
for y ; then examine the shape of tho 
curvCi noio given by the netu emia- 
tion, nen/r the new origin hy the (wovo 
method. 

Tn next section wo consider tho form 
of a grapli for largo values of x. 



Fig. 93, 


Ex, 1. tTso Asconclinp Contiuuocl Diviftion to fiiul approximation 8 
to tho following oquabioiia for Binall valnoa of and gnipli tho 
oquabioiia for such valuoa. 


y ,v OG 


(ii) 


7-l> 


(iii) 


- 1 


(iv) 1 / 








(vi) j-== 




i 


(vii) 




Ex, 2, !Find the equation of tho tangent to tho grapli of 7/5S3£zl 
at tho point (3, 2), b 1 ,/ 

Ex. 3. Provo that tho part of any tangent to tho graph of 
intercoptod botwoon tho axes ia biaoctqcl at tlio point of contact, 
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^ 9a, lOO] STIAPB OF CUTIVK NEAU ANY POINT. 
Show that the equation of Uio tangent at (A, /i) is 

Tvlucli, siiicQ may bo writlon 


100, Qxapb of a Rational Function for Large Values of x, 
Wc apply the method of Descending Continued Division 
stated in Note (ii), p, 206 ; our chief purpose is to see how 
the curve appears in relation to its asymptotes for large 
values of x, 

(A) Talce first tho equation y = — ^ wliich may bo 
written ® 

y=K+l+^. 



When a) is largo, wo take as tiio first approximation* 
which is roprosontecl hy Q'Q in Kg. 94 ; Q'Q is an asymptolio, 

*Wo take yii=iX^^l and not becaueo wkon x tonds to inlinity 

y tonds to a) + 1, For largo values of X Iho oiU’vo runs closo to Uio lino 
given by while it romains at d> finlto diatauoo from tho lino given 

by 
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Wlien a; is positive, = (positive quantity) ; thus tho 
curve appears at P, on the tar riglit, above Q. 

When X is negative, 7 / 1 + (negative quantity); thus 
tlie curve appears at P\ on the far left, helo^o Q\ 


Ex. Show how the graphs of tlio following equations approach the 
asymptote 


tX^ ' i~ CC^ • 

(B) Take next the equation y — — 
written 2 

2 /=®+!-^- 




2 

-w'hich may be 


When X is large, wo take as the first approximation 
y^=x+l, 

represented by Q'Q of Fig. 94 ; Q'Q i.s an asymj)tote. 

In this case, whether x is positive or negative 2/x^ is 
positive, and tlierefore ^=y, — (positive quantity); hence 
the curve appears at p, on' the far right, mow Q and also 
at p', on the far loft, beloio Q'. 


Ex, Show how the graphs ot the following equations approach tit 
asymptote j/=,v+l, 

(n)!/ -?— } <»i) 2 /- 




(0) We shall take finally tho equation 
_a!*-3(e + 2 

(s2_a; + l' 

Apply the method of descending continued division, 
carrying the operation till the q[uotiont contains at least 
one term with x in the denominator (that is, a term in 1 /aj); 
we find o 

n 2-- 

y^X+l~-~^ ^=»+l--_R 

X rtr-rtJ-f 1 aj ’ 


jB= 


2 — - 
X 




a}*~a;+l 


i^4i‘ 


where 



§ 100 ] 


ASYMFrOTlC APPROXIMATIONS. 
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3 

Wo need to compavo li with — which ia the Bmalleat 
term of the quotient ai+1 — ^ wlion x ia large, Now 



The iiiimerator of this fraction ia small when x is large, 
and. tlie denominator differs but little from 3 for largo valucja 
ol X] hence, when a; is large R is small compared with 3/u;. 
Thus, when x is large, the first approximation is 

ropresonted by Q'Q of Fig, 96 ; Q'Q ia an asymptote. 



I?ia, 95. 


The second approximation is 

When X is large and positive, — (positive quantity), 
hut when x m (numorieally) largo and negative, y*,^yi 
+ (positive quantity). Hence the curve appears at on 
the far right, below Q, and at on the far left, above 
The graph is shown in Fig. 96. It will bo a goad 
exercise for the student to verify the form of the curve l)y 
examining the shape at such points as (1, 0), (0, 2), (-^2, 
and by plotting a number of points on the graph. 
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101. Worked Examples. Wo nhall now work two ex- 
amples to show how hy applying the methods just indicated 
wo may obtain fairly accurate graphs. 

Ex, 1 . 2 ^ - - 1 ) (,v - 2), 

(i) N oar tho origin. ^ 3.r^ -h 

lab app. i/i =2,v ; tlra^v the lino BOO in Eig, 90. 

2ik 1 app. ?/ 2 — 2,v— draw tho graph touching BOOnl 
0 and lying bolow BOO both sides of 0, 



Fia. 90. 


1 sb app. 'th — i draw the line BDF in Fig. 96. 

2ikI app. ^2 ~ f j draw tho graph touching EOF at O 
and lying above it bo the riglit of D and below it to the lofb, 

(iii) Near the point (2> 0), Pub y-iy, 

Thou »?==(^+2)(^+l)^«^H3i'‘+2^. 

1st app, draw the lino JIO/C 

2nd app, ^j3=2^4-3S^j draw the ^'aph touching II QIC at 0 ftud 
lying above it on both skies of 
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i ioi!l 


^|v) l-'lol' H»o pointe 

«(-0T,, -1,)), /^(OT,, 0-4), S{V^ -0-4). ^{2-5, IP), 
iviicl tjonipioU) Uio giiipli in blio usual way. 


iCx. 2 . 

a -- 2 

Ijy AHConding Division, wo 
(t) Kwir Iho origin, ” 

iipp. ; draw BOC in Pig. 97. 

^nd iipp. * chuw tho graph touching BOC afc 0 and lyintr 

it tni both nidoa of 0 . 



"Fia, 97, 


(ii) Noar tho point ( L> 0), Put \ then 

- 2^' - . ... 

IhI app, dm^y 

2 ik 1 app. ■ draw the graph loucliing ED F fit D and 

lying holo>Y' it on both sidea of i). 
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(iii) Near Put j then 

2 

lab app. Oil and KL in tlio diagram. 

(iv) When co ia largo. By Descending Division, we find 

lab app. ; diw jl/j-V. 

2nd app, yg=,t'4-l*l-5=«^j-p? ; mark PQ and RS in tho diagram. 

(v) Plot guiding points, and complobo the graph in tho nsiml way, 


EXERCISES XXVI. 

1. Draw the graphs of tl»o following equations near the origin J 

(i) y=2.v-a*2 ; (i{) ; (iii) ; 

(iv) y a* -f ,^3 * ( v) 2?/ =5 3,r - 4 A’l 

2, Draw tho graph of 

(i) y«24-.v4-A'^ near (0, 2); (ii) near (0, 2)i 

(iii) near (0, 2) ; (iv) near (0, 0). 

3, Use tho mothoda of change of origin and succosaivo approxi- 
mation to draw tho graphs of tho following oquatioiis, plotting solectod 
points to givo tho graph precision ; 

(i) y^{x- l)(.r-2)(.r~3) ; (ii) y=x^{x-\f ; 

(iii) y^x{x-\y j (iv) ?/=:=ji;a(.t*^ l)(.r-h2) ; 

(v) 1) ; (vi) y^x{\. H-,r»)(l + ,r) ; 

(vii) y-=(a’+l)(.r+2)^ ; (viii) y-:(.^’2-l)(.^'2-.4). 

4. Find tho oqnabiona of the tangents to tho curve 

at tho points (-1, 6), (0, 2), (2, 0), (3, 2), Draw tlioae Wngonts ami 
make a graph of the equation bebwoen ,v=» - 1 and ,v=3. 

6. Draw the graph ol y^ -2a*3-|-3.v-2 by oxamining tho form of 
llio graph near chosoii points. 

6, Provo that ?/s=s.v^l4-| gives tho a23proximate fonn of 
when a? is largo, Draw tho grapli of 
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7. Provo fcliai y— gives the approximaio form of 

when ca is small, and the approximate form 

when is large, Draw the graph of 

8. Draw the graph of y==»(2.v®-a'4-8)/(.#4';r-|-l) when a? is small, 

and also when x is largo ; complolo the graph by plotting a nnn\bor 
of points, Prove that the straight lino touchus tlio curve at 

(0, 3) and cuts tho curvo again at (*-3/4,' 0). 

9. Pind the equation of tho tangent to tho eurvo 
at tho point (1, 2). 

Shift tho origin to tho point (1, 2) by petting a?— ^ + 1, ^—154*2, 
and tljen use Ascending Division ; tho Imoar approximation to. y] 
gives tho tangent (§ 09). 

10, Pind tho eqnationa of tho tangonts to tho following curves at 
tho points spocifiod and tho shapes of tho graphs near tho points j 

(i) y5=(2.'r^-a*4l)/(a;^-a'-h2) at (1, 1); 

(n) at (3, 6) j 

(ill) at (2, ;<) ; 

(iv) at (1, 3) j 

(v) ;;==:(10A^-38a?^p37)/(3,'v2^10.v40) at (2, 1). 

11. Use tho inothocls of chango of origin and succossivo approxi- 
mation to draw tho graphs of tlio following equations, plotting guiding 
points to give precision to tho figure ; 






12, Verify the following lablo for tho equation 


use it to draw tho graph of tho equation : 


small 


large j “3 
l+2/a!,app. |7/13l3/7 
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13, Verify fcho following tablo for tlio ocjiuibion ^ 

and use it to draw tlie graph of fcho 0 L|iiatuin : 

nearly S 


nearly 1 


7]^ app. y 


a’ I 

small 

liirgo 1 

1 

4 

1 - 1/:1 

1 ..4 

V I 

2-.»-2.t.« iipp. 

1-2/.V, iipp. j 

1 -1/7 

(l/'lft 

I 'irv? 1 

1 lit'7 


< .»■ f 1 

14, Verify the following table for tlio equation .»*jy 

and use it to draw tlie graph of tlio 0 {iuation : 


*■1 

nearly 1 

nearly 2 

1 

app. 

7/=3y^, upp. 


,1? 

small 

largo 

-]/2 

-4 1 'm 1 

V 

1 /2 + ,'r/4 + ^^PP* 

api). 1 

7/ir» 

1 7/10 1 "7 1 


4 

M/fi 


16, Verify the following tablo for the ctpmtioii 
and use it to draw the grapli of tho equation : t' ^ * A ^ 


!J 

nearly I 

nearly 2 

J 

~f/6 + ^/30, app. 

»)=f/a-l-C{»/4, app. 


iM'-iirlv 4 


noui-ly n 

7}^ -a/f, axip. j rtiq** 


a; 

largo 

0 

~1 

[ 3/^ 

6/2 

1 7/2 j fi 

1 - 16 j <i 

y 

1-1-4/a?, app. 

1/6 

.^/lO 

~1/1C 

1 

1 1 


Id 


16. Prove that (2, 1) is a point of infloxion on tho grapli of 

and find the equation of tlio inflexional tangent, 

17. Find the point of in/loxion an tlio grapli of 

^-:2.^^ara-12.r-pX8, 

and show that tho inflexional tangent moots tlio grapli in Ibm 
coincident points. 
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Xxti.-) 


18 , I*rovo that tho Vino ^uoets fche gr/iplt of 

y ^ - 3 . 1 ;^ -|- fi,v 4 - 1 


ill ilivGO cotncidenfc points^ Draw fcho lino and tho graph in the 
XiLoigii'bourhoocl of blio point of contact. 


Prove tJiat tho point (3» 0) a point of infloxion on tho gi'apli 
equation of tho inhoxional tangent, and 


19, 


clxnuv the grapli and tho tangent in tho neighboiirl\oocl of the point 
of contact, 


^ A 8,v2'->24,rH-23 , . . , 

20* la equation dho 

-Ascending Contiinujd DiviBioin and detoruhne A, h so tlnit tho point 
(/«, ^') may bo a point of iniioxion on the grap)i of 

y (8,v^ 24*v + 22)/(4i;"- -- S.v -p 7). 



fon. XIV. 



CHAPTrSR XIV. 

DERIVA.TIVES OF POLYNOMIALS. MAXIMA AN1> 

minima. 

102 Gradient of a Graph. In tmcing a gnipli aoe.nrjitfly 
ifc is almost esaoutial to know tho p(;.sifcK)u of fclio i/iititiUif 
ooints. When a rolynoinial is oxprassod in factorH i(. w 
foirlyeasy to find, at least approximabolj^ the pomtiou <« 
the turning points, but tlio case is altered when tlu) imly” 
nomial i.s not in factor fonn. 

The student will have noticed that at a litviiiug: pfnJil- nu 
the graph of a polynomial tho tangent is parallol 
aj-axis, though the tangent at a point ina^ bo pavallui to 
the w-tixis and jmt the point not oo a tiuniing poiirh 1* W 
example, the ®-axi8 is a tangent to tho graph of nti uia 
origin, but the origin is a point of inflexion, not a tilioiin/f 
' point. We must, hovi’-ever, seek for tho tui'nin/;? poiidn 
among those at wliicli the tangent is parallel to tho 
I and we therefore give now a method of linding an 

for the gradient of tho tangent at any point on tho {^I'nph 
of a polynomial, Tho gi-adiont of tho tangent al> a jnjint 
on a graph is often caZ/od tlie gradient of tho graph at tltfit 
point; we shall see how much additional power in .Corntinif 
a mentol iiicturo of the gz’aph is to bo ohtainod by a 
knowledge of the gradient. 

When the origin is sliifteci to a proint on tho enrvo, tlio 
equation takes tlie form 

higher powers of 

and the coefficient of ^ in this equation is tho 

of the tangent at tho now origin. Wo .sliall apply Un‘« 

kausfovmation to the graph of a polynomial. 


I 

I 


GRADIKNT OF A GRAPH, 
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§ 102 ] 

Shift ilio origin to the point {h, h) on the graph by 
writing for x and k + }) for y ; wo obtain 

/i^ + )/ = u{]i + H- h(}h + ^) + <3 
= (i}(^ “h JjJii “h c d* (2f(A *4“ 6) 

But Jc^ah^+hlt+c Hinco (/t, k) \h on the curve, so that 
wchave ,,^{2ah+h)i+a^^ (1) 

The gradient at the new origin is therefore (2ah+h), 
that is, the gradient at the point (A, wlicn tlio curve 
is referred to tlao old axes is {2ah+h). But (hyk) is any 
point on the curve; wo may therefore write a), y in place 
of hy hy and wo now have the 

Rule. The gradient of the grajph of y^ax^^+hx+o at 
cmy point on it whose abscissa is x is 

2ax+h (la) 

11 . y = ax^ + hx^ + cx + d. 

Shift the origin to any point (/t, k) on tlio curve ; wo 

obtain 

= (a/ir^ -|- -p c/i. cJ) 4" (3a/t*^**P -h 0)^4- (fiah -P d“ 

and therefore, since k ^ ah^ + + ch + cZ, 

,/-(3a/t2+26/^+c)£+(3a/t+?^)^^+ftf (2) 

Hence, the gradient at any point (A, Ic) on the curve is 
{Sah^+2hh+o)y and we can state the 

Rule, The gradient of the graph of y ^ ax^ + hx^ + cx 4- d 
at any point on it whose abscissa is x is 

3aiW^ + 2bx + 0 (11(0 

III y = ax’* + + ex’* " ^ . +px^ 4- qx + r, 

whore ^ is a positive integer. 

The student who knows the Binomial Theorem will have 
no dilBculty in proving, by the same method as in I and II 
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that fche gi'aclieiil; of tho grapli of ecjnat-ioii III nl. uiiy jKu'nt 
on ifc whoso abscissa is a' is 

wcea!" " H (« ~ 1) (ai ~ 2)«a)'‘ + . . . H- %«■ 1 1 la) 

Equations I, II arc the casiss of lit for whifli uy--2, 
'»= 3 respectively. The following jioints should hn in 'led; 

(i) The ahsol/tite tfft'm, « in T, d in IJ, v in 111, ths-H nnl 
appear in the gradient. (What is the giunhiciil ox; iliiiiiition 
of this ?) 

(ii) Any term in tlio grnclfont is obtained from i-lu’ romj. 
.sponding term in tlie polynomial by iiiuitiplyiiiu: tiy the 
index of tho power of aJ in that term iiiul timii* suht rdctiiw 
1 from that index. 


Thus tho terii) 2b.v in (ILt) is ohkiiuiil from tho toi ni h.t - in Hb 
altiplyiag^ l,y 2(\Aiich Kiv«s2Ar^^^ tls'ii snl,(,s<-ti«»f I 
10 index 3 (which gives ib,v). Tlio toi-iiiH b.v, c.i.', «.,• in /. H. |J] 

Ex. Vorify tho exprosaioii for blie gmcliont in Uio 


Polynoinlftl, 

*v. 

«A’-h 6. 

Cv~ l)(.v-2)(.v-3), 

(■v~a)%v~.b). 

(■v-a)%v~b). 


Chailliitit, 


ar--2. 

0.1' “ 5. 

17 -H.I-. 

!b'- lUr, 

a.i.'®“12.r-hll, 

(.v - «)’■ ' i(„ .|. I ),,, ... „ „ , „ 


toe geSraro 
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§§ 102, 103] 

dovivativc is olton denoted ty the single letter with an 
accent, as i/, or by the tunctional symbol with an accent on 
the f-unctional letter, as/(£c) or F'{x). 

Tima if y-a.t!»+6.»+c, then i/ = 2 «.r+i >5 
if /(.«)=n.#4-fu’+«) then f(,.v)~Zax+b. 

Sometimes the derivative is expressed by the letter D 
(tho iii'st letter of the word " derivative ”) placed to the left 
o£ the polynomial, whieli is enclosed in brackets ; thus 

J){ux'^-]-I)X'{-c) = 2ac6-\-h, 

Tho value when a! = rt of the derivative f(ic) is denoted 
by/(«). 

Tlui^ if /{x) = 

than fXx)^nx’^-\0.vi ; .r(l)=-2 ; 

If tho inclopencloiib variablo oC the function (or the 
ahyciaaa o£ the curve) ih denoted hy some other letter than 
(U, say by u or t, the clerivativo in of course formed by tho 
same riilo j foi’ example, 

if y^cm^+bib+Gj y'^Dy — ^au+h\ 

and if ?/ = at^ + Dy = 2at + K 

When we wish to indicate in the sjnnbols y\ Dy which 
letter 3 h used for tho independent variable, that letter m 
placed as a Huffix: tluia, ?4, y'm 

FjX, I , If /(.r) - B.t’ -h 1 , for wliaL values of x is /'{x) iioro ? 

fXx) - 3 == BCr - l)tr4- 1). 

Tlio value a of *a? for whidU JX^) are tliercjfore tho roots of tho 

30v-l)C^•+l)-O. 

Tho required valuos iiro theroforo 1 Eind - 1. 

35x. 2. If /(.r)~.rCv- l)Cr-2), for what vahion of x is f(x) «oro ? 

Tho required values are Uio roots of tho equation 
3.t72^atH-2===0, 

namely that K and 0*423 approxiinatoly. 

3 
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Ex. 3. Find fclio equation of iho tangent at tlio point (1, ft) on the 


curvo y=:a'3--ft.i’H9 (i) 

The equation of the line through (1, ft) with gradient in ia 

(ii) 


Tho gradient ?/ at the point on the curve wlioao abacissa is a* is 
gi von by tlio o quation y _ 3^,3 _ ]! 

and this equation gives 1 /^ -7 wJion 1, Tho value of in in (ii) is 
therofore - 7, and tho roquirod equation is 

ft — 7 (a' - 1) or *7x' + 7 / ~ 1 2, 

In the same way tho equation of the tangent at any other point on 
tho curve may bo found. Thus at tho point on the curvo wlioaa 
abscissa is 2, that is, at the jjoint (2, —3) on the curve, tlio viiluo of // 
is - 8 j the tangent at (2, -3) is ilioroforo the lino througli (2, -&) 
with gradient -8, and its equation is 

^ q, 3 - 8(.r - 2) or ?/ = - H.v -h Xa 


Ex, 4. Find the q<| nations of tlio tangents to the following curves 
at the points on the curves wlioso abscissae are given : 

(i) ?/ = -- Ca' ~ 7 ; a* - ] , .v 3. 

(ii) 2jt37/==a’“ ; a’— 2;), .r=A, 

(iii) y-(a-l)(.i-2)(.t-3) ; .^=0, 1, 2, 3, 4, -1, -2. 

(iv) 7/=^(a’-a)%^’-/>) j 

(v) *= — 0 j 


If then j?/— 


jti-i 




tV 


When !v=ib and the gradient is nojb^ and tho tangent is 
no 

^ - 0 ~ -y (a’ - ft) or hu^nese - (71 - l)ftc. 


Tho value of e is, of course, but tho equation is often inoro 

useful wlicn it contains botli tlio coordinates of tlio point of contact, 


Ex, ft, Tho oquation of the tangent at the point (rq f{a)) on tho 
graph of 3 ^=/(.t‘)is .»/-/(«)= (a- «)./"(4 

Wlion a’=«, 7/=/(a) ; when tho gradient /'( a*) Is equal to /la), 
Tho tangont is fchoreforo tho lino through witli gradient /'(a). 


104. Use of tho Derivative in Ourvo Tracing, Wo si mi] 
work one or two oxamplea to illustrate the iiao of tho 
dorivativo in curvo tracing. Wo first note tlio following 
proporUea of a curvo that must bo familiar to tho student, 
(i) If the gradient at a point P on a curve is positive, 
tho tangont at P has a right-liand upward slope; a point 



maxima and minima. 
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raoving along tho euvvc in the direction of increasing 
u^lDHciHsa (from left to right) will as it passes through P he 
xxiovin^ upwards m well as to the right. On the other 
if tho gradient at P is negative, the point will ho 
ncxoving doxohiwa/i'^ds as well as to tho right when it passes 
tKvougli 1\ Hence if the tracing point move so that its 
i^ToscisHa increases, it will move upwards or downwards 
U^ccording as tho derivative is positive or negative, 

(2) If the gradient at P is zero tlic tangent at P is 
X>araUol to the aj-axis; the tracing point is for the moment 
riaoving neither up nor down, and P is, as a rule, a turning 
point. 

If immediately to the loft of P the gradient is positive 
tLiicl immodialoly to the right negative, then tho point rises 
ria it approaches P and descends after passing P ; P is a 
tpiivning point, and the ordinate at P is said to bo a maximum, 
r^rho ov(linate at P is greater (algebraically) than any other 
ordinate near P and on pAther side of P. 

On the otlior hand, if in approaching P the gradient is 
nogative and after passing P positive, the tracing point first 
cloKConds and then ascends; P is still a turning point, but 
the ordinate is now a minimum — less (algebraically) than 
a.riy other ordinate near P and on cither side of P. (See 
trho remark in Kx. 1.) 

'Tho gradient at P, however, may ho Jsoro and yet P may 
not bo a turning point; it may bo a point of inflexion. 
jtVs a rule inspection of tho ordinate near P, or, preferably, 
ol the gradient near P, enables us to decide easily whether 
JP is a turning point or not 

Ex. 1. Find Uio Uu’iiiiig points on the graph of 
y = x{pt) — 1 ) (.V " 2). 

Tho graph is sliown in Pig. 90, p. 242, In § JOS, Ex, 2, wo have 
»oon tlmfc liho giudiont is zoro whon a*— 1*577 and when a*— 0*423; 
tho corrosponding vnluoa of y aro -0*386 and. 0*385. Tho points 
-0*385) and ii' (0*423, 0*385) aro tho burning points; at ,5" 
tho ordinuto is a nuniiniun and at iV a maximum. These points R* 
und /S' are near tho points li and iS of the figure. 

Note that tho ordinato at R> is not the greatest ordinate of the 
cuvvo; it is a maximum bccansQ it sa greater than other near it 
Similarly the ordinato at ia a inininuim, though it is obviously not 
tlio IcM ordinato of the cuvvo. 
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Ex. 2. 10. 

Here f (.v) - 0,i-^ - c.i- - 1 2 = (1 (.»;+ i)(.r - 2), 

and the gradient is 7.ero when x— -1 iinil when 'i’ln' pnints at 

which .V has these values are in'ulwihly turning iiniiits ; iii niiy enso 
they arc iiaefnl an (/nu/tf poi?Us for Ujo uiHOUHsioti of IIjO ^nipU. 

Dmw ujj the tabic ; 


a- j -» -3 -2'.') -2|-lj 0 I I I 2 I ;) j -I I 

+<o (SI) j .(()r> 24 j 0 j -)2 } -12 j 0 I 21 | 1 H» | I co 

y ' -«3 -33 j -10 fi [ J7 10 J -3 [ -• 10 ( 1 | diJ | (•«: 


It is quite clear from the table that the points (••• 1, 17), (rl, -10) 
are turning points, bnt the table gives nutdi inoro inruriiin-l.itnt. 'flw 
table suggests that as .v incrcaHos from —oa lo -1 lAo </i'><ifreiit i* 
pwiO/'e, and therefore that the traeiiig point steadily )'5 hi*h from tlw 
extreme low left to the position (— 1, 17). E.xauiinatioii of l ltn griidiont 
connrrns the suggestion; bofstnso if .a is nogativn ntnl iiniiiin'h'ully 
greater than 1 both .r4-l and .i?-2 am negative, and y'lA 

which IS equal to 6(.«+l)(.i!-2), is jwsitivo. " 



Pw. 08. 


coint now descends tiintmaohinim brnolng 

/■lizs position the fifradiciifc ia niwnvn L *1* 10), 

^ointUowsteadill Nsrnnd^^^^^^^^^ tl.c. trnal„| 

nflmty. We thus have n eonmloto dic..f„r to 

k point traces out the curve, ' “ iption of the way n, wliioh 


D15RIVRT) CURVE. 
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Ifc la oafly now to draw tlio curve. When plotting tlio points it is 
to dmw a nhort Length of the tangent at the point; near its point 
contact the tangent practically coiuciclca with tho curve. The 
ia OA BG (Fig. 9B). 

"Vvo can also solve, approximately, the equation 

3.r2~~12.^-+ 10=0; 

tlio cui’vo crosses tho .r-axis where ,v has the values -2‘22, 0*76 and 
^'OG approximately, and those are the roots. 

Ali a point oi: inflexion Lhe (jixiilipMt has a turning vaUie. 
on the graph of (Fig. 08, p. 184), the gradient is 
po^ibivo, hnt decreases as wo paas along the curve from 
to 0, wlmro it is >5ero ; tXvS wo continue along tlxe curve 
I'voin 0 towards P the gradient is again positive and 
iiici’eases. It has therefore a turning value, zero, at the 
point of inlloxion 0. Similarly, in Fig. 90, p. 234, avS we 
pJEt«s along tho curve from to P the curve gets steeper 
WO approach 0, but on passing 0 tho curve becomes loss 
Htoep; the gradient has again a turning valiio at 0 , not 
J550VO in tins ca.se. 

Now when wo have found tho derivative of a function 
wo can draw its grapli, and to every turning point on this 
j^j-’aph will coiTe.spond a point of inlloxion on the graph of 
fcI\o given function. The graph o£ tho derivative of a 
Er’iioction is called tlio derived curve of the function; tho 
f^vaph of tho function itself may bo called tho primitive 
oi^irvo. 


33 X. 3. Find tho point of inlloxion on tho graph of tho equation 
y ==/(.r) «« ^ ai-!* - mv -h 10. 

ICho dorivativo of /(.r) is 6.r’*-G.i'-12 and tho graph of this 
tlcii’ivativo, F'ra' in Fig, 08, is tho dorivotl curve of FIU. Tho points 
A' und F^ havo tho Baiiio' abscissa, and those aro called ** correspojiding 
Ijoinia*' of tlio two curves. Similarly A and A\ I and J\ otc., are 
o or responding points. Tim ordinate of F' monsuros tho gradient 
ixli F; thus tho gradient at P, whore is 24, and this is the 

orclinato of F\ (In plotting tho 'derived curvo it will usually be 
iiocosaary to cliooao a now scalo unit for tho ordinates, but tho scale 
vitiit for fclm alwcissao ahonUl always be tho same; both scales are 
tile sill no in Fig. 98.) 

Jjot ns, for tho nionieni, denote the gradient or derivative by g j 

t>ll QU g “ “*• 0.r *“12, g' = 1 2.V - 0, 
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Hore ^'=0 when .v-i. The i^oint /'(i» dofived curvo 

is a turning point on tliiit curve i tlioreforo the correspoadijig pointr 
/(i, 3Jt) on the primitive curve is a point of iniloxion on tlmt curve. 

Similarly, tho abscissa of the point of inflexion on the gi’aph of 
Example I is givon by /)(3.r^-6AH'2)=0 or G.v-6=0 or the 

point (L 0) thoroforo tho point of iniloxion. 

The gradient^ clonolcd above by ,y, is tho derivative of the functton 
y or /(a’), aud therefore r/', the derivative of //, is tho dormtUvs o/ ihi 
cUnvalivG of // ; f is called tlie second derivatwe of y. Tlio aecanil 
dorivabivo of a function is doiiotod by two accents, or/X^t’) j thus, if 
y *=/(,r) = 2 a’3 - 1 2a' 4- 10, 

then ; y"^f\x)=^12.V‘-G, 

We might in tho same way form third and higher dovivntivosj 
thus in the abovo oxaiiiplos tho third derivative is denoted by 
or f"(-A’)andy'"=5l2, 

In distinction from higher dorivativoH ;/ is called the firii 
derivative. 

Using tho second dorivativo, wo have now the following lulo ; 

The abscissae of the points of inflexion on the graph of /(a?) 
are, in general, the roots of the eciuation/"(r?;)~0. 

Wo say “in general,” bocauso a value of ,v may bo a root of 
and yet not give a point of inflexion i for oxaiuplo, if then 

bub tho origin is nob a point of inflexion on Ilia gmuh 
of ,vK In all eases, however, the abscissa of a turning poiikb on tJie 
derived curve is tho abscissa of a point of inflexion on tlio primiliw 
curve. 


Note, Tho rosullis given in qtioafcioiis U and 12 o( 
Exercises XXVIJ, avo very important. Thus, for No, 11, 
wo have „ « a., a^ 


a/a;, anc 
now origin 


Bill) k^ajh flinco (/t, A?) ia on tho graph of y 
thoroforo tlio first approximation near 

( 809 ) » _ a, 

so tlaat tho gradient tliore is Honco tho gradioiib a 

any point on tho graph of ct/«) is Tho funolioi 

— a/o)® is called tho dorivativo of a/(c, (Oomparo ^ 102^ lOS. 
Tlio result in tho case of ^ — a/cr" shows that th 
a . na 


dorivativo of * 


is — 


wo have 




li’ wo nso negative indices, fcllO 


D(c(a;"*)= -eiaX'”^- 


POINT OP INFLEXION. 
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wliicli shows that the rule for forming the derivative of a 
power (§ 102) holde for negative as well as for positive integral 
indices. 


EXEBOISES XXVII. 


Trace tlio curves givoii by eq nations 1-10 } state tboir turning 
points, their points of iniloxion, and tlie values of .v at Avliicli they 
cross or toucli the .r-axis, 

1. 7j ^ - 1 2.V -10. 2. y 1 C -H 0.V ^ 2,1/-, 

3. y ~ .r- (. 1 ’ — 2), 4, ^ — 3.^’^ -f- 3,r- *” 1 2.r -h (1, 

6. 6. 

7 . 8 . i/^S.v^-S.v^^Oa^-10. 

11, Show by shifting the origin to tlio point (//, /') on the graph of 

that the equation takes tlio form 

iV 

higher powers of 

and then prove tliat the gradient of tliu graph of //—“ at any point on 
it \Yhoso abscissa is .v is - 


12. Show, as in Fx. 11, that the gradients of tho graphs of 
a a a 

whore n is a positive integer, are respectively 
2a 3a _ na 


Decluco that the gradient of the graph of 

. h 0 ^ fl h 2c 




13. Find the turning points on the graphs of equations O-IO, 
Exercises XXTII. 


106, The Tangent and Coincident Points. In pnicoding 
sections wo have found the equation of a tangent by rising 
the mctliod of successivo approximations; fclioro is anotlicr 
method that is of great use whicli wo sluill now consider. 

Suppose a straight lino L to meet a curve at two points 
A and B. Move L so tliat those points of intorsectiou 

Q.A.a, 11 
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come nearer and nearer to each other until they coincide, 
fjay at P; the lino L i.e now a tangent and P in inniil of 
contact. It does iiot matter o£ coitrso how the 
A and B are taken on the curve to hogin wifli, i>i’nvirlo(l 
they come together atP; botli of them inigiit (iiKlincl 
from P (Fig. t)9 (»)), or one of thorn, A say, might cohn’idd 
with P (Fig. 99 (6)). The line ]j might also mwd. tlu; fiune 
at other points than A and B; for oxaiujilo, nt f*'. *riie 
tangent will also in that case moot tlio ciivvo at tlni jK)iul 
P, to which G has shifted. 



Let ns now consider tho algebraic coimtorpurb of Uiis 
way of regarding the tangent, Tho coordinuK'M of lb 
poinfe A and B are obtained by solving tho <unmtUuifi of 
the line and curve aa_ simultanoons eejnations, Kii fipusc for 
simplicity that the line and curve never intoi’Ht'nt in inon! 
Giian two points; then so long as A and B am diKiiiiot Hut 
equations will give two unequal values for Llio in of lb 
points, but when the points coincide at P tlioivt will lies only 
one distinct value for x. The equiUion for n: inf 1 1 stiU fe 
0 / the second degree, lut %t will have its two rootft / tjuaL 

Take, foi' example, the equations 

.'/== 6,t'+ 0, (1) 2t = 2.v« - 8,1; 1 (2) 

SoJving these as sinuiltanoonB equations, wo lliul tlto wjnatimi {atje, 

. 4 ^ M\ 

euteiL^TurSaf amnt Hjo points in whirl,’ 

root the equation Vn lives " '"'“Tml roctw j K, wili 

(“rtS;.””’"'""-* 


COINCIPKNT POINTS. 


259 


§105] 


of equation (3) must then become etimil, and wo know that the roots 
of the equation will bo 0(iual if 

04 -8(1 or 

Equation (1) now bccoinos and thi.'^ iw the C(pmtion of the 

tangent. 

Note that wlien c= -7, equation (3) ia still a (iimdrntic equation, 

2.7)'^ - 8x -h 8 = 0 oi’ 2 (,v - 2) (.v - 2) — 0 j 

each root ia now 2, and when 7 equation (t) gives for eiicli of 
these GCjual values of .r the oqnul values 3 and 3 for In other 
words, wo now have ,ri=.Vj,— 2 and — -yji — 3, and (2, 3) ia tho point of 
conUmU 

Again, the points in which tho lino — 3”4.v interaGcts the curve 

are obtained by solving these aa simultaneous equations. Tho 
equation for ,v is 

(3 - 4,v)(.^’2 1 ) = 2.^’2 - .r 4- 3 or 4- 3) = 0, 

so that twice and .r— — J oiico. Tho aolu lions of the aimultaneoiia 
equations are therefore .v— 0, ?y— 3 Iwico and .r’— -J, ?/ = G nneo. I'lie 
line therefore touches the curve at tho point (0, 3) and intorflocLs it 
again at blio point (-fj, 6), 

The Goneeptioii of equal roots of an equation and of 
coincident points on a curve, though at (irst sight artilicial, 
is really very natural In general, a lino meets a curve in 
two or more distinct points, and the equation that deter- 
mines tlie X (or, if wo please, tho y) of the points has two 
or more distinct roots ; bat wo may inovo the lino so tliat 
two of the points become coincident, and then two roots of 
tho equation become ofiual Tln^ graphical interpretation 
of ilio coincidence of tlio points and tho equality of tho 
roots is that tlie lino is now a tangent, though it may of 
course intersect tho curve olsowhove. Wo are thus led to 
the following clolhiition* 

Definition. The tangent to a curve at a point P on it is a 
line which meets the curve in two coincident points at P. 

Tho algebraical form of this definition is as follows: 

If tho equations of a straight lino and a curve, regarded 
as simultaneous equations, have a solution which ai^poars 
twice, then tho straight lino is a tangent, and the repealed 
solution gives tho coordinates of tho point of contact, 
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ISx. 1. Tj’iiid fcl>0 equation of the tangent at tlio point (1,1) on LLo 


graph of the equation y ^ — 3.t’ q- (1) 

The equation of any straight lino through (1, 1) is of Iho form 

y - (ii) 

Substituting from (ii) in (i), wo have tho oqviation for .v, 

- (w+ 3)a? -h 1 ) == 0 * - ■ » • -(iii) 

If equation (iii) has equal roots, wo must have 


(w+3)»-8(?a*l’l)=0 or (w-l)2==0. 

Therefore m=l (twice). Putting 1 for m in (iii), wo hoo tlmt .v^i 
twice, and thereforo by (ii) twice. Tho miuircd (^(iiuvUnn ia 

sLuld the equation for m give twice? I'ho la 

that in general wo can draw two tangonts to tho gra])h of (i> from 
a given point, but if, as in this cnao, tho given point in on tlui curve, 
the two tangents coincide, Compavo 15x, 2. 

Ex. 2. Find tho equations of the tangents from tho p(dnb (Si, 2) to 
tho graph of the equation 

y=:2A’^-3.r+2 .....(i) 

The point (2, 2) is not on tho curve. Any lino throni^h (2, 2) Is 
given by y-2-w(.v-2) (ii), 

Solving (i) and(ii) aa simultaneous ocpialions, wo gcX for tho jUmoinflao 
of the points in which lino and curve intersect, 

2.r^ - (m4-3)ii?H- 2?n-0 ,(iii) 

The line will be a tangent if the roots of (iii) nro 0(pia1, and the 
condition for equal roots is 

(m+3)2-16w-0 or (77i‘-l)(m-9)=r0, 
so that m-1 or 9, 

If equation (iii) gives .r— I twice and then (ii) f^ivoR ?/»! 
twice ] one tangent is therefore tho point of con lac; t lnsiii|;^ (h l)f 

If m— 9, equation (iii) gives a’= 3 twice, and then (ii) 
twice; the other tangent is therefore 10, the imiut of contact 

being (3, 11). 


Ex. 3, Eind the equation of tho tangent at (1, 0) to Uio gi-a[ 3 h o) 
the equation y=.a,(.«-l)(,^>- 2 ) (i; 

Any line through (1, 0) is given by 


y-m(.r'-l) (ij 

Solving (i) and (ii) for the abscisaao of tho points of intorfloction 
wo get tho equation 


'm{x-\)^,v{x^l){{V-2) or (A’-l)(.v^»~2.'V-*m)»=aO (U1 

One root of (iii) is 1, and as tho lino is to bo a tangent at tho pob) 



EXAMPLES ON TANGENTS. 


261 


£i Recond root of (iii) imiHi ho 1 . But 1 will be a root of 
-m =0 if Equation (iii) now becomoa 

in this case thoro are three equal roots. Tho point ( 1 , 0 ) is 
of infloxiou and is tlio iniloxiniial tangent, 

we aoe that tlio inflexional tangent moots tho curve in throe 
mt points at the point of inlloxioii, 

Find tho Q(piation of tho secant tlirough the points (a;i, ^i) 

, ?A) on Uio conic 1 (i) 

luce the equation of tlio tangent at (.ri, //,). 
equation of the lino througli (a’j, i/{) ancV(.ry, ^. 2 ) is 

a. (ii) 

introduce tho condition that tho points lie on tho conic (i) ; 

>r of oro a & {i /,2 - (iii ) 

.inlying tho loft side of equation (ii) by «(aY‘^-a’ 2 ‘^) and tlio 
kto by the equal <piaiitity wo got 

«(•*?!+ + ^>(^1 + ys)^ ““ + «-Va + %i?/a 

<e(.V|-l-.r|j).t'+JCyi+^/a)/y«l+a.tVV 2 +% (iv) 

(Tho fttudont sliould vorify equation (iv) by 
^ tliat this linear ociuation is true provided ;/j) and (a'g, 

JiQ conic ; tbo ocj nation is thoroforo iudopondont of tho par tl- 
io thod by wliich it was obtained.) 

nd tho tangent put a' 55 =A’| and ;/u^,yi in equation (iv) j wo goi 
2 fuv^H- — 1 -I- axi^ -h 1 + 1 

5. Bolormino 0 so that tlio straiglit lino 

3.v-2y+o==0 to. (i) 

3 n tangent to tho curve given by tho froedom aquations 

y=<(«+l) (ii) 

values of i for the points of intoraection of lino and curve nvo 
3 d by Rubatituting in (i) tho values of A'aiuly given by (ii) ; tlum 

3^(^ - 1 )- 2 ^(M- 1 ) + ( 5 s =0 or (iii) 

roots of (iii) will bo equal if tho line is a tangent, Honco 
, and tho equation of tlio tangent is 
12 .r-- 8 ?/+ 2 rjt== 0 . 

point of contact is given by oquatioiifi (ii) whon ^ 5 = 5 / 2 , tbo 
i root of (iii) whon cs=25/4 ; tlio point is (^, 
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106, Some Tlieoreme on Roots of Eauations, Tlui follow- 
mg theorems are often needed in discnsHing tangoutn and 
tui'Jiing values. 

The Quadratic Eq^udion. It is pz'ovcd in all bookn on 
elementary algebra that the quadratic eijuafciou 

aaj^+&a’-+-c~0 

has its roots (i) real and unequal, (ii) real and (Ujual, 
(iii) imaginary, according as is (i) positive (nc^t 

Kero), (ii) Kero, (iii) negative. ^J’his expiviSHiou — in 
called the discriminant of the qiiaclraUc (ic]iiafcion. 

The Gubio Equation. If wo have tlio cubic (Miuntion 
in the form a;»+<p+r=0, (r) 

the expression + 27 

is called the discriminant of the oqnation. A mhh jualicui 
has always at least one real root (tho cooflicionts r Uimw 
supposed real). Two of the roots will be equal wlum the 
discriminant is zero and tho value of oncli of the 
roots is — 3r/2g. * 

We may prove thia theorem as follows. If oiiiiiitioji (n) liim 
^ual roots, then .^4-^*+?- must have a Hqiuired factor, miv 

iniogrul (pinUoiil in 

and the reraamder is which miiHl be zoiu Tliov(^foro ^ 



The quotient must ho again exactly diviaihlo by tr-R nnd 
ore the now mnamdor, SF+iy, nuiat ho zorn, ho that wo havo 
SF+gfsrsQ or 

- a'V2?. ««b- 


-iq 


4 ga a'i «»■ ^gf^-hSTr^ssO, 

Jtis easy to siww that when >lfy»+27r2=0 wo hivvo 


SO tliat the roots of equation (o) aro - 

9,q* Ij * 

Wiieu fclie cJiscriminant is rnffaliw. kl)p kli)'(»o ivjotH «f fhe 



ilOflJ 


disoriminakts. 


These I'Qsnlts may bo proved in the following wav 
If y ,s a turning value of .r3+y.^.+,, t,,e„ (§1o7>^ti.e equation 
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.v'+5'.v+r-7/=:0, 


•( 1 ) 


coiisklororl as an equation in ,v, must have fwn n,...ni . » mi ^ ' 

(a-, y) is thus a turning point the gr^h of ^ ^ 

y=A'''+5’,e+r ; 

thoroforo we must have that is, 3,rH<7=0, (2) 

so that, when (.f, ;/) is a turning point, equations (l) and hold 

To find y wo have, firat by (l) and then by (2), 

(>‘-y)“=A'®+2(7.-r‘+(72,r3= _5!+ V_5! 

2V 9 3’ 

or y®‘-2»-y+^(4(?3+27r2)=i0 (3) 

If y, and yj .vro the two roots of (3), it will be readily seen from 
graphical oonmdorationR that equation (o) will have tbi4 real and 
distinct roots if, and only if, y, and y^ hpe opposite signs. Hence in 
tins case the pioduct y, ?/« must bo negative, or, since the factor 1/27 is 
poaitivo, must be negative. 

If oijuation (o) has two imaginary roots, y^ and % must bo of the 
piio sigMi, so that tho prodiiot y^y^ and therefore also 4o3+27r2 must 
be positive, ^ 

If equation (o) lius two equal roots, either y, or y^ must he zero, 
so that tho product y^y^ and thoroforo also 4o^+27r“ must be zero as 
has boon proved otherwise, ’ 


Tlio cubic equation 

a!*-t-jpa!“4-g'a!+r=0 (o') 

becomes, when Ip is pub for oj, 

f + (? - ^ + (TVi?* — 1?5<Z +r) = 0. 

The discriminant of this cubic, and therefore also of the 
cubic (o') is 4(g--lp7+2Y(^rp3-I,P54.r)2 
wliich IS equal to 

+ 2Yr^ + 4jp V — p V — 

If this expression is negative, the roots of (o') are all 
real and difiorent ; if it is zero two of the roots are equal, 
and if it is positive two are imaginary and one real. 

The graph of will intersect the ic-axis in two 
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difTerent point's if the roots of the equation «a;'2 + fta)+O!=s0 
are I’enl and different; it will toneh tlio axis if tlsc roots 
are equal, and will not intersect the axis at nil if the 
roots are imaginary. But just as we say that tlio equation 
has two imaginary roots instead of saying that it has Jio 
roots, 30 it is convenient to say that the curve in this case 
cuts the x-axis in two "imaginary jioints,” tho ahsciasne 
of these points being tlie imaginary i-oots of the ociuabion 
((.'«2+6a;+c=0. In a similar way curves arc said to iiitcv- 
fleet in "imaginary points” when the onuntions that 
determine tho coordinates of their points of intersection 
have imaginary roots. For example, tho circle and tho 
straight line given by the equations 

**+ 1/2 = 6 , a 3 +y = 4 , 


interBect in the two imaginary points (2+V~'"J, 
and (2-s/-l, 2+V-l). 

If an equation with real coofRcionta is satisfied by the 
imaginary number n+hj(~l), it is atso .HftUsliod by tho 
coy ugate imaginary a ~J^{ - 1). Honce, if tho imaginary 
pomt (a+b^f-l, c+ct/-l) lie.s on i^cal curve, so does the 
conjzcgate imaginary point (a-bs/~f, It is 

easy to show that the lino joining tho two conjugato points 
IS real, the equation of the lino being .formed by tlio^ same 
rule as when the points arc real ; tho oquation is 

d(x~a)=il)(fy~e). 

107. Turning Values. Maxima and Minima. Wo mav 
disernninate maximum and miiiimiun turning values of an 
ordmate by the following eonsiclorations. l^^ioii a sti^ieht 
line ns drawn parallel to tho tc-axis it will isuahreuf a 
cm VC in two or more points. Now sunnoso fincli^a Unn 

ttoTIii”'’ WtoX 'r° “'"''‘J"' Am to 

■each a ninimTnrtt™i,:^^UThn'r“’;'' 

whan tha hvo poi„„ rf 


MAXIMA ANT) MINIMA, 
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value ; if fwther ascent causes the two points of inter- 
section to become imaginary, the turning value is a 
maximum, while if further descent causes the points of 
intersection to become imaginary the turning value is a 
minimum. 

Translating these graphical considerations into analytical 
form, wo have the following rule : 

Let f{x) bo a given function of {c. Find a value of y 
such tliat the cquation/(ir)— j/ — 0, regarded as an equation 
in cr, may liavo equal roots; if 2/1 ho any such value, and 

decreasing ^ 

the roots of the corresponding equation /(«!)— 2 / = 0 become 

imaginary, then is a minimum^’^^'“*“^ 

As has been pointed out in § 104, tho tangent at a 
turning point is parallel to tho aj-axis, but it is possible 
for tho tangent at a point to bo parallel to tho tr-axis, 
and yofc tho point may not bo a turning point, 

108, Oaloulation of Turning Values, Tho following ex- 
amples show liow tho above lulcs are applied. It may bo 
noted tlmt tho turning value of a quadratic function 
ax^+hiD+G is the ordinate of tho vortex of tho parabola 
wliich is tho graph of tho function (§ 96, Ex, 1). 

Ex. 1 . Ei ncHlio tu rn ing val uofi of - X) (.r - 2) , 

Lot y «* (,v ~ 1 ) (.r - 2) = - 3.v^ + 2c?? ; thou tho oqimlion to bo con ^ 
sidoroct is ^^,3 _ 

(jomparing this oqnation with equation (o') of 8 100, wo woo that 
jtjss -. 3 , and -y, so that tho diacriinmant, /) say, ia 

/J === 32 4 - 27^3 -h I08y - 30 lOB;/ == 27/ -- 4. 

/)=0 if :t 2/3^3, and D bocomoa positive when y hecoinos greater 
Uian 2/3,y3, and also when ;/ boermioa loss (algebraically) than - 2/3^3, 

Tho turning valuoa aro thoroforo 2/3>y3 (a inaximinn) and — 2/3 av/ 3 
(a nuinimuiu). Uoraparo § 104, Kxainplo 1. 

2 X “1“ 3 

Ex, 2. Find tlio turning values of \j ^ rq. 1 * 

Let and treat this as an oqnation in ,r, nauioly, 

(8-y),i;^-(l +y).r+(3-//)“0. 
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The discriminant L of this aquation is 

^ (1 -- 4(2 - .y)(3 -y) ^ ^ „ 23 . 

The roots of the equation /^=0 aro 6*07 and 1‘26 approximately, so 
JD=-3(,V-607)0/-1'20). 

The graph of -3(y-G'07)(2/-l'2G)^ is au inverted festoon, tho 
ahmsm of any point on this graph being denoted by y. 1) boeoinos 
negative ^vlion y becomes greater than 6*07, so that 6*07 is a nmxhmun 
turning value ; ]) becomes negative when y becomes loss than 1^20, 
so that 1*20 is a minimum turning value. 

In discussing tho aign of a quadratic function tho method explained 
in tho Examples to § 95 will bo found useful. 

Ex, 3. An open lank is to bo constructed with a squax'o base and 
vortical sides to hold ii givon qiiantitv, a cub. ft., of water j show that 
the expense of lining tho tank with load will bo least when the depth 
is half the width. 

Lot tho side of tho square haso bo x ft. and tho depth of the tank 
y ft. ; tho capaoiby of the tank will bo x'\i/ cub, ft., and this is constant 
and equal to a cub. ft., so that .r and y are connected by tho equation 

(i) 

The expense of lining tho tank is directly proportional to Iho 
surface to ho covered, and this surface is sq. ft, ; wo have 

therefore to find whon is a minimum. lionote this quantity 

by and auU^tituto for y tlio value givon by equation (i) ; wo 
then have to consider the equation 

h or h 4« ™ 0 (t i ) 

Comparing with equation (c) of jj 100, wo findf/— - if, r— 4a, so that 
the discriiiunant J) is givon by the equation 

4-432^2-4 (iii) 

^=0 when ;s=/^(103a^^) and, whon z is a Uttlo less than ,y(108a“), 
D is positive, so that j^/(108a2) is tlio minimum value of z. 

Denote the minimuin value by ifj. Whon oquatiou (ii) baa 

two equal roots, and tho vaUio of each of those is — or — (J^lOO). 

~ Zi 

Lot ,^’|^ 0 a/ 2 fJ, then tho corresponding value ?/j of y is a/.iv ; and 
.ri givo the depth and tho width whoii tho expense of lining is loaBt. 

^ ^ 108^3 _1 

216a'* 2 

by inserting the values of and Thus 

In tlic ncxb «ot of Exorcises variou.s examples aro givon 
which requiro tho formabion oE an algebraic expression liko 
that denoted by ^ in Example 3 above; indeed the chioJE 
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diiBculty of such prohlcmH usually lies in tho correct choice 
of tho indcpoudont variable x. When tho gradient can be 
found, the procedure shown in § 104 for Uncling turning 
values may be used. 


Tluia, in tho tank problem, wo have, by equation (ii), 


;gS55,'V^-j- 

and wo find for tho dorivaiivo of 






4a 2(.7,’-‘»-2a) 
.v«"* .r’-s * 


I)z—0 wlion .r— /<y(2rt), and Dz elmngCM from nogativo to positive as 
!c clmngoa from a valiio tlial is ii liLtlo lcs« than y{2a) to a valuo that 
is a little greater than Tlonco z is a niinimnm when .v— 

But, by (i), when x='^{2a) wo find Tlieroforo when z la 

a minimum, oi' tho depth is half the width, 


EXERCISES XXVIir. 


1, Calculate the turning valuo of -2*^-1 (soo Pig, 70), 

2, Provo that tho graiih of y=t(2-A*)/(A’-l} has no turning value 
(soo Pig, 77). 


3* Calculato Uio turning values of tho following functions, and 
tho corresponding values of ,v : 


(i) .^’3-.^’(Pig, 80); 


(ii) (Pig. 04); 


(iv) 




<y^ri 






4* Calculate tlio turning valuoa of llio following functioiiB ; 


(i) ,7^«(,r^2)(Pig.73); (ii) 


(Hi) 




(Pig. 05). 


2 


(Pig, 04); 


5. If (//, is a turning point on tho graph of y— /(*'»?)> find tlio 
forma of tho first iipproxiniations to llio equation of the graph when 
tho origin is sliiftod to tlio point (/q J^), (1) when k is a maximum 
value, (2) when k is a luhiinmm valuo. 
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6f Shift tlie origin of Uio graph of to tlio point ^2, — 4), 

and then calculalo tlio turning values of slating 'which is a 

maximum and which ia a minimum. 

7, What change of origin will transform the equation 

into an equation of the form Find Iho point of inflexion 

on the graph of tho ecpiation, and calculate the maximum and minimum 
vain Qs of - 1) (.r - 2) (.r - 3). 

8, If is a squared factor of calculalo tho 

value of and tho corresponding values of y, ITonco find the turning 
values of tho graph of ; and dotorinino from a vougn 

graph which is a imiximum and which is a minimum. 

9, Find tho discriminant of tho equation — .j- regarded as 

an equation^ in where ^ is known, Draw a rough graph of how 
the diaoriminant varies as ;/ varies, and find the turning valuoa of 

-t- 4- 1 )/(.^‘^ - A' + 1 ). 

10, Find the discriminant of tho equation 

7/ = .h 38 a’ 4- l)/(a?^ + 6.tH^ 1) 

regarded as an equation in .r, whore 7/ is known, Dj’aw a rough graph 
of how tho disci’iniinant varies as ?y varies, and find tho maximuiu and 
minimum valuoa of (.l’34.38.^’^-l)/(.V^*l-G,^’+l). 

11, Find the greatest rectangle that can bo inscribed in a Irianglo 
ADG of huso a and height A, one side of tho rcctanglo lying along JJG 
and two vertices falling on ylCrespoctivoly, 

12, A shophord has a length I of not ting with which to fonco tliroo 
aides of a rectangular piece of a field, tho fourth side being formed by 
a dyke already made. Find the dimensions of tho rectangle which 
contains tho greatest area. 

If part of tlie^ netting Inia to be used to divide the area into two 
roe tangles, tlio division being at right angles to tho dyke, what would 
bo tho dimensions for tlio greatest area? 

13, A length I of wire ia to bo cut into parts j one part ia to bo 
bout into the form of a circle and tlio other into tho form of a square. 
In what ratio must tho wire be out if tlie sum of tho areas of the 
circlo and the square ia ilio least possible 

14, From two points B on a straight lino two straight linos 

AX^ 7?Fju'o di*awn perpendicular to /(/? and on tho Bamo side of AB \ 
G is a point botwoeii A and B such that AO^a and GB^h \ from € 
two straight lines GD<^ OB avo drawn at right angles to each otliot to 
meot AX at I) and B V at A’ If (ind the value of ,v 
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wlion A1)^BE\\^ a niunnmm ; 
when DE is a minimum ; 
when A D \- DE-V BE is a iiiiniuuiin ; 
when tlio ami of tlio trapoiiiiiiii ABEB is a minimum ; 
when tlio rtiiin of tlio nroas of the triangles AEO^ BOE 
is a minimum \ 

when the area of the trianglo ])QE is a minim um. 

'oiigli tlm ]K>int A{n^ h) in the first quadrant a straight lino 
utting the axes OX^ 0)^ on the jiositivo side of the origin 0 
^pectivoly. Kind 

the miniinmn value of the area of tlio triangle OBG \ 
the miniinmn value of ()B-^0G\ 
the ininhninn vahio of BA ,A0\ 

fclio maximum value of ' 

^raight lino of given length is divided into two parts so that 
iquai’o oil one part with tlirice tlie square on tlio other part 
> poaaiblo ; find the ratio of the two parts. 

1) are the vortices in order of a variable quadrilateral 
AB^Ob^a^ a constant, and AG~BB=ihy a constant; 
BCA-AJ) is least when ABCJB is a rectangle. 

porhuetor of a triangle is givonj and the length of one side 
at of another. Show that the ratio of the shoitcsfc side to 

I tor lies botwoon } and and that the area is greatest when 
H (11 -Vr3)/80. 

VQ that rxr'^> 1 for all positive values of x, 

3 ua 8 the inoinmliiy ‘-f-' 

:1 tlio maximum and ininiimnn values of tlio ordinate of 

iCy that ^ is a maxiiiuim or mininuini at the pointa (1, 1), 
10 ciirvo ^ avH- - 0-0, 

II in ate botwoon tho altornativos. 

sfitigato tho maximum and minimum values of tho following 


7 , 


(ii) 






.r2+3.r+2 ' 
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If the expression 

aV“-h2/i'.v4'7/ 

be capable of all real valiTes for iml values of prov^j Lliut 
a'b' < 4'^ and («6' - abf < 4(«'4 ~ a4') {b/i' - //4). 

25, Prove that for real valuea of .r, \vill hti rjnwibb> of 

all values i^vhatever if h^>(a^cy, that ihoro >vill lu^ two vaUiOH 
between which it Ciinnot lie if ^Uic<b'^<(a-hoy\ an<l two v;iJui>h laitwijOiJ 
which it must lie if 6^<4aa 
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CI-TAPTER XV. 

APPEOXIMATIS SOLUTION OF EQUATIONS, 

109. Eeal Roots of an Eauation. If J'(x) is an integral 
function of x tho real roots of tho equation /(( b )=0 can bo 
found roughly by graphing tho equation y = fix) and read- 
ing off tlio ab.scis.sao of tho points where tho grapli raoeta 
tho a)-axis. 

In Fig. 70, p. 100, is shown tho graph of y=.'r‘*~2£c— 1 
for tlie range from *== — I to a; =3. From tho graph wo 
800 that 241 and —041 are appro-xiinations to tlio roots 
of tho equation (B® - 2® - 1 = 0. 

By now cliooaing larger scale units and making an 
entirely now graph of tho equation i/=£«®— 2®— 1 in tho 
nciglibourhbod of ®=!=2''H, wo might obtain tlio correspond- 
ing root to more than two decimal places. A third graph 
with still larger scale unite would load to a still closer 
approximation to the root, and so on. But once a real 
root has boon "delimited,” a moro expeditious method is 
available, which will now bo explained. Tho method will 
bo first applied to tho .solution of a quadratic equation, 
80 that tho student may have tho whole process inidor 
control, tho ordinary method of solving a quadratic oquation 
and tho graphing of a quadratic function being quite 
familiar. 

110. Approximate Solution of a Quadratic Equation. Lot 

the equation bo — 2® — 1 = 0. 

Denote tho function ®®~2®— 1 by /(®) and grai^li tho 
equation y-f(x) (Fig. 70, p. 190). A real root of the 
equation /‘(fl))=0 is seen to lie between 24 and 2‘5; in 
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fceclinical language one i-oot haa been "dolitiiibcKl.” Wo 
'vvanfc to find a closei* approximation to tliiH io()t. 

The gradient of the graph is 203— 2 near tho 

gradient is positive and increaaos with «:. Let A.li 
(Fig. 100) represent the graph from 05 — 2‘4 to o: ‘2'fi ", tho 

origin 0 is not shown on 
the diiigi’ain. Al in tho 
projection of il, niul N 
tliat of Ji on tlui Mi-asis; 
>. P is the point wlmro thn 
^ arc Ali and () tlvo point 
"whoro tlio chord /I H ovoHsofi 
tho (c-axia 01' vo])i’nHtnit8 
tlic exact value <if llu’. root 
we are seeking and OQ an approximation to it; wo liavo 
now to calculate OQ. 

Let Jl/iVss/i., inunhevs h, o', h' lining 
ail positive (the ordinate MA ia iiogabivo). Now tlio 
triangles AMQ, BNQ are similar, and thovoforo 

MQ QN 

IT^T" 



But each fraction is equal to that is, 

Ct w (t o 

Therefore MQs=:~-r-. 

^ a -\- 0' 

We have also 


0iW==2'4, MA = -a'=/(2-4) = - 
OW-2-6. 6'«/(2"6)«.p 

iVfAr=OW-OJt/=0-l, 

so that h^Q% a'=0'04, 6' « 0*25, 

and therefore JWQ 0-014, 


()'04, 

0-25, 


OQ=^OM-{-AlQ-2'4>l<k 

In obtaining this approximation wo take tlu) «oint 0 
chord iUJ crosses the aj-axia a« apjjroximatoliy 
the pomt rt wtol. tho are ,15 omh*; Irali U,„ „oZ 
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of tlic chord rule hy winch thiM molhocl of approximation is 
known. The 8ul\s(;itufcion of blio cliord AJ^ for the arc A£ 
enables ns to calculate MQ by means of tlie proportion 
iMQ:Am=:^a'ut' + h\ 

ami this method of calculating' il/Q is spoken of as the Buie 
of Proportional Parts — a rule that is extensively used in 
connection with all luatlioinatical tables. The rule was also 
frequently spolccn of by older mathematicians as the licgida 
Fahiy or the Buie of Falsehood, or tlio Rule of Folse Position. 

Wo can now on to closer approximations, by taking 
and 2'41 5, instead of 2*4 ami 2*5. Wo have 

/(2*414):== -0'()00004, /(2*4L5)r= +0*002225, 

so tliat the cuvvo crosses the fv-axis between the iioiiits 
for which «} = 2*414 and a? == 2*415. Wo now take 

OM^ 2*414, MA ^ /(2*414)= ^ 0'0()()G()4, 

2*416, iYi?-:/(2*4l6)=:= +0‘002225, 
.^l/iY-=OiV^Oilf=0*Wj, 
so that now 

k ^ 0 * 00 : 1 , a ' « 0*O00G()4, V = 0*00 2225. 

Putting these numbers in the formula for MQ^ wo get 

j)/Q = ^rp^,= 0 '()() 02186 , 

OQ^ 0il/+JVQ = 2-4‘l. -1.2136. 

When 2*4142135 we find by calculating /(a;) thai/(u>) 
is negative; when a)s= 2*41 42130 it will bo found that 
/(rr) is po.sitivo. Wo have . thoroforo found the root with 
an error tliat is loss than one unit in the decimal place, 
result can bo conlirmcd by solving tlic (juadratic in 
the ordinary way. 

Wo could now proceed to a clo.sor approximation i C that 
were wanted. 

Ex, Find coiTOot to d docinm! jdacoa tho real roots of tho 
following oquations : 

(i) iv'^ - 2a' 2 — 0 ] (ii) -I- 5a’ — 1 0 ; (i ii) ^ a*^ 9a’ -I" 3 “ 0 

by tho iifio of graphs and the chord rule, and verify tho results by 
solving the equations algobraically. 
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111, Use of two Oxaphs, In delimiting tlic real roots oi 
an equation it is often advisable to nso two graphs. 

For example, let ua try to find the number oC real roots 
of the equation 

,..,( 1 ) 

and to obtain rough approximations to their values. 

Write the equation in tlie 

and then graph tlio equations 

2/i=iBS-n}2 y^=:~x+2 

with I’oferonce to tho same axes and with iho same scale 
units for the two curves (Fig. 101). Tho graphs havo only 
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one point, P, in common, and for that point ?yi— J/j. 1£ a 
is equal to Oil/, tho abscissa of P, then 

MP = j/j = a* — a®, because P is on tho graph of j/j j 
MP—y^— — a+2, because P is on tho graph of 
Therefore 

a®— a®=—ct+2 or a®— a® 2=^0, 
that is, a is a root of equation (1). 
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Abilin, iho gmpli of croHHOs the ftj-axis at A, wlicre a; = ], 
and tho grai)h of y^ A wlioro x==2. T]ic root a 

tluiH lioH between 1 and 2. 

We have thus shown that equation (1) has only one real 
root, and we have delimited tho root. 

Ex, 1. Provo tliat tho equation 

2.v-3^0 

liaa only ono real root, anil tliat it lien hotwcon 1 and 2, 

Ex. 2. Provo til at tlio following (ailiic otiuations havo only oiio real 
root, and cloliinit tho root ; 

(i) -3=0; (ii) - 2,^? - 5 0 ; (lii) .ir* -}* 1 = 0 ; 

(i v) -1 = 0; (v) , 1 /^ - 2.r- -I- fw -0=0. 

Ex. 3. Find tho numbor of real roots of tho following equations, 
and cloliniifc each root : 

(i) ,'^3 ^ 3.1’- 5 =0 ; (ii) 1 0.r^ lO.vH 1 «0 ; (iii) - av^- a’H- i =-0 j 

(i v) .1’^ - H- A‘ - 2 = 0. 

112, Combination of two Graplm and tlio Chord Rule. 
Having doliinitoil a root by tlie use oJ: two gmidiH, or by 
any olhov niotliocl, wo can apply the chord rule to lind closoi’ 
approximations. If tho equation to ho solved is /(a;) — 0, wo 
jirst (ind two number, s, (t and /; say, botwoou vvhicli a root 
lies ; tl\o exprossions f(a) and /{h) will have opposite signs. 
Take tho equation 

f(x) = + 0 ) — 2 5=2 0. 

Wo liavo soon (§111) tluit this equation has only one 
real root, and that it lies botwoon 1 and 2. Now tlio 
gradient of tlio grapli ol'/(a5) is given by 

When rtj = l, /'(.r) — 2, and when a;= 2, /'(«;) = 9 ; as x 
increases from 1 to 2 tlio gradiont increases steadily from 
2 to 9, so that tlio curve rises pretty rapidly. Before 
applying tlio chord rule we try to obtain a closer delimitation 
oPtlio root. 

Wo find, by trial, that —0*103 when ce = l*3, and 
f{x)^ + {yi84i when a? = 1*4, ho tliat the root lies botwoon 
is and 1*4. 
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The figure and relations of S 1 10 will apply liorc. 
0Jtf« 1-3, ilM = - ft' =/(l-3) « “ 019ft, 
OjY^H. JVi?= ?)'=/(l-4)«-f0-J,K4, 
MU^^ON-OM^O-l, 

so that /i=01, ft' =0103, 1/ = 01H4,, 
and therefore MQ = = 0-05 1 , 


OQ=OiI/+JI/Q=|.vS5l. 

To test this approximation, as well as bo pritjiai'O fov 
a closer approximation, wo calculato tlio valuo of /’(jn) for 
a;=l’351 and ®=1’352, Wo find, to 4 clocinuvl plnccSj 

/(I •361)= -- 0-0084, /{I -362) = - 0'0040. 

Both l'36t and 1‘852 are too small, and \V(^ hiuhI on 
calculating /(«) till we find a posibivo value. 

/(1'363)= -00008, /(1-364.)»= +0-00ft(), 

so that the root is 1‘353, correct to tUo third dociiiial placo 
We might now take the values 


/i=0-001. ft' = 0'()008, // = 0'(K):t0, 

and calculate tlie new value of MQ. It will hn fimiul Umt 
the root lies between 1*36320 and I'ltfifli; I. 


113. The Tangent Rule or Newton’s Bnlo. 'I'hin-o is 
another rule which is so generally nH«>l'ul for tlm Hidutioii 
of equations, whether algebraic or tmiiscojidoulal, (hat wo 
shall give It here ; it was staled by Nowlon. 

A,ni / tftiigoiit nr (It J{ U will ' 

(all between the mhmUe NB and tTin mv„e 1% ni.r ^T' 

IS the point where BT crosses the (c-axis, Of will ol'viouBlv ' 
approximation to OP than ON is, If thof»' 
«PP’‘oxnnation, wo talcu (IT a« thei 
next bettor approximation, and wo shall now culcukU, 


I 
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ivo 

O 


m 

ITF 


~ gradient at JS=m, say ; 



1£ 

m 


02’- OJV- TF= OiV- b'/m. 

'• this to the equation oC §112, taking 0JV=1’4 and 
4, Wo must calculate the gradient at B. 

/(a:)— a;®— 05®+ a; -2, /(®)=3ft!®"2cB+l; 

0 (§103) the gradient at B is /'(I ‘4) =4-08. 

3 W find 

02’- OW—-«l'4-^= 1-366. 
m 4-08 

ow begin over again, taking 1-366 instead of 1’4 
raliio of ON and /(1-365) or 0-0068 as the value 
'ho new value of m may be taken as 8'8, and we get 

02'=0W-~=l'366-^^^^=l-3632. 

1Yl 0*0 

1 bo found that /(I -3633) is positive and^(l-3582) is 

If wo go on to a further approximation we 
to 1-8583 to bo the value of ON so that B may bo 
10 axis and BT may fall between NB and the curve. 


CJeneral Statement of Rules. Wo shall now state the 
id tangent rules in general terms. 

! li'ida. Lot a. real root of the equation f{x) = 0 lie 
a and h, the nuinboi-s /(«) and f{b) being therefore 
Ite signs ; in the diagram (Fig. 100) we have 

cc, il/Al-/(«); ON^^b, NB=/(b); MN=b~a. 
quation of the chord AB is 

. ^y=sO wo havo oa—OQ; therefore 
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If ft is the approxiuid/tioti wo begin witli, then the fcevin 

is the correction which we atltl to to get the next 
approximation. 

Tlie value for OQ may also bo writtou 

OQ = b “ "■>' 

and if h ia the approximation we begin wobh, then the leriu 

— ft) 

m-jiay 

is the correction which we odd to h to got tlio next 
approximation. 

Since /(ft) and /(6) are of opposito HigiiH, one <jf _thc 
corrections is positive and the other iiogiitive. ; it is ii 
mere matter of convenience which of tho Voi’iiuilno for OQ 
we take. 

Tanejent Hide. In Fig. 100 tho tangoiit 717' I’aUk iM'lwi'wn 
the curve and tho ordinate at H, anit \v« are tlm« ciniain 
tiiat T is nearer to P than N is ; if wo. draw tlui livugi'iit at 
A, and if that tangent crosses tho aj-nxis at 7*', wn niuinnl 
be certain that 3' will be nearer to J* than yl7 i«. I hit tlio 
tangent rule depends only on tluj lUwciHsn., Uto Dvdimile 
and the gradient af, one end of tim arc A Ji *, tho ivliHnissn is 
the first approximation that wo start IVoin. 

Attention to the following atotciiuints will Imul in all 
cases to the ciioice of the ond of tho arc Unit will giv^e 
the correct approximations. 

(0 /(«) ancl /(&) must bo of opposite signs. 

(ii) ,f(£c) must not vanish as x vario.s JVoin n to h, 

(iii) /"(x) mii.stnot vanish as x variiis from n to fi. 

It vrill be a good exorcise for blur sfcrulent to show that 
condition (i) secures that there is ono root h(.>twm>n o and It, 
and that condition (ii) accuras that thorn is on/t/ imr Tlic' 
third condition secures tliat thoro is no point of iuibxicm 
between A and jS. 



aUNKRAL STATEMENT OF RULES. 


279 


§ XU] 

Now let B be that end of the arc at lohioh f{x) and /"(x) 
f^a/ve the saone sign] then the tangent will fall between the 
Oixlinate NB and the envve ABy and shall liave, in 
tlxe notation of § 113, 

f)rn ordinaiiO at B , f{b) 

gradient at B f {b)' 

The equation of the tangent at B is 
y-m^{x-h)f\b)y 

n/vkA when i/ = 0, x^OT] this gives another proof of the 
fb'bove value of OT, 

In applying the rule wo must verify at every stage that 
and fXb) have the same sign; fXx) must not change 
aign, by (iii) above; and thorofovo if the ordinate at li.is 
X>ORitivG to begin with, it must at each subsequent stage bo 
positive; if negative to begin with, then always negative, 

EXBROISES XXIX, 

Find to 3 or 4 Hignilioiint figures the real roots of the oquations 

I ~8. 

1, 2. a’3h-a’--3=0. 3. 

4, 3.r^-"4.r-5 = 0. 6, .r3"A’^-h2.v-'3=0, 6* 1 ^0, 

7» 8. 

9, Calcnlalo the root of the equation 

til at lies botwoon 2 and 3. 

10, Calculate tlio root of the following equation that lies botwcon 

11, A sphere of I'acliim unity is divided hy a plane into two purls 
wlioso volumes are in tho ratio of 1 to 2. Show that the distance A 
o£ the plane from the centre of tho sphere is ji root of l)io equation 

- 3.r^'~ar-i-2=-0, 

a.nd find .v. 

12, A liomi sphere of radius unity is divided into two equal partH 
■L>^y a plane naval lol to the bjiwe, Show Unit the disUuice a or tho 
plane from the base is a root of tho equation 


itiid And tU 
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ASYMPTOTES. 

116. Division by Zero. To tUvido a uuiuIk'.i’ «. l>y a 
nuinbor a> is to find a third nuinbor whinli, wluni inull;ii>lusd 
by iB, will give a. If, howovor, a; happens to be zero, tliin’n 
is no such tluKl number unless a m also x<n.’<). 'I'Iks woi’kin^ 
rules of algebra are carried out ou the asHumptiou that tin? 
product of two numbers is zero when on**, of tiuuii iu zevd. 
If then a? is zero, the product of a> and any other number is 
zero, 80 that if a is not zero there is iio number wiiioh 
when multiplied by » will give a, and tlnirofore tluiro ia iki 
answer to the question, "What is the quoUmit of tt- by 
zero?” If, however, a is itself zero ami cc ulmi ziiro, tluuj 
any iiumbev whatever will, whon mulU[)licd by le, give u ; 
in this case there is no (lefmile auswor, and the HymlKA 
O-rO has really no ineaning at all. It i« perluiiiH worth 
noticing that even if wo assuino, for the «alce of argunmub 
that the symbol O-rO can have a de.Hnito nuinoriciil vtilut* 
we should land ounseives in all sorts <iC alwurditica b'or 
example, 


8x0 = 0 and 0x0 = 0 
8x0=0x0; 
8xO^O=9xO-f(); 
8x(0-^0)=9x(0~-0). 


therefore 
therefore 
therefore 

Now divide by the "number” O-j-O, and wo Ihid tliat wo 
have proved that 8 3 s equal to 9. 

We have therefore to exclude division by zero from tho 
algebraic operations. It is poasiblo, buwovov, in corfcaiu 
cases to give a useful vnUrpretation of a quotioub, wliioh hi 
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the course o£ an investigation is in general quite definite, 
but tor some particular relation of the variables of the 
problem assumes the form a-f-O, 

In preceding sections (af/. § M8) wo have tacitly assumed 
tliat the form 1 -i-O means iniinity,” and liavo msed the sym- 
bol 00 for infinity; tlio circuinstancca in vdiicli this symbol 
was used showed clearly enough its graphical interpretation, 
and that was all we wore coucorned with, In all the cases 
tlio process was essentially that of allowing the denomi- 
nator 05 of a fraction sucli as 1/x to become smaller and 
mnallor, tending to zero, i\,s 05 gets less and loss, 1/x gets 
gimter and greater, and the corresponding point on the 
curve goes further and further olF; wo say that when x^i) 
tho point is ^'at infinity/' and we tlion say llmt the symbol 
1-hO represents tlto 'hunnbor” infinity, but this '‘number'' 
is not a number in the same sense tliat 2 i,M a number, any 
more tlian “infinity” is a point in tlio same sense that 
in Fig. 77 is a point, The circumstancoH in whicli the 
symbol a-f-O arises arc essential to the whole matter,^ and 
wo now give some illuvsh^ations of the utility of this "ideal 
number ” and of the way in which it arises in investiga- 
tions. 


116, Infinite Root of a Simple Ea«ation. Lot Ji (Fig. 1 02) 
bo tlio point (0, h) referred to rectangular axes ZYbY, 
Y'OYi the number h is sup- 
posed to bo not zero. Through 
J3 draw the straight lino of 
gradient a to meet X'OX at 
jP. 

The equation oC HP is 

= ( 1 ) 

To find OP, wo put y^O 
and solve the resulting cqiia- 
triou for a; ; 

tliiis a(C+h^0 (2) 



wliicli gives 
provided a is not zero. 


OP^ 


h 

<i 
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Now, as a geta smaller and smaller, OP hu’jgei’ iin( 
larger; the line BP turns about U and tiio point F move 
off, say to tho right, along X'OX, When a in very sma 
X is very large and P is very far off. 

When a==0, equations (1) and (2) take tho fonns 

y^O.x-i-b (t'). O.mPh^O (2'). 

Since b is not zero, equation (2') has no Holutioii; b 
the fact that equation (2') has no solution eornispon 
with the geometry of the case Ixmause, Biiico (!.&-< I, t 
line BP is now parallel to X'OX, and thoroforo tlons r 
meet it, 

We may now, however, m a cmveiiimt /orjn. of njwc 
say that (2') Im a root, i\ainely oo, and, <;Oims,s 2 i(ni(lin« 
that BP, when it is parallol to X'OX, <l<im incfifit, j 
at any oitlinary point, hut at infinity.” To sat' “ t 
stmight lines meet at infinity” mmnfi fiKcMtly iho 
Ihirm as to say "tlie two straight lines aw 

As nil example, consider Kig. 33, ji. po. \Vo pt-nved ( 
the line A'CS'D' i.s cub by the rays OA, OJi, 00, 00 of 
harinonic pencil 0(ABOJ}},m that (A'B'O'J)') is a hurim 
range ; we may thorofore write 

o'B' "ityjf Jrjy 

But A'Jy^A'B'+B'jy, BO that 


A'])' 

W' 


A'B' 

"W 


+ 1. 


Now turn about O' till it is nearly jmnlki) lo 
IS now very small, so tliat, hj 
A^/XBii} nearly equal Lo 1, and thoreforn, hv tli) A'G 
13 also nearly equal to 1 . When A 7/ in oxuiftly mra) 
OB, A B and Ob '‘meet at infinity ” ; // in now ^llocl 

point at infinity” on A'ff, the ratio or, aa it i« 

times written, ^ is exactly equal to J, and thoroto 
ratio A'O'/aS’ is also equal to 1, so that O’ is tito ) 
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point of A'B\ In fact, jVF is now X'Y\ wliiclx (§ 45) is 
bisectocl at G\ It is eonveniont to use tlie phrase 
) is a harmonic range/' 

If the student goes back to S 4< ho will sec that the posi- 
tion-ratio APjPH of a point P with rospect to the base 
points A, P is never equal to —1 for an aoiiial point, but 
continually appi’oaches — 1 as P gets further and further 
away from A and —1 is the value of ^oo/ooP, or (as 
above) ilco/7jco is equal to +1, 

If G is a point tliab is not on the line AB, and we speak 
of the lino joining G to " the point at indnily ” on AB^ thou 
wo mean the line through G parallel to AB\ every other 
straight lino through G moots AB in an actual point. 
Hcnco it follows that any number of parallel straight lines 
may bo spoken of as inlorsecting ” or meeting at 
induity ; a system of parallel straight linos is a system of 
concurrent lines, the point of concurronce being the point 
at indnity on each lino. 

Tliough this mode of speech may scorn strange, the 
student should pi’actise it; he will soon become convinced 
of its advaniag(^.s and will see that it involves no contra- 
diction with the ordinary propositions of geometry. I-fe 
must, however, always remember that th() point at infinity 
on a straight lino is an ideal" point, just as infinity is aii 
"ideal" number. Fnrtlior, wo must assume that thoi'o is 
only one point at infinity on a straight lino and not two, 
BP (Fig. 102) can lie turned so a.s to be parallel to X'OX^ 
whether P move along OX or along OX', When BP is 
not parallel, it meets X'OX in only one point, and wo mmt 
assiivie that when it is exactly parallel it still " meets 
X'OX at only one point. 


117. InflnltG Boot of a Quadratic Equation. Let a quad- 
ratic ocpiation bo written in the standard form 


then 


X 




2a 


or 


2a 


Am) 


provided a is not jsoro. Lot us transform blio expression 



284: ANALYTICAL GK0MI5TRY, [oiI. XVI. 

for the -ftrat root ao as to boo its hcliaviour wlion a is sup- 
posed to he very small Wo have 

^h + - 4f + 7(?>^ - 4f/60][ ^ ^ 4ac)] 

2a 2a [ — 6 — J{If — 4f )] 

2(3 

—l)—^f{b^^4iaGy 

When a tends to zero, s/ib^^—^iao) tends to ^/(//) or 6, and 
the root tends to — c/h 

Again, when a tends to zero, the numerator of the second 
root tends to —h—J{b^) or — 2?;; the immoneal value of 
this root therefore becomes greater and greater as a gets 
nearer and neai’or to y^avo. 

If thou a is exceedingly small, one root of the quadratic 
equation is nearly equal to — c/&, an<l the other is ex- 
ceedingly large. We are thus led to the following mode o£ 
speech. 

When a — 0, one root oC the quadratic ecpiation 

((aj‘^+/;rr-hc — 0 (1) 

is *“0/6 and the other root is infinite. 

Of course it may bo said, and Haul truly, that if ^=*0 
equation (1) is not a quadratic, hut is a simple o()uation, 
and thoreCore has only one root, namely —c/6, lint the 
advantage of this other way of stating the matter lies in 
the fact that when, in treating a problem, tlu^ language of 
infinite roots is introduced, a quadratic (Kjuation, and not a 
simple equation, is the general oxi)res.si(m of the relations 
implied in the problem, and the inlinito root lias a deiinite 
geometrical^ interpretation, Wo may say that wo make 
use of the infinite root when, a {|iiacli‘atic otpialion “is in 
question or " is expected.'^ (See § 118.) 

If a^O and also wliilo a is not y:oro, then both roots 
of the quadratic ocjuatioii arc infinite. 

118. Geometrical Illustration. Consider the graph of 
the equation j 

ay =03+1+ ; or «jjy =aj“+a3+l (1) 

Oty 

represented in Ifig. 103. 



280 


§§117, 118] GEOMETRICAL ILLUSTRATION. 

Equation ( I ) in of Lho Hceoiid dogi’oe in a? and y. Any 
straight lino, y^aX'Vhi moots the graph in two points, 
their abscissae being the roots of the quadratic equation 

x{(ix + /j) — + :iJ + 1 (2) 

Whenever, then, we are discussing tlio intersections of a 
straight lino with the gTa])h of equation (1), a quadratic ia 
to bo expected. 

For example, the straight lino ?/ — J moots the graph 
whore rt.(||a)+.5.)=:aj2+a!+l or a!«-4»+3 = 0, 
that is, whoro !«=I and a!s=3 (soo dotted lino in diagram). 



The lino QQ' in Fig. 103, the equation ol' Arliich is 

jy=®+l, 

does not meet the curve at all. Solving Huh c(jnation and 
equation (1 ) as sinuiltaneouH otiuations, wo have 

a;(a;+l)=®®+®H-l, 

0.a!®-t-().a)+l = 0. 


that is, 
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Since a quadratic equation is oxpeefccd, we interpret tins 
form of equation to mean tlial botii roots of ilic (luadratio 
are infinite. 

Next take a lino parallel to QQ', say ytz^^x+h Solving 
tliis equation and equation (1) as simultaneous equations^ 
we get 

x{(i}+k) — x^+x+l or 0 . 1 ) 0 )— 1 = 0, 

We now havo one infinite root, and, so long as one 
finite root, namely L/(/i;— 1). When k tends to 1, this 
, second root also tends to infinity ; the parallel to QQ' tends 
to become coincident with QQ'y wliicli meets the curve in 
" two coincident points at infinity/* QQ' is an asymptote of 
the curve, 

Tile 7 /-axis is also an asymptote, To find wlievo the 
i/-axis meets the curve, wo solve (1) and cr—O (that is, 
x — Q,y)cuH simulbaucoua equations; the equation wo got is 

0 , 3/® + 0 , y + 1 0, 

which si lows that both I'oots are infinite, and thorefovo that 
the jy-axis meets the curve in two coincident points at 
infinity. All straight lines parallel to the ^y-axis moot tho 
curve in one point at a finite distance and in one (ideal) 
point at infinity, 

We remind the student of tho purely conventional uso ot 
tho phrase *Mneet at infinity**; the example wo have just 
discussed shows how infinite roots come to bo considered at 
all, and how it is possible to interpret thorn by picturing the 
intersectiona of curves as the points of intorBcction move off 
to a very groat distance. W^o are also led to a new delink 
lion of an asymptote. Let us draw any straight line, which 
wo may call a seareh line, say y^ax+h (Fig, 103), wliero 
we suppose h-hl ; this lino will cut tho curve (as a rule) in 
two cfistinct points. Now turn tho lino about tho point 
(0, b)y in which it cuts tho jy-axis, until a is nearly equal 
to 1 ; one of tho points in which it moots tho curvo will 
have gone off to a groat distance, and wlmn a^l, tho lino 
will be parallel to QQ\ and one root of the ecjuation 

x{ax+h)^x^+x-^l 

will have become infinite, Next move the search lino 
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parallel to itselC till b is neax’ly equal to 1; tlio second 
point oi interHoction m now very far olf, and when = 1 
the lino coincides with QQ', and the other root of the above 
equation has becoino iniinito. In other words, when our 
lino becomes an asymptote it meets the curve in two 
coincident points at infinity. Hence the dolinition : 

Definition. An asymptote to a curve is a straight line 
which meets the curve in two coincident points at infinity. 
Or, an asymptote to a curve is a tangent whose point of con- 
tact is at infinity hut which is not itself at infinity. 

Tins definition of an asymptote is not so general as that 
given on page 207, but it is specially suitable for curves 
roproaonted by I'ational algebraic o(iuations. 


119. Conditions for Infinite Boots, In the equation 


aoJ+t-O (1) 

put for (t), and thou multiply by wo get 

a+hz^{) (r) 


Now wlien z becomes very small x bocouios very largo, 
and as z tends to zero x tends to infinity. But if c^=0 
and 6=l-0i equation (1') shows that z — 0. Honco the root 
of equation (1) is iniinito if a=() and 6=1-0* 

Apjilying the same transformation to the quadvatio 

( 2 ) 


WO got <i-\-hz+cz^=‘[) (2') 

Ono value of z in zovo, and fcliorofovo ono value of m ie 
infinite, if a = 0 and /;=|=0; both values of z nvo zero, and 
therefore both values of x aro infinite, if a=0, b — O and 
c=l=0. 

Quito generally, the equation 

ftoTB" + 1 -t- ftga;" - ® -I- . , . -f -f a» = 0 

has one root infinite if «q»= 0, %=|=0; it has two roots 
infinite if «ot=0, 6(i=0 and U 2 =|= 0 : it has r roots infinite 
if a 9 = 0 , ai=0, ... , a,..i=0 and 
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exercises XXX. 

Solve the simultaiieoea oqnalioiw in Kxamples 1~7, HUitiiig in emeii 
case the number of noinle, (i) nt ii liiiito distnnco, (ii) »t liiilnitv. in 
which the graphs of the oquatimm moot. Tho t1in.gnniin vofoviotl m 
show the grapii of the seconil equation. 

1. ^f+l=0, y(.r-l)=2-,r (Ifig. 77). 

2 . b4). 

3. 

4. i/=>.r+l, y(w-2)«.'e(ir-l). 

B. (<^).^■= 0 , .i? 0 /-.«)=l i {b)i/=xt, A-Cy-a))«l, 

Draw gi'aph»^. 

8 . (a) .t’= 0 , 2 ^=.v- 2 +^! (&) 2 i/«.v- 2 , 2 .i/«:.r~ 2 -(- ' 4 . 

Draw tlio grapl^B* 

7 , (a)i»=l, (.»-l)(y“.t‘-l)=>l i 

Draw tino graphs. 

8, Provo that tho aayioptoio of tho (sui’VO 

parallel to tho^-axia is tho lino a?t=l, ami (iiul tho obliquo iiayhijfiUiUii. 
Oraph the Equation. 

9, Graph tho oquatlon and jirovo that mA 

/i? 2y - 3 are asymptotes. 

10, Graph tho following equations, and Ihul tho ocpuiLioUM tlw 
asymptotes 

0) 1 j (ii) ^ ^ 1 I 

(iii) y(ij - .V -V 1) 1 j (iv) f Qj - -M ) 1 , 

11, Provo hy Dcaconding Continued Divishni l)nit Um uf 

the following oqimtiona havo tho aoyniptoU'rt otiitiHl, and gnilih dw 
equations j 


0) ^ asymptote, ; 


(H) 


1 


asymptote, *, 
(iii) . asymptote, ,y«it’+13i. 
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lI blio asyniptoboa of Uie graphs of tlio followitig oq.uationB : 

I \ -.VO 


' x-^ ’ 




’ '*"‘{x~v){x~%y 


<vi) y= 


{x~ l)(■^- 2 ) 
(.t'- 3 K.«- 4 y 


w tlio grapli of 

lafc ia an naymploto, and find tho coordinates of the ' 

[j in which tho tisymptoto nK^ots the curve. 


*0 And Asymptotes* AVg shall now show how^ in 
50 s> asj^mptofcos may bo found. 

Consider the equation 

(2a;-2/-l)(aj+23/-^3)«=6 (1) 

[uatioii is o£ the second degree in x and ?/. Clearly 
ssao (or ordinates) of the points in which the line 

— 1=!0 

) graph of equation (1) satisfy tlie equation 0 = 5. 
quadratic equation is in question; therefore both 
tins quadratic arc iuhnito, and tlie lino is an 

L’ly 2?/ 8 =5 0 gives an asymptote. 

y. 104, p! 292, for the graph, 
lino aX‘^hy-{-o^0 meets a curve of tlie 7}}^ degree 
i curve given by an eepation of the degree in 
in points whoso abscissae ai'o given by an eq-uation 
— 2) in 0^, then the line meets the curve in Wo 
infinity, and is, in general, an asymptote. ^ (Of 
1 this statomonb wo may replace "abscissae'' by 
} 3 and X by y.) Thus 
{] 0 +y^O, x—y — 0 and 2 aj- 2 /+l = 0 
ptotos of tho curve given by the equation 
'(^■^y){x-^y){2x-^y+l)+^oi>--' lli/ + 9 = 0 ; 
jack of tho factors x+y^ x—y and 2x — y + ^t when 
.0 ^ 5 oro, rodiicos the equation from the third degree 
sb» 

T 
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II. By DesGeiiding Gontinnecl Diviaion. Si'c p. 206. 

III. By a Seu/reh Line, Consider the e<iimtion 

x^+y^—Sxy^O (1) 


Use y^mx+c as a search lino. To find its intorscctions 
Avibh the graph ol (1), put oiix+G for y in cqnaiion (1), and 
arrange the resulting ecpiation as a cuWc in x ; wo got 

+ l)o>^ — 7yh)(v^ + + 4 ?^ — 0 ( 2 ) 

Two roots of this equation must hccoiiu} inliiiito; wo 
therefore choose m and c to satisfy Uio equations 

+ 1 — 0, m-e - m := 0, 

which give 0 = — 1* IToncc the lino given by 

yss—OJ-l or a>+?/ + l = 0 

is an asymptote, It will ho noted tluit tlio values found 
for m and o make the coolReienfc of x in (2) also vanish, bo 
that in this case the asymptote ineots the curve in threo 
points at infinity and nowhere else. (Fig. 1(15, p, 298.) 

Kx. Apply Lliis motliocl to find fciio aH^uuptoles of Uio cubic given 
to iUuatraU the first method. 


IV, From Freedom-JUguations, The straight line 

ax+by^c (8) 

meets the curve given by the freedom-equations 

(4) 

in points for which the values of I aro the roots of the 
equation tttV(t-l)+bt/(i*-:i)t= c 

or af+{a~o)l^+hl+o=>0 (6) 


n the lino (3) is a tangent, equation (5) imrst Imvo two 
equal roots (see Ex. 6, p. 201), and if tlio point of contact 
of bho tangent is at infinity tlio equal roots must make one 
or bofcli of the cooitlinotoa in (4) inlinito. 

Now we find, from (4), that (i) iK = co, y = co, if {=>1; 
(ii) 3/=aoo, ftj— — if t=s — 1 ; (iii) (B = oo , y — 0, if {»«), 
Wo must thoroCoro consider those three cases. 
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(i) If iJ=l is a double voot of (3), tiiat equation may be 

written (^- L)2(«it+c)=0 

or ai ^ + (£} — 2a) (6) 

Coitiparinp; tlio coofficionta in equations (6) and (6), we And 
a— 2a, ?)=a— 2c, 

and fclieroforo a= -|Sc, Equation (3) now becomes 

I i ==== ^ 2iy — 4i'y ==: 3, 

and this eqiiation tlio asymptote coiTOsponding' to 1. 

(ii) If — 1 is a (loul)lo root of (5), that equation may 

be written (l5+l)2(«He) = 0, 

and, comparing coolTieionts as before, we find r6~ —2c, i = 
The asymptote coiTesponding to ^ — 1 is therefore 

— 2caj=c or — J-* 

(iii) If ^ — 00 is a double root of (5), wo see that a = 0 
and a-c=:0; tliat is, a=0, c = 0. Hence the asymptote 
corresponding to i = oo is ^ 0, 

The atudont may find the constraint equation of tho 
curve and verify these results by tlio preceding methods, 


121. Approach of Curve to Asymptote. To find on what 
side a curve approaches an aHymplote, wo may proceed as 
sliown in tho following exaniploa 


Ex 1. 


(2,t?-y-l)(.r-h2^--3)-e (1) 


One asymptote is givon by l=50j thoi’oforo a portion, or 

branch, of tho cum imist bo near tins lino at a groat clistanco from 
tho origin, Wo may tlioroforo o{)nHi(1or tho equation 

2a*“?/-|j==0 or (9) 

as the first approximation to equation (1) for points that aro far off in 
the direction of tlio asymptoto. 

To find tho socond approximation, write equation (1) in tho form 


or (3) 


For points of the curve, that nro far olf in tho direction of tho 
asymptote wo aro dealing with, tlm value of y is equal to (2,^-1) 
approximately. Our socond approximation is found hy putting 1 
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foi' 2^ in the expreasion on tho right side of ecpiation (3). We thus 
have 

2nd app. 2'=^®- 1 } 

that ia, y Sa? - 1 - 

or 

'Where 1 /aj ia iho moat im})ortant torm of tho quotient l/(rt?~l). 
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Honco tho cuL'vo appears below tho aaymptotQ on tho far right Wicl 
above it on the far loft (Fig. lO'l), 

To find tho approximation for tho other asymptote^ write oqnation 
(1) in the form r 

v= W 

and then in tho oxpreBsion on iho riglit aiclo of oquation (4) put 
-iir-hft for that ia, pub for y tho value in torma of .-v obtained 
from fcno equation of the aayinpioto wo aro now doaling with* Wo 
thus obtain I 

a 




doaling 
1 


as tho required second approximation. In this case tho curve appears! 
above tho aaympboto on tho far right, and below it on tho far loft 
(Fig. 104). 
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Ex* 2. , *.(1) 

Tho asymptote is (§ 120) 

.t' +;/ 1 — 0 or ^ = - - 1 (S) 


At ft groat (lifltanco from the oi'igin bhoroforo in tlio direction given 
by tliG asymptote roprcsonlocl by ec|nabion (2), the ciirvo must be 
cloao to tliG asyniptoto, and equation (2) may for such values of >v 
and y bo taken as Clio first approximation to oc^uation (i). 

Now write equation (1) in blio form 


then 




*^^-h2.r(74 >7/^ 


( 3 ) 



As boforo, in fcbo oxprossion on Uio right of equation (3), put 1 
for y i that is, put tho value of ^ in loriiis of ,v given by tho first 
approximation (2). Wo tlion got 

A--i-y+i=gjq:3jq;;ji 

or, xising doscoiidiiig division and retaining only tho most iqiportanfc 
term of the quotient, namely 

, 1 
that is, y— 

Hence tho curvo appears above tho ftsymptoto at both "onda^^ of 
tho asymptote (Fig* 100)* 
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These exainj^les are sufficient to inclicato the moUioclB 
of obtaining a knowledge of the way in wliich a curvo 
approaches its asymptote. They also illustrate a inotliod 
of obtaining approximations to an otjuatiou for largo values 
of aj and y. Corresponding to each asyiiiptotti that a ourvo 
has there is an approximation. In these two oxtunjiles 
both X and y tend to infinity; wo have already (si 100) 
discussed the approximations when only one o£ the 
variables tends to infinity. 


BXBBOISES XXXI. 

1, yiDfl the ivsymptoUa o£ Iho curvos given hy the foUowinir 

equations ; ” 

(i) ; (ii) j (W) .r(y \ j 

(iv) (y-ir)(.^■+y+l>=l ; (v) (y-S-rKit-S?/)-. • 1 ; 

(vi) (2ar-y+l){.v-y-2)=.l j (vii) .y(?/-.v)(.V--2.v)v . 1 j 
(viii) i«,i/(y-w)0/ -2.v)=i ; (lx) .t;)/(.v+//).|.,t'“ -I- »/■>.-.--() j 

(x) y-3!i!^+4»’=i/. 

2. Prove that the slmpo ot tlio gmpii of .r»-,v3e=], for hvi-tro vtilims 
of 3 ) and is given by bhe following oqualionH : 

and graph the equation. 

'hnH'ixinmtiouH for lluj 
(i) 2^=*+^ ( (ii) > 

and graph tho equation. 


(i) ; (ii) 


1 , 
* 


and graph tho equation. 

Sketch tho graph of 

4. Graph the equation (y 2.i’)(a’ s- gy) j ^ 

5. Graph the equation 

6. Show that each of the naymptotos of iho curvo 
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meets the ciU'vo in throo points at infinity. Prove that the curve 
approaches ita asyiiiptobea in the way specified by the following 
oqnationa ; ^ 

Asymptote, ?/ := 0 j ^ 

Asymptote, y^.v\ 

Asymptote, y=^%v\ 

Draw tlio curve, 

7« Sketch tlio graph of the equation 

Show that the jy-axis meets the curve in four points at infinity, and 
that the oiirvo approaches that axis in the way specified by Olio 
equation .rs=l/y^ 

8, Trace the graph of tho cciuation 

.i,y/(.v+//) -h.V** -h/- 0. 

9, Craw tho ourvos given by the following equations : 

(i) ; (ii) 

10* Draw tho ourvos given by the following equations ; 

(i) j (ii) ;y=(.v- '• 

(iii) 2^+i={.v+«)H(^a‘ 

11, Draw the curves given by the following equations ; 

(i) i (ii) ! (iii) 

12. Graph tho equation 

13. Draw tho curves given by tho following equation s : 

(i) = 1 ; (ii) \ (iii) a;y(y-^’)=l- 

14, Trace tho curves ; 

(i) f{y’-^x){yA-^x)=l \ (ii) y(;/-a’)^(,'y-l-2(v)i==l \ 

(»0 v{y-ic){y-v%xy^'\. 

16. Provo Unit any straight lino pamllol to moots the 

curve i’r^'’in one point at infinity, but that (tlio 

asymptote) meets the curve in three points at infinity, and that 
the curve appears above tho asyinplolo at botli ends. 
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16 Find th^ equation of tlio lino that inooiw tlio ouwo 
in two points at infinitj^, and atato how Uiocurv^ apjwiU’rt at tim oiula 
of the line. Find the coordinates of the liiiiLo lunnC m wiacli Ibo 
asymptote intersects the curv’e, 

17. Trace the variation of the almpe of the hyporbola given by UiO 

as a .assumes values from I down to zoro. 

What is the graph of the equation 

(a) -2^+1) (2,-1; -I- y - 1) =5! 0 7 

18. Faetoriso ; tlwin Ivaco in ouo diagnim 

the graphs of the following equations ; 

(i) j (ii) ; 

(iii) *- ay -P a? + 2^?/ - 1 «= 0, 

19. Graph in one diagram the equations j 

(i) (^+y-3)(2A'-3^+4)=^I j (ii) ] 

(iii) (.-r ~ 3) (2ir - 3;/ H- 4) =« - 1 . 

20. Prove that the equation 

4- 3.ty - 2y« - 5^ - 3 0 

represents a hyperbola, taking a liyporbola to moan ii ourvo of ibo 
second degree which has two real and dijitinct iwyniptolOH, Ditiw 
the curve, 

21. Prove that tlio equation 

2 A-iy + ht/^ -h Sf/.r -h 2/^ -p o 0 

represents either a hyperbola or two roal ntraigiit liuou Jf 
the letters other than and y donoting conntantH. 

22. Find how the curve given by the oquatJoJw 

^ t 

approaches its asymptotes. Sketch in ono diagram Uin curv^ uikI iu 
asymptotes. 

23. Find tlie equations of tUo naymploUw nf tlio folltnviug ciu’vqa s 


(i) «««», (ii) X, 


'M 
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CHAPTER XVIL 

HARDER CURVES. 

122. Tftngont at Origin. Lot tho equation of a curve bo 
written in tho form 

0 =‘7tt| ... ■httrti (a) 

where , it,, are homogeneous polynoinials in a 

and y of tho 2"**, 3‘‘* dogreea respectively ; since 

there is no constant term tlio origin lies on the curve, 

The equation of tho tangent at tlio origin is = 0. To 
see this take a definite example, 

0=4®— 2i/-}-3iB ’*+ %xy — ?/* + Sir® — +22/“, ( 1 ) 

so that Ui=4«!— 2i/, and tho lino to be considered is thoroforo 


4»— 22/=sO .(2) 

Solving equations (1) and (2) as simultaneous equations, 
0 got for a> tho equation 

0==3»“+3®»=3a!“(L+fl5) (3) 


Tho lino (2) moots tho curve (1) in two coincident points 
at tho origin, and is thoroforo tlio tangent ; any other lino 
through the origin incotH tho curve in only one point there. 
If equation (1) liad no terms of tlio 2*’*’ degree, then the 
equation coiTcsponding to (3) would have three roots equal 
to 0 ; tho lino (2) would thoroforo bo an inflexional tangent. 
In general, if oiiuation (a.) contains u^ and but not u^, 
tho origin will bo a point of inflexion, because tho_ lino 
will thoro moot tho curvo in three coiiicidont 

points, 
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Suppose now that equation (A) contains no tovnia o[ Llio 
■sb degtee; it will then bo ot t\io form 

0 >> • .(a ) 


In this ease every line, Ihrottfih the oriti'm will 

meet the curve there in two cojncidcub iwiiits, IjooiMihc, 
obviously, when wc put 'mx for y in (a'), sj* will bo a faclor 
of the right-hand side. Tho origin is thoroforo .said to be a 
double point of the curve. 

To illustrate this type take tho example 

0 = ax^ -H j/* — ay'* ft) 

Here « 2 =aa:®+y^ and we have threo cases to (!(mHidi>r 
according as tho factor's of -itj are (,i) r'oid atnl diirorriil, 
(ii) real and equal, (iil) imaghrary. 

Case (i), Factors of real and diUbrcnb : a nogativc, 
say a«= —1. The equation (4) becomes 

y^~x^~as^=(), {'j.') 

while u,j=(y — a!)( 2 /-l-.'c). Tim line y/— a!=0 ineotH Uin 
curve (4") in three coincident points at the origiir ; siinilnrly 
the line j/-f-i»=0 meets tiro curve (4/) in tln-no coiiinidciib 
points at the origin. 1'hesc two lines bhorel'oro liir ckxivr 
to tire curve than any other lines througii tho origin ; fnvj 
branches of the curve pa.ss through the origin, uiid Llieao 
lines are the tangents, one for each branch, I'Jie cuf\’o i« 
identical with Fig. 76, p. 202, if li is taken as origin; 
y-x-O is the tangent at J3 to tho hraneh J J}(}, ndrllc 
y-f-a:=0 is the tangent at Ji to the branch A'-HC, TlHr 
double point is in this case a node (§83). 

Case (ii). Factors of ttj real and equal: ctasO. The 
equation (4) becomes 

while In this cose tho origin is a ensp 

the graph of equation (4") is Fig. 74, j). 200. 

^^®tors of imaginary ; u positive, 0 »y 
ft=sl. The equation (4) becomes 

'gH®*-®® = 0, ...M,"’) 

while « 2 — Here tho coordinatos of tho origin 
satisfy equation (4"'), but there is no olhco' point o/uui 
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§ 122 ) 

G'lt/rve in the neiqhhourhood of the oinqin. Writing (4"') 
in th. form 

we see iliab, except when x and y are both zero, x must bo 
equal to or greater than 1 if y is to he real, so that Iho 
point (1, 0) is the nearest point on the curve to the origin. 
The origin is called a conjugate point or an isolated point. 
The graph of equation (4"') rosembloa Fig, 76, p. 201, if 
we suppose the oval to shvinh to a point at A \ it eonsisla 
oC the isolated point at A and an open branch 
where AB—\^ the points* being the origin for the graph 
of equation (4""). 

If equation (A) contains no terms of the 1^^ and 2*^'^ 
dojgrees and begins with then every lino through the 
origin will meet the curve there in time coincident points i 
the origin is called a triple point, and the factors of 
furnish the tangents to tlie three branches that pass 
through the origin, Different cases arise according to tho 
natui'o of the factors of (real and different, repeated, 
imaginary); in §124, Ex, 4, an example of a curve with a 
triple point is given. 

The following oxamplos show how tho gradient may 
be obtained in cases to which tho rules of §102 are not 
directly applicable. 

Ex, 1, EincI the graclioiit at any point on tho graph of the equation 

^ 0 ( J) 

Lot (A, k) bo any point on tho ciirvo, and lot tho origin ho Blnfted 
lo tho point by putting for .v, and A 4--)/ h)ry ; equation (i) bocomos 

(A-|-^)H(A4*^)3-3a(A+^)(A-h7/)-0 (ii) 

or (h^ 4 - - ^a/ik) -h 3 (It^ - ak) ^ 4" 3 (P “• ali)7) 

‘h 3(/^^^ ““ 4- 4 (iii) 

Tho torm --SrtM*) ia zoro, ainco (A, A) is on tho ciirvo ; 

equation (iii) is thus of tho form of equation (a) with r) instead of 
lT, y, Honco tho tangent at tlio now origin ia 

3(4^ - 4' “• «A)7/ — 0, (i v) 

and bhoroforo tho gradiont is 

3(A2^cfA) ak-h^ 

^ ^ 
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But (A, k) ia poinl on tlio curve ; w may tlioreforo put .v for hy 
and p for hy and tliua gob fclio roault, 

gmcHonfc at {x, 3^)=p^,- 

In finding gradients it saves labour to win to x for h and y for h in 
equation (ii) instead of in equation (v). Wo can thou sfcato the Rulo ! 

Hule. In the equation of tlio curve put for x and for y, then 
pick out the terms of the first degree in ^ and t) ; if tlioao terms are 
where a. and {3 will usually contain both x and y, the gradient 
at (x> y)i 0 -a/^. 

If then the derivative of f{Xy y) whoii x 

is variable and ^ kept constant is 3A^^-3a?/; if, however, x is kont 
constant and y ia variablo, the derivalivo is 3.?/-3fi£A\ It will bo 
soon that if the expression is formed os directed by the Rulo, 

we shall have 0L=3,i'2-3a^ and 3/y^-3rtA’. Wo are thus led to 
a convenient method of finding the gradient as will bo shown in the 
next example. 

Ex. S. Let /(.'r>.y) be a polynomial in x and y ; denote by the 
derivative of j(Xy i/) when x is variable and y is kept constant, and 
fy the derivative of /(.t?, y) whoa ;/ is variable and x is kept 
constant ; then the gradient / at any point (*v, y) on the graph of tlio 
equation /(.V, y)=0 is given by the equation 

or y=~4 
Jy 

We shall prove the rule wlien S(Xy y') is the polynomial 

a^'hx-\-cy^r<y^’^Gxy-\*gi/-\>l%^‘\‘mx'^y-Vnxy'^-Vpy^ \ *(l) 

and it will be easily aeon to hold for any polynomial, 

In (i) put fw ^ ft-hd y-l-i/ for y\ then pick out the torma of 
the first degree in $ and ^ and arrange Ihoin in the form oif -hjSv. 
Tlio gradient will bo -a/jQ, The expression (i) becomes 

a^-h {x -h $) *!- (3(y -h ri) + d(x H’ 4- ^)(;y 4* y}) 'hg{y 4 

+ 4 5)^ 4 4- ^f(i/ - 1 - 1 ^) 4* n(x + ^){y 4‘>]f)^ 4* r})\ 

The part of the first degree in ^ and 'ij ia 

(h 4* 2dr 4 oy 4- Ux^ + + ny^) ^ 

(o + ex^^gy + dix"^ + '^. nxy 

The cooffioiont of ^ is the coelTiciont of t; is fL and therefore 
the gradient is --/'-f/;. ‘ 

This rule is of very general application, Tims take 
?/3 - %vy - A’® - 3 a 4- 2?y -5=0. 

Denote the polynomial by /(a, ?/) j then 

/^=-2?y-2A-3, /J=2yy-2A4-2 
- 2^?/ - 2 a - 3 _ 2 yy>h2Ad-3 
2^'-2A-i-2 ”'2y-2A4-2* 


and 
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I f ^ on (*^’2 + 1)^ - (. 1 *^ ^ 1 ) =; 0. Boiioto tins polynomi al by 

we thou liave 

/x=2«a/-2.v, f^=A^+\ 

n.n<a ._ a?;-2.tffl . 2■^^(.^^^+l)-2A^(.^■«-l) 4,^■ 

'^V“o liavo oxprosaed tlio gradiont in terms of x alono by putting 
^ its valuo (a'2— 1). 

3i I^ind tliQ gradient in Uio following cases : 

(i) ^ Q j ^,a ^ - y-i - 1 =0 ; 

^Ciii) 3/3i=:2avrd-^».^'2 ; (iv) 2/uy-h 2^a’+2/y-fo=0^ 

Cv3 (vi) ; 

(viii) 

JUx. 4, Pind 7 / and express the result in terms of (€ alono in the 
follo^Y|ng examples ; 

(i) ; (ii) ; (iii) ; (iv) (.7>^+l)y=a’ j 

Cv) (1 — 1 ; (vi) (1 ’Y.'6)y'^^sV ; (vii) (1 

IKx:.* 0. and if % v are polynomiaU in x alone ^ then 

, vid -uv' 

TjjS— > 

'svliox’o u* and aro the doinvntivos of n and v roapoctively, 

‘W'xdfco the oqimtton y^ujv in tlio form and denote 

"Uy ,’/) i t^ion 

f<.v,2/)<=vy~ii, /i=<v~w'. /»=■» 

ftndl 'o — ) 

Biixoe and thavof ovq u' -v*y^(v 2 i/ -nv')/v. 

1 V* 

JCf so that «=»!, 7«'*=»0, then 

AV'o have thus found a rule for obtaining the derivative of a 
q^xiotientj and it contains also the rule for a product uv. Write uv as 

t>1io cfxxotiont of 14 by ~ ; then 


1 , 
-y 




V 
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Ex. 6. 

(i) 2/= 


Find ?/ ill tho following casoa : 

1 hx -I- 0 

; W V - 6 ’^ ^ 




(iii) 

(vi) 


123. Orders of Small Quantities. In dctormining tho 
shape o£ a ciii^ve near a given point on it, wo rotain some 
terms and reject others as boing small in comparison with 
tliose retained ; wo are thus led to speak of dilFcrent orders 
of small quantities. 

Wlien cc is small, 0(? is small in comparison with a?, and 
m small in comparison with because the ratio of to x 
and of x^ to is bho small quantity x. ''.t'ho quantities 
and x^ are called small quautibioH of tho second and 
third orders respectively, x itself boing considered as tho 
standard small quantity or tho small quantity of tho 
order ; ax^ and hx^j where a and /; are constants, are also of 
tho 2“^^ and 3^'^ orders respectively. 

Tho following examples show how these notions of 
order are applied; wo suppose tho o(iuatioii to ho in tho 
form 0 = Ui+U 2 +%+... of §122. 

Ex. 1. - 4;/ + 4.ry -t 2;/+^*® .(i) 

Tho tangoiit at (0, 0) is 2.^-dy—O, and thia gives tho Aral approxi- 
niation ; near Iho origin thoroforo is of tho 1“^- orclor. Sinco 
^ is of tho lirsl orclor, and^^ nro oach of tho 2’“^ order, ao lliat tlio 
BQCond approximation bo equation (i) is liowovor, 

more convoniont, as a rule, to give this approximation explicitly In 
torms of a ; wo thorciforo write 

y 'h i( - “1^ V)) (il) 

and in tho torma on Iho right side, in place of y put ’i-v, tlio valuo of 
yfrom the approximation. Wo thns (Ind 

y (iil) 

Equation (iii) shows that near tho origin tho curvo lioa holow tho 
tangent. 

Ex, % (i) 

The tangent ab(0, (h is ^=0. Near iho origin i/ is much smalUr 
than j it is of a hiffm* ordep of smallnoBS. Tho equation suggests 
fcii0 approximation; this inakos y of tho second 
ordor^ and thoroforo of the 3’^ order, of tho order and of 
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fclio order. Hoiico is iho correct approxiiimtion, and near 

fcho origin the curve is approx i nut toly a parabola. 

Similarly for tlio equation 

0 1= .V - ^ q, 2,^3 ^ q. ^3^ ^ 

the approximation is i when wo tahoy to bo of fclio first order, 
,vfj is of Ibo 3’*' order, of the 4^'' and x'^ of tlio 0^'^, It deponds oii 
tlio given o<piation whothor x or y is to bo taken as tlie standard 
small quantity or tlio quantity winch wo call that of tho first order, 


Ex. 3, 0==5,y — .........(i) 

In this case tho torma of tho second dogroo contain y as a factor, 
and tlioroforo vani.sh when //— 0 ; in Example 2 (i)^ y is not a 
factor of tile tor ms of tho degree, Tlio iioxt approximation is 
given by ; this makes y of tho ordor, xy of tho and // 

of tho Q^\ 

When 111 ^ factor of the second approximation is dorivod 

from 0, and not from Take, for instance, 

0 — y - A’ - 3,r2 + ,);?/ +;?/2 - - y3 (ii ) 

Here = (y - x) (y q- 2x) — ni (y q- 2.r )• VV ri to equation (ii ) in tho form 
y ^ +?r H-7/.p2.V ' 


■lq-y-h2.r 


Since tho first approximation isy—.-i?, fcho mimorator of tho fraction 
last written is of tho 4**' ordor, winlo fcho donominator is nearly unity ] 
the fraction is thus of tho 4^‘‘ order, and tho second approximation is 
tboroforo y _ 

Tho origin is a point of inllexion. 


Ex, 4, x^ + ~ Saxy ~ 0. 

Near tho origin, on the brancli to which y^O is tho tangent, 
y iiinsb bo miicli simtlier than a’; wo thoroforo try or 

3«y~.r^ na tho approximation. This makes y of tlio 2*''^ ordor, and 
thoroforo tho rojeclod term y^ of tho ordor, ho that ^ay—x^ givon 
fcho eoiTOct approximation. 

Similarly 3rt,r=y^ ia fcho approximation when x—0 is tho tangent; 
this nmkos fcho rojoefced term of tho order when y is of tho first. 

Ex, 13, 

Tho approximation, wlion y— 0 is -tho fcangonfc, is 4y=-,r^; bliis 
makoa tlio roiocted toriii y' of 'tlio 8^^’ ordor. 

Corresponding fco tho repoatod tangent tho approximation is 

given by 4x^—0 or 2.v^±y^, Wlion y is of tho first ordor, 
X is of tho 'fractional ordor ij, and fcho rojoctod torin of tlio ordor. 


Ex, 0, Show that Sy^q-.v^^O is a first approximation to tho equation 
of Example 1 w/ioi x and y ara large, 

Tho oqiiation 2y^^x^^b gives y^ :k(- ; wo may call y a large 
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quantity of order ^ when /t* is tho standard largo (quantity. The 
torni coy is of order of order % y of order il, x of order 1 ; thus 
the two terms and avo of tho order, and llio rest of lower 
order. Obvidusly x must bo nogaiivo if y is real. 


124. Curve Tracing. We shall now give some harder 
examples of cnrvG tracing ; tlic following gonoral diroctions 
should be noted. 

The usual procedure is to select some points on tho 
curves, to obtain approximations to the equation for cacli 
selected point and draw the corresponding elements of tho 
curve, and then to join up the elements thus found In 
joining up the elements any symmetry, axial or ceniral, 
will be very helpful ; symmetry will also lesson tho labour 
of calculating approximations. It will somotiines bo 
possible to find values of one variable that maho tho 
other imaginaiy, and thus to determine regions through 
which ilie curve does not passj the shido7it fihoulcl look 
carefully for mch regions. 

Important points to be examined are : the origin and tho 
points whore tho curve crosses tho axes, tho points at 
infinity and pointB whose coordinates can bo soon by 
inspection of the equation. If turning points can bo found, 
these are very useful, but there is generally considerable 
difficulty in locating thorn exactly. Occasionally it will 
bo necessary to solve equations, and the inotlmds of Chapter 
XV will be useful. Tl\o determination of tho gradient by ^ 
the methods of § 122 will also be helpful in some cases. 

It should be romomhored, however, that all wo profosa 
to give are tho leading features of tho curve; accurate 
determination of its details is beyond our plan, ; 


Ex. 1. 

Tho curve ia symmetrical about I)o(,h axes (ITig. 106) j tho origin ia ^ 
node and the langonts thoro arc y^x and y^ 

N ear y « we havo 

I .. . 






Near y — - a;, ayc have y : 

Tho points (0, a), (0, -a) avo on the ourvo. )%ift tho origin i 
(0, a), and the equation bocoinoB : 


0 « 4 * 4 * 
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and fclio Blmpo neai' tho now origin is given by 0. Noar 

(0, —a) WG have 

By solving tl\e etjiiatiou for y wo see that Iho greatest value of x is 
given by tho equation in which case At tho 

points given by theso values of x and y tho tiiiigont is perpendicular 
to the .^-axia. Since is not greater than tho values 

of y must also bo Unite, and the curvo is a closed curve. Tho curve is 
shown in Fig. lOG, whore a is roproaonted by 10 divisions on each axis. 



Fia. 100. mo. 107. 


Ex. 2. or 

Tho origin is a ouap (Fig. 107), but here hath branohos lie 07i Ike 
samo side of tho tangont y— 0 near tho point of con tact, and tho cusp 
is called a o^^8p of iho seoond kind for r/nmp/ioid cusp). Tlio lower 
branch crosses tbo a^-axis at (1, 0) and has a turning point whoro 
ir=iO'G4. Tho curve is easily traced !>y plotting points (Fig. 107). 

Ex. 3. (i) 

Tho origin is a node (Fig. 105, p. 203), and tho shape there is given 
(§ 123, Example 4) by ^^ay^sv"^ and *^ax^y\ 

By § 122, Exaiuplo 1, tho gradient at iiny point y) 5b 
{ay-x^l{y'^-(i>'v)i and is zero wlion ay—x\ If wo solve equation (i) 
and tho equation as siniiiltaneoua oqiialiona, wo shall Ibid the 

turning points ; disregarding tho soUition .r—O, wo find a 
y^a^j^i as tho coordinates of a turning point, Tho gradient ie 
infinite when y^^wi\ and by solving tliis equation and equation (i) 
a. A, Cl. V 
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«» aimultaiiQous equabione wo sco that bho iib blio 

(a O' is pei'jjoiiclicular to tlio .v-axiH. 

Siiioe equation (i) is not altoi'ocl l>y iutM'clnuigiujf .« an<l ,//, tliii l■^u’ ve* 


o\uc6 ^quacion is nou iv .t- ilhh gimt • 

is sviumetrical about tlio bisector of ibo auglo A7> Y } fruTii 
symmetry the coordi mites of tlio point of oonUiot nf Ibo 

ndicular to Uio ,i7-axis niiglit bo doLlncod from lluvso t»f tl*«* 


perpcH' 


turnings j^oint. 

The relation of the cuwe to the asymptote is diKniHraml 

l* 1 1 Cl P/\-n i»n 1 4m 1 riF /I 


in S121, Kxample 2, for tho vahio I of a 

If we seek the 

asymptefco, meets 


, - -IJ-IIw iSj *^'11 t'l'VJ Ttmiu I. 

If we seek the points in which the lino ])ura.ltol in 

ets the Curve, we gel tho equation for »r, 


3(\ + a):v^ - 3 A.(A “h rt).vH- A*'^ 0 < i t > 

W 

lA'ik** 


Since tliis equation is of tlio 2'“' degree, ono root is iurmili*, ; 
should "be; the diBci'iminant of tho equation (ii) for tho tiUu'i' 
points of intersection is 

12A^(AH^a)^3A2(A-i-a)(3« - A). 

Tfor real roots therefore wo must have mnl ihe 

lies between the asymptote - a and the lino dhq wliicli 

touches the loop at 

The curve is shown in Fig, 105, p. 203, for the valiK^ 1 <ir tt. 

In Bciuation (i) put;y=ta’ and eolvo for a* ; wo iImih Ilud Urn Jrrrtinm 
^qxiatioii^ of the enrvo; 

(iii) 


‘i + <3’ 


and from thaae equations the coordinates of noint« imty Lo tuij^jly 
^fcii/atad. It will bo a good oxoroiao for tho Mbudoia to’Hhnw tlmL 
li P IS tlie iwint given by equations (iii), tlio curvo in in thw 

feJiowtng order. As t increases from -co bo -1, }' judvon fivtui O 
idong the bwuich (?/? to infinity ; aa I incroiiHCH fruiii - 1 t** tx 
ncttmia to <? from nifirntyaiong tho Iminch J)0', and liimlly, na, # 
iBcreasee hvm 0 to + oo , P doacribos tho loop OAJ)0. ^ * 

Note that tho lino y=te moots tlio curvo in im lioiiiba at ff iirid 
at a point P different from 0 } tho coordinates of P imi llii«rurt»rw 
latwnal fiineUam off. Whoti tho freodoni oqnatioiiH can 

Ex. 4. 




(ii) and ay«A-,/ 3»3 (iii) 

(see Ex.'V" H«> /nt 

(u) m a parnboln with its vertex npwnrdn * fcb« 
(Ui) IS a eeniicubiud parabola (§ 83; wit), thoyjxk al 


are, 


of 
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at tho origin, wliich ia a cusp. . Tho tn])lo point is tlius innclo up of 
an ordinary point anil a cusp. 

There are two asymptotes, and their relation to the curve is given 
by tho equations i i 

,y=.^■+l-g^. a«d y=-A.+ i.|._. 

To find ^Yhero an iisymptoto crosson a curve at a finite distance from 
tho origin, wo hoIvo tlio equations of asymptote and curve ns siniuh 
tanooua oquations, The asymptote crosses at the points 

(-0*3, 0*7) and (-T7, -0-7), while tho asymptote - crosses 
at (0*3, 0*7) and (1*7, —0*7) ; those numbers arc approxiinato. 
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Fig. 108 . 


Tlio freedom oquations of tho ciirvo aro 
4if , 

It la fairly obvious now how tho curvo goes (Fig, 108), 

Ex, 5. 

Wo BUpposo a>0 1 wo may note at once tlmt^ cannot bo nogatiyo, 
and that the ^-axis is an axis of Bviiimotry (Fig, lOD). 

Tho origin is a triple point, and tho approximations tlmro are 
Aai/ =5 an cl » 4 
Solving tlio equation for we got 

d: * •(«) 

Ecjuation (ii) shows that ?/ cannot bo greater than a ; thoroforo io 
also IS finite, and the curve’ does not go olf to infinity, as is othorwiao 
obvious, since cannot vanish for real values of d) and y. 
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From (ii) wo aeo that two valnoa of aro equal whoii ?/—« } 
two points (a, a), (-«, «) "ro tliovoforo tm-ning poults. 

The freedom equations of tlio ciuwo are 



Fig, 109. 


It may be shown that the gradient y* is given by the oqiiaiiori 
V 'i' ir) "• 

the second fraction being obtained from tho first by nmne nation 
(i). To find the points whoro the tangoul is ]jorpondicular to the. 
iu-axis, solve equation (i) and j wo got ' 

I 

The curve is shown in Fig. 109. 

Ex, 6. 0=5 2 , 1 ’ - 4y - 3^*3 -h4.tyy * ♦ v . ^ ^ 

This example is much harder than the proyioim onoH, • 

The curve (Fig, 110) goes through the origin and croRsos tUe fi.x.ea 
also at tho points (1, 0^ (2, 0), (0, 2). Tho shape near tlioso l>oint^ 
is given as follows ; 

Near (0,0); ' 

Near (1,0); V=^l' 

Near (3,0); 

Near (0,2) I 

Now solve equation (i) for y in lorme of a i wo gob ' 

(2y+2.v-2)*=(2,r~2)«-2(.r>-!te».|.a.a’) 

= -3(,»-l)(.v“-.|.r+2) 

=‘-2(.t!-0'fl)(,r“I)(.r~3'4), ..(ii 

where we have taken »y2=l''l in Ilnding tlio factors of .v** ~ 4a?-l- 0. 


TWO OUBIO CURVES. 
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From equation <ii) wo see that y is imaginary («) if a* >3*4, (i) if 
l>.^’>0'6, and ib real for all other values of .r. Wlion 

-2*4 twice ; 'when A’s=l,yy=0 twice ; when ir=0'6, y=0*4 twice j 
the tangents at (3'4, -2‘4), (1, 0) aud (O'G, 0*4) are perpendicular to 
tlio ^-axis. 



Em, -1 10* 


The shape near (1, 0) has nl ready l)e(3n detornnnod ; it is oaBy to see 
how the curve rutiH iioai' (0*G, 0*4) and (3*4, —2*4), flinco llio curve 
oxiRlB only on one Hide of tho tungont at the point. 

For largo valnoH of cv and y wo havti hoou in 'Kxainplo 6, § 123, that 
tho curve approxiinatOH to tho grapli of 

Tlie gra])h there fore conaiHtH of an oval and of a hranch oxtonding 
to infinity on h(3th Hides of tho .r-axis, (Fig. 110,) 

Ex. 7. (i) 

The cuxwo (Fig. Ill) goon through the origin and moetB tho axes 
also at (I, 0) and (0, "*1). 'J'lie approxhnatioiiH are ; 

Near (0,0), near (I, 0), (9) -l)**J/^==’ -3^^ 

Tho asymptote is and tho relation of curvo to nsyniptoto 

is given by ' ’ , 

?/= -,r+§+-- 

Tho asymptote croaaoa tho curvo at the point (J?, ^) or (O’G, 0*06). 
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To got furfclior information, lind whom the oiivvo moots tho lino 
purallol to the asjnnptoto ; tho abscissae of tho points of 
iiitersoctioii aro givon by 

(3 A ~ 2).r2 ^ (3 A2 + A + 1) A’-h X(A -I- 1)'^ 0 (ii) 

Equation (ii) has two fun to roots unless A— 2/3) as it should have, 
Tho diacriminaiit I) of c(pialion (ii) is 

A + 1)^» - 4A(A + 1)2(3 A ^ 2) 

. « ^ 3 A-i ^ lOAH 11 AH lOA + L 



Fta. in. 


D is obviously negiitivo for largo values of A wliothor A is p 08 ltiv& 
or negative. It will l;o foniul by trial that /> is nogativo (i) if A Is 
greater than 1*4, (ii) if A lies botwcoii -0*2 and -0*5, (iii) if A l« 
negative and numorioally greater than 4*1 ; those values aro approxi- 
mate, but aro sudioiont to show how the curve goes. 

Tho curve consists of a ])ranch extending to infinity and lying 
between tho lines w-Vy^ VA: and -0'2, and of an oval lying 

bob ween tho linos .^'•'hy==' -0*5 and “-4*1. 

By giving to A a aeries of values wo can gob a number of points, 
and thus have a fair idea of tho general course of the curve. Wo 
give tho table ; 


xh 

0 

-1 

-.2 

-3 

-4 

-O'O 

Wm 




-0*60, -X *08 

-1*6,-171 

-0-08, ~0-31 


Tho curve is skGlclicd in Fig. lU. 
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Trace Uio curves given by equations : 

1. tho Lonuuscato of Geroiio. 

2, tho Lonmiacato of Bernoulli. 

3. tho Lenmiacato of Booth, 

4, +?/'■’) 

5, a - ic ^) — -h y^), tho Logocy ol ic Curve. 

6. (j/^ - ‘t'’'*) ~y •1' 7, « 0/^ -1* .f'^) ^ A' (.i’“ - ?fy 

8, a(y'‘* tho Trisectrix of Machuunn. 

9, a{.v^ -hy^) “ ‘^’0* 10‘ *" tho Oiasokl . 

11. c«v'^ -h h//^ — ^v{.v^ -1- y-), a > 0, ?^ > 0. 

12. -* V** - +^^)» « > 0, >0. 

13, ai/^ - (a* - y)(a’'‘ 

14, y ^ (.V rt) ~ X (.V - a) (.^• — 6), /# > > 0. 

16, a>0^ 6> 0, c > 0. 

16. 17. y(.‘W-y)=^*v(,t7Hy^), 

18. 19. a(y-^r)^-^/, 

20. a-’‘^(.v ‘h.y) - 21 . .ty (.vH- y) - + {v^ 

22. 23. 

24. y*. 26. ,r*“i-y3-a’M-3.iy-h4y.i-^BsO. 

26, i>v^ “h;/) — 'f- y^ -“ cia?y\ tho Carclioitl . 

27, 6y=bv'^“hy‘*^)(y--ti)'». 28. .r»^?/^100rtW+96iy^0. 

29. (y--2a5-^=*4.y, 30. y'*H^,x^‘ -r)y'i--3a;H6=(). 

31, Brovo that tho ciirvo 

has a douljlo point and two real ))«ints of iiilloxioUj and that those 
throe points aro tho vortieos of an oquihitoral triangle, 

32, Tnico tho eurve 

(a’ "h y + 1 )(2.r -hy 1 ) H-,J% = 0, 

and show that tho curve 

(.r-by B 1 )(ri-r -h /jy B (j) H- =* 0 

will liavo a double point if />:=(?. 



[on, XVlll 


'Ji 




CHAPTER XVIII. 

CANONICAL EQUATIONS OF THE GONTO SECTIONS. 

126. The Para,hola and its Canonical Eauatlon. Lot a 
variable point P move so that its distanuo from a fixed 
point B is equal to its perpendicular distance 1?M from a 
fixed line ZX \ then the locus of P is a parabola of foms 8 
and directrix ZX. The fonn of the curve is shown in 
Fig, 112, A, the middle point of the perpendicular 8X 



from N to ZX, is the vertex of the curve and the lino iS is 
the axis. It is clear, from the definition, that the curve is 
symmetrical about its axis. 

Lot the curve be referred to A8 and tho porpondicular 
through A to AS as axes of « and y respectively; lot A A, 
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NP be the abaci.ssa and ordinate ot any point P(a!, y) 
on the curve ; then we have, aa the equation of the curve, 


MP^=4!A8.AN ( 1 ) 

or y2=4ax, (2) 

whore AS=a. 

Proof. 

NP^=SP‘^~SN^ 


^PM^-8N\ aince SP = PM, 

=xm-sN^ 

={A8+ANf-{AN~ASf, since ZA = 


=4yi«.^iY (1) 

or (2) 


Since the curve is Hyinmotrical about its axis, the 7/-axia 
is the tauffcnt at the vortex; honeo y'^^Auos is the equation 
of a parabola referred to its axis and the tangent at tlio 
vortex as axes of a and y, and is called the ca/nonioul 
' equalion of the paralada. 

Let L8L' bo the doublo ordinate through the focus ; then 
8L^X8’=2A8=U, 
thoroforo LL'—'kt,. 

LTj or 4a is the lalxtA roclxixn of the parabola. 

Freedom oquationa of the parabola y^—kix are x=at2, 
y=!2at. 


Ex, 1. Find the otjiiaUon of blio panibola whoso foeuH is Iho origpi 
and whdHo diroutrix is ■>j~,v^% Viiul also Uio equation of its axis, 
its latus I'octiini and the coordiiiatos of its vertex. 

(i) Lot I'ix.y) 1)0 any ))i>int on bho paiuhola. 

Then tho dormiiiff conditinn Bivo.s 

sqnaro of distance from P to origin 

wHqnaro of distanoo from P to .v-;i/ -1-2=0 


or 




whonco 'h 7/2 -I- 2.t?y - 4a’ -V 4y - 4 ^ 0 

is Iho equation of tho pavabola. 
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(ii) Tko axis 18 tho poi’ponclieiilnr from fcho focus (0, 0) tO(»— ,y+2=0 

A’-hy— 0. 

(iii) Tho lafcus rcctuin—twico clistaiitje of focus from directrix 

=2(2/v/i5):=2v'2. 

(iv) Willi tlio usual notation, J, the vortox, is Uio midcllo point 

of JSX, ^ 

Now X is the intorsection of tho axis and tho directrix, that is, of 
and a’-^+2=0» 

Hence X is (-1, 1) ; tlioreforo -i-l is (- 1/2, 1/2). 

Ex. 2. AQf A /I are chords of a parabola drawn at right angles to 
each other from the vertex A, The rectangle A Q/*R is conipbtod on 
AR. Erove Unit tho locus of 2^ is juiothor parabola, 

Lot tho given parabola he y-*— 

Lob Qy /i bo the points and {aL^% 

Then the gradients of AQy Alt are or 

Bub AQy AR are at right angles ; blieroforo -4 (i) 

TJie coordinates of the midcllo point of QR are 

)u 

Hence tho coordinates (A, ^•) of P aro such that 

h a{ii^ -h and h ~ 2a (^i A- Qi 


or h=a{tiA'L 2 y^-^atii^ (ii) 

and (iU) 


Using (i) and (iii) to subatitiito in (ii), wo got 

7.3 

A — 4- Sa or “ 4a(4 - 8rt). 

Writing a* for A ancl^y for A to clonote a varying point Py we have 

4a(.r — 8a) 

as the equation of the locus of P; and this roprosonts a parabola 
whoao vortex is tlio point (8a, 0), whoso labus rocbuiii is 4a and whoso 
concavity is in the direction of tho .t'-axis. 

Ex. 3. Provo that tho chord .^’4-A?/==4a subtonds a right angle 
at the vortox of the parabola ?/^ = 4ctA\ 

If wo put X '{■’!)}/ for 4a in tlio equation 7/^—A(t,Vy wo got 

y = X (,r -h bi/) or H- kvi/ - « 0, 

a hoinogcnooua oqnatioji of the second dogreo which represents tlio 
two straight linos joining tho origin, ov vertex, to the intorsootionH 
of tho ohorcl and tlio curve, Sinco the sinu of the coodicionts of 
and is xoro, Ihcso linos are porpoiidicular, by § 42 ; so that tho 
chord aublonds a right angle at tho vortex, 
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'rhirt arliluio of iimking one eqimlioii homogeneous oy means of 
\H of some importance; it enables \ia at once to get an 
Qtiuatioi^ the lines joining the origin to the interaectiona of the 

ciif vo» Hpeoifiod by tho eqiiatioua. 


EXEEOISEB XXXIIL 


] )riiw the parabola whoso focus is the origin and whose directrix 
is its cqnnlion, tho equation of its axis, its latus 

rectum anil the coordinates of its vertex. 


% Draw the parabolas whoso foci and directrices are as follows ; 
find tlujir e'tj nations, the ei|iiatioua of their axes, their latera recta, 
»,iicl th(3 coo rdi nates of their vertices ; 


(i) f(K!H8 ! (3, 4) ; 

directrix : y=,v. 

(ii) » 

(a. 1) ; 

„ 4.^'-3y— 6=0, 

{»•>) » 

(1, 1) ; 

„ 3.'i^ + 4^ — 8 = 0, 

(iv) ,, 

(1, -1); 

„ 4.r+3y-6=0. 

(v) » 

(0. 0) ! 

„ 5,*;+ 12^ -13=0. 


3, Hhow that may ho defined geometrically as the locus 

of u point Nvhioli inoves so that its distance from (1/2, 0) is equal to its 
diKtiuico from (live a geometrical definition of 

sire tell both curves. 

4j* If'iiid tho focus and directrix of each of the parabolas 

0. Itidcvr llio curve whoso equation is — to parallel 

axes of ^ and ')) through tho point ,r-2, ^=-3, and prove that it 
ronrcHtmlH a parabola, li'ind its latus rectum ; and also tbs focus 
and dirootrix referred to tho .v and ^ axes. 


6, Trovo that y=5(.v-l)^ y*=.'i;3-2*v+2, and 

jy are congruent parabolas, 

7 , Vvi J vn th at if -- 4 «.v and if = 4a -h a) are congruent parahol as. 

8, J.h-{)VQ that V 3, y <? are congruent 


|)iiraliidaH. 

9, l/rovo that v^ax^^-hx^Q represents the parabola whoso 
vertex is whoso latus rectum is tho absolute value 

of l/«i whose axis is parnllol to tho ^/-axis, and whose concavity is 
iipAvardK or downwards according as a is positive or negative. 

10. Lho oiiufttioii of Ibo pai-abok ^vhose axis ia par-alle^ to 
tl m .y-iixiR and wliich iiassoa through tho points (I, - a)y 4;, ^,*5, 

11. If ft.t'i+Av-ho anil (ir»+e.»+,/ l«vvo oqiial values wlien 

atul provo that they liavo equal values foi all values 

of x\ 
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12 . Parabolas with their axes mmllol 

through the following sots of threo pomtH , hml wluillioi Lheu 
concavities are turaetl uaAvards or dowiiwar<la : t-v 

(iii) ( - 1 , 8 ), ( - 2 , - 2 ), ( 1 , ' 8 ) i (IV) (1 , t>), ( - 1 , ' 1 ). 7 ). ^ 

13 . Find the distance between the foci of oaoli of Uio following 


pairs of parabolas j 

(i) ^2 = te’ and 3 /^ « 4& (/J? 4* h ) ; 

(ii) /=4a(.«+f0 o”'’ 

14. P is the centre of a vavinldo circle whi(ili lomOioH llm .r-axiH 
and the fixed circle, centre (0, «), radiiie « ! lU'ovc that tiui Iociih 
of P is a parabola. Find its latus i-cctuin, the coordimilort of iLr4 Imnw 
and the ecpiatioii of its directrix, 

16, A variable circle passes tlii'ougli a lixed pnint A and tuindioH ii 
fixed straif^ht lino L ; aim AP is the dianuddr <jC tbo cu’clu d* 

Provo that tlio locus of P is a paval)ala ; fiiid find its focus, vorlox iiutl 
directrix. 


16. A variable point P iiiovos ao that the longth ttf Uie liiiif<oiit 

from P to the circle is ctjual lo llio ordiiuvtu nr \ ]U‘i*Vi5 

that tho locus of P is a imrabola. 

17. Tho vertex A of a variablo triangle APO \i^ llm fixed point 
(0, p ) ; the variable vortices 7i, 0 move on llio a;-iixisHn that 

is constant, where the origin 0 is the foot of ibo porponillmibir from 
A to PC, Prove that tlio locus of tho oircuin-conlrn of llm U iauglo 
fa a parabola. 


18. A variable eirolo cuts a fixed oirclo at right angles and loiicli&a 
a fixed straight line. Provo tluit tho locuB of its eentro is a ]jiunboliL. 

19. A chord PQ of tho parabola whoso vortex is A nuu^ttt tlio ax in 
in 0, If J/P, NQ are tho ordinates of P and <5?, pi'uvo that 

AU.AN^A(/\ 


20. ^0 chords ZIP' and QQ' of a paralxfia intorsnet at a point oji 
the axisj prove that tho rectangle contaiimd by the ordlnatUH nf 
P and 2^ is equal to tho roctan^o contaiuod by tlio ordinaloH nf Q) 
luid 

21. If Pp be a focal chord of a parabohi, of vertex A and fcuum >V, 

and if AP^ Ap meet the (atus rcciinn in prove that *S'y, \u^ 

equal to the ordinates of jo, P, 

22. AP is the ordinate of any point P on a parabola of vorLOX A, 
PM is drawn porpondioulur to AP to Uioet tlio axin in Al \ AfQ 
perpendicular to tho axis nioota fcho parabola in Ih’ovo tliut 

23. A parfibola is described through four consoontive aiigulnv 
points of a regular Ijoxrtgon. Show tlint the radius of tliu oirolo 
insci’ibod in the hexagon is equal to tho latus roetinn of tho paj’wboJft, 
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24, If from the vorlox of tlio parabola a pair of chorda bo 

drawn at right angles to each oibor, find the equation of the locus of 
the middle jjoint of the chord joining the further extremities, Show 
that the locus is a paraliola, and find its hitua rectum and the 
coordinates of its vortex and focus. 

26. Prove that the locus of the middle points of a sories of chords of 
a parabola drawn through its vertex is a parabola. 

26, Given the axis of a parabola and two points on the curve, 
determine the focus and directrix, 

27, A variable chord of a mrabohi subtends a right angle at the 
vortox, Provo that it passes through a iixed point, 

28, Find the coordinates of the middle point of the cliord of the 

parabola whose oqualioii is //—.?; -hi:!, and deduce tlio equation 

of bho locuR of the middle point as o varies, 

29, Provo that y^aa/m is the loous of tlio middle points of the oliorda 
of the parabola y^^^ax which have a gradient m. 

30, Provo that ysssmx-ho Is a tangent to the parabola y^^dax if 
o=aa/m, ■ 


126, The Ellipse. Let a variable point P movo so that 
its distance 8P from a fixed point 8 bears a constant ratio 



c, less than unity, to its clislanco PM from a fixed lino ZX ; 
then the locus of P is an ellipse oC ev.coAilriciiy e,focm 8 
and diraGlvi^A ZX. The form of the curve is sliowu in 
Fig. 113. 


yS ANALYTICAL 610OMHTRY. [oil, XVIII. 

' Lob A and A' divide BX, bUe perpendicular from bo 
7jX^ mternally and externally, so bhab 

8A=c.AX and SA' = e,A'X-, 

lob 0 be blie middle point of AA' ; and let B'OB, JJBL, por- 
pendioulai’ to AA', meet llio curve in B’, B and L', L. By 
the deiinition of the ellipse, BB ~ a . OX and BL = e . BX. 
'Jllien 

A A' ia called the major axis and BB' the minor axis; 

0 is called the centre and LL' the latua rectum of tho 
ollipso. 

Lot AA'^^a and BB'=2h. 


Theohems. 

OB=e.OA^ea-, (1) 

GA=e. OX or C'Z = a/c ; . .(2) 

08.GX=0A^=a^’, (3) 

6*=a®(l— e*); (i) 

SL==h'^la. ( 6 ) 


Proof. (1) BA^e.AX and BA'^e.A'X’, 
therefoi’e, by subtraction, 

=e(il'X~^X), that ia, 208=2e.0A, 
whence G8=e.GA=:ea. 

(2) Also, by addition, 

,SfA'+^A = a(A'Z+AZ), that is, 20A = 26. OX 
whence GA^e.QX or GX—afe. 

(3) 08. eOX^eOA . OA, by (1) and (2) ; 

hence G8.GX = GA^=a\ 

(4) b^=OJP^ 8B^ - OT = (e . GXf - 08^ 

= a*— a®e*, by (1) and (2), 

— a®(l— e®), 

(6) SL==e.8X=^ e{0X - 08) = - ac) = a(l - e») « h^a. 
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Tho studont will have noiiced that wo liave not used 
'^stops” in the proofs. In this respect wo are following 
the customary practice of (rmmdrical Oouies, and wo shall 
continue to do so in similar cases. 

EXERCISES XXXrV. 

1. If C5?=5 and 0* calculate e and tho dialanccR of S and 0 
from the diroetrix. 

2. If Ct-I=G luid calculate a and tho distances of S and A 

from tho directrix. 

3. If assT) and ft — 3, ealcuhito e and 

4. If = 0 and e-1/2, enlcuhilo 67i, i^X and 8 A. 

6. If and (7A’'=0, calculate 6VL, OJ) and c, 

6. If ftc=5 and 0=4/5, calculate 6, C8\ <X.V, AX» 

7. If 6=4 and <3=3/5, calculate «, 08^ 8 A^ 8X, 

8. If rt=5 and 6 = 3, ealcuhito the length of the latuB rectum. 

9. If the focuH of an ell i] wo, whose eocoutricity is 1/2, is 3 ins. 
from the (liro(’trix, calculate the lengths of tlie major and minor axes. 

10. Lh’()vo that 8J)^0A and that 08^'{-CIi'^>=OA\ 

11. If A8l/V8-2Uj*M\ as in tho case of tho Earth’s path round tho 
Sun, calculate e. 

12. If calculator. 

13. Prove that A 8 . A^8 = OJi\ 

In tho following oxorcisos tho ollipso is referred to GA and (77i as 
axes of .V and y j Ni^ are the abscisHiv and ordinate of a point 
P(ji\ y) on the c\irvo. 

14. If a =5, 6=3, 8P^A, prove that <3=4/7), 7VV=r), aV=D/4, 
NP^ 4*3^15/4 and ,^’V^^M^y‘*/6^=h 

16, If a=r), 6=3, 8P^% prove that ^=5/2, y=4:3N/3/2 and 

16, If y) are the coordinates of X, prove that 1. 

17. If (.r, }f) is a point whore y=x meota tho ollipao, prove that 

x^±ahj>J y and =* 1 • 

18. P is any point on an ollipso, M its projection on tho directrix, 
[f tho bisector of the angle 8PM meet >S'il7 m (i), find tho locus of <3. 

19, If tho focus of an ellipse ho tho aominoix focus of two parahohis 
whoso vorticoa are at tho on cl a pf the major axis, thoso parabolas '\ViU 
intorsaot in points whoso distance from each other is ocpial to twice 
tho minor axis, 
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127. Canonical Equation of the Ellipao. 10 tlio ellipse, 
whoso semi-major and semi-minor axes are OA=a unci 
GB — h, is relorred to GA and GB as axes oO a; and y, its 
equation, then called the eanoniced equation, is 

y*'_ 

Lot P(x, y) be any point on the curve (Fig. 113); lot 
GN==x, A[P=^y, 

Then = NP ^ = . PAF - NS^ 

= e'^.PrX^~NS^ 

= e\GX - GXf - (G8~ GNy 

= - 83^ - («e - a;)®, by ( 1 ) and (2) of § 126, 

= (« — ex)^ — {ae — a?)® 

= a® -{- e®a>® — a®e® — as® 

' =(a®-a!®)(] -e®) 

= by (4) of §126. 

vv 


Therefore 

or 


j/®_a®— (T® (B® 

6®“ a® “-^“a® 


a:® y® 
^■*'55 


= 1 . 


Wote, (1) The equation may be put in the form 

2/® _h- NP^ GB^ 

Oil®-6W®“6'yl®’ 

or, as it is usually written, 


_iVP® _OP® 
ANTNA'^GA^' 


(2) The curve is symmetrical about both axes. For the 
image of P(a:, y) in .<'1^4' is (a?, — i/), which lies on tho 
curve; and tho imago of P in BB' is (—a;, y), which alscf 
lies on tho curve. 
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(3) Every straight line drawn through 0 and terminated 
by tlio curve is bisected at This follows from (2). 
Such a line is called a dicf/meter, 

(4) For any point Q{x^y y^) inside the curve, 

For i£ CQ meet the curve in P{oy, y\ a?j<a) and y^Ciy 
(num oricall y ), so that + 2/ and 

therefore < 1. 

(5) For any point li{x 2 t y^) o'^dside the curve, 

If OR meet the curve in P(aJ, i/), x^'^x and y^'^y 
(munorically), so that x^la^+y^^lb^'^x^a^+y^/h^ and 
therefore > 1. 

Ex. 1. Find the equation of the ollinao whoso focua is tlio origin, 
directrix .r+^-|-2— 0, and occoutricity 1/2. E’ind also the coordinates 
of its centre, 

Lot bo the focus, PM the perpoudicular from a point P(a;, y) 
on to the directrix ; then ^p 25 ^^ay>j /2 



wh ich reduces to *1- 7y® - 2.ry - 4.^* - 4y - 4 = 0. 

Let X bo the foot of tho porpondicular from S to the directrix j 
then A*" is tlm intersection of x-y=Q and a?4-y-j-2=0, that ia, 
(- 1, - 1). But 8A/AX—ll^ and SA'/A'X— - 1/2, whom A and A' aro 
the vortices. Ilonco (§10) A and /P aro tbo points (-1/3, —1/3) 
and (1, 1), Bub (7, blio coutro, bisects AA' j thoroforo 0 is tho point 
(1/3, 1/3). 

Ex, % Porpondiculars through P to FA and PA' moot tlio major 
axis in il/’and M ' ; prove tlmt MM' is oq^ual to tho latus roctuin, 

Lob P bo the point (.Vj, y^). Then gradient of Pi1 is yi/(.rj~a) ; so 
that gradient of FM is (a - a’i)/yii and tho equation of PM is 

Whon ,y=0, x^OM', fcliorcfore — . 

Similarly CM' - .v^ 4- — 

.t’l -i~ u 

Thoreforo =OT'-C’il/»2«. -/!i-5=.?5%moo 

X 


O.A.O, 
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EXERCISES XXXV. 

1, Find tliG eccentricity of the ollipso 

2» JTincl tlio eccentricity and tho latuB reoiinn of tlio ollipso 
;ra/25^-,?/V0==l. 

3, Find the canonical equation of tho ollipso whoso minor axis 
is 6 and latua rectum 2. 

4, I’ind tho distance from tho focus to tho directrix of tho ellipse 

a?Vl0+//7^1, 

6, TTiiid which of the following points are inside and which aro 
outside the ollipso specified by a—t) and : 

(2,-3); (-4,2); (~~(V3,3‘2); (3% 2'8). 

6. Determine tho points of intorsoction of the ollipso 

xyd^.\^2/W^h 

and the diameters formed by the biaoctora of tho angles foruiod 
by tho axes. ITind also tho length of oibhor diameter, 

7* ITind the distance from tho centre of tho ollipso apocifiod by 
i>s=s3, to either of tho points on tho curve whoso absoinsa is % 

8* Establish the following foimiula for tho length of the somi** 
diameter of gradient tan 9 : 

" 

1 -c^cos^ 

Tliis is the polar equation of tho ollipso, referred to O' as polo and 
GA as initial Imo, 

9, If the diameter of gradient unity is equal to tho major somi-» 
axis, find tho eccontrioity or tho ollipso. 

10, Establish tho formulae : 

SP^a ' ex. 

11. The points (.«, ?/), (-.«, y), {-.v, -7/), (.v, ~w), A, A' iiro tlio 
vovticoa or an equilateral liexagon inscribed in tho ollipso 

prove that • 

12i If OA and GB are tho lines ^ + I*a0 and a?+2y-'3MO, 

and GA-b^ C7?^3, find tho equation of tho ollipso. 
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13. Tf OB is tlio lino 4a’ 4- 3^*1- 2 =0, nncl iS' and A are tho points 
(1, 1) and (2, 7/4), find tlio equation of tlio ellipse. 


14, Find the con Ires, and iho equations and lengths of the axes 
of tlio following ellipsos \ and akotch tho ciirvofl : 


(0 



1 . 


(iii) 




(ii) 

(iv) 


{n+bf'*{a-bf~ 
18 8 “ • 


(V) 

^ ’ 128 ^ 80 
(vii) 3.r* + 4^* - 0.v + 8^ = D. 
(ix) 9A’2+3/-12.i;+fl^=2. 


Ml (•^•-2.y+iy , (2,r+y+iy_ , 

(M) + „i. 

(viii) 8.^’2 H- 4r);/2 - av + 00^ +1 2 =? o. 

(x) 9*1’^ -h 3^^ -f 1 2,v 4- 6^ = 2, 


16, Draw on wpiavcd papor tho ellipso wIkjso focus is tho origin, 
directrix and occon tricity 4/5. I^ind its equation and its 

laUia rectum. 


16, Draw on squared pnpor tho oil ipso who.se focus is (1, 2), directrix 
3.r-4j?/-h 10— 0 and eccentricity 1/2. Find its equation and the 
coordinates of its contro, 

17. Olio vertex of a variable narallolograin OAPB is fixed at tho 
origin 0, Tho adjacent sides OA=a and OB^h make equal and 
opposite angles with tho AMixiSj while the parallelogram opens 
and sliuls. Provo that P tmees out the ellipso 

18, A straight lino of fixed length moves so that its oxbromitiea lie 
on two rectangular axes 5 prove that every point on it truces out an 
ellipse, 

19. If a circle roll inside another of double its radius, show tliat 
tho oxtromitioa of a diameter of tho rolling circle, invariably connected 
with it, describe perpendicular Btraighb linos and that any point 
invariably connected with tho rolling circle but not on its circinnferonco 
do.Hcnhcs an ellipse, 

20. Circles are described on AOA\ BOIV^ tho axes of an ellipso, as 
diameters \ a variable radius vector 0(ili moots tho first circle in Q 
and tho soconcl in ll ; parallels through and ll to GJl and GA 
I’especOivoly meet in P. Provo that tho locus of P ia the ollipso, 

DraAV the ollipso specified by H, ^^3, 

21, P ia a point on tho ollipso whose axes are MGA^ BOB and % is 
the projection of P on the minor axis B^QB \ provo that 

%l^\Bn.nB^GA^\GJP. 
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22, NQ is ti variablo ordiiialo of iho circlo tiiicl P is 

taken on NQ so that NF=^hNQ j prove that the locus of 7Ma the Qllipse 

* ;S5 1 

If find the equation of the locus of P, and the area 

contained by the locus. 


23. AG/V and BOB' arc straight lines of lengths 2a and S& 
respectively, winch bisect one unothor at right angles at C\ on AO/V 
are taken points Q and Q so that GQ, . GQ^aK If BQ^ B'Q* cut at 
find tho equation of Iho locus of l\ and sketch the locus, 

24. A point P moves so that the length of tho tangent from P to 
a given circle boars a constant ratio c, less than unity, to^ tho 
per pond ioular dis banco of P from a given tangonb tof the cii’olo. 
Prove that the locus of P is an ellipse whoso occontricity is o mid 
whose latus rectum is equal to tho diaiiiotov of tho circlo. 

26. GP and CQ are two perpendicular sonu- diameters of tho olUpao 
\ \ prove that 


26. If the two ellipses 



and l 


have the same eccentricity, prove that aja^^hlh^. If a radius vcotor 
OPQ meet the first in P and tho second in q jirovo that 67^: CQ ia 
constant (Tho ellipses are said to bo homot/ietiG or amilar and 
similarli/ aiCuated,) 

27. If P is a lioint on the ellipse h and C\S' equal to 

GS is out off from and if SP and tS'P are at right anglosj show 
that the ordinate of P is equal in length to 

28. On GAy CB as diameters, circles are described } find tho coord t- 
nates of their points of intorseetion with tho olHpso wlinse semi -axes 
aro GA and GB, 


29. Tf a tangent to the circlo whose equation is 

moot the ellipse in P and (J)» pvovo that PQ will 

subtend n right angle at the centre of the ellipse, 

30. Find tho coordinates of tho middle point of tho chord of the 

ellipse 0, whose equation is .r+y=l. 

31. Find tho locus of the middle points of chords of tho ellipflo 

parallel to the diameter y = mx, 

32. Find the equation of tho ellipse whose focus is (1, 2), direobrlx 
xA-y^Xy eccentricity 1/2. Find the equation of the straight Haq; 
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wliioh bisects all chords pamllol to the ,r-axis. Draw tho ourvo and 
tho lino, 

33, Provo tlmfc a pair of coininon chords of tlio circle 

and Uio ollipso — 1 pass through tho common centre. 

Pind tho equation of the pair. 

34, Provo that y =Jinx d: \/aW 

are the tangents of grc-dlent m to the olUpso and that tha 

join of tho points of contact passes through the oentre. 

36, Prove that lx + my=n 5s a tangent to tho ellipse xYa^+y^h^—l if 

128, Pooi of the Ellipse. If the ellipse (Fig, 113) be folded 
about tlio minor axis Bli’ so that A falls on A', the two 
halves of tho liguro will be suporpoacd. Lot P fall on P', 
S on S', ZX on Z'X', PM on P'AI'. Then S'P'^e,P'AI', 
so that the ellipse may bo traced from S' and Z'X' as focus 
and directrix, instead of from S and ZX. The ellipse has 
thus two foci and two corresponding directrices, and the 
following theorem, wliich was taken in § 71 as tho definition 
of an ollipso, can now bo proved. 

Tiieouem, 

The 8vm of the focal Mstances of emy point on cm 
cllipae ia eonalani and equal to the fliajor a£^^^a; cw 
SP+S'P^AA'. 

Proop Wo have (Fig. 113), it OX 
SP^e. PM== e.{OX~OX)^e.CX~e.GX=a-e{G, (1) 
S'P = e. M'P = 0 . {X'0+ ON)=e.OX+e.GX^a-\- ex, (2) 
because e . OX == OA = a. By addition, wo now got 
SP+S'P:=2a^AA'. 

Tho relations (1) and (2) that express the focal distances 
of a point in terms of a, e, and w, tho abscissa of tho point, 
are of some importance. 

EXERCISES XXXTL 

1, A fttring, 10 in. long, has its oxlromiUos nfc fixed points 8 in. 
apart. If tho string is kept tiglib by a moving point, And (i) the 
occontricity, (ii) tho major axis, (iii) tho minor axis of tho ollipso 
traced out by tne’ moving point. 
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2. If tlie olHpso is drawn l\y the imo of a string, 

find tliG lenglli of tha string and the distaiico apart of its oxtromitioa. 

3» If #S and S* are tlio points {acy 0), (-«<?, 0), and a variable point 
2/) niovea so that ostablisli directly tho eqimtiom : 

^^8 

(i) sr==j{aa-xy+f, (ii) ST=^{ae+.vf+f, (iii) ‘-^+Yi=‘h 
putting for a^(l - c^). 

4, One circle lies completely within another. ^ If a variable eirdo 
movo so that it touch ea the inner of tho fixed circles oxtornally^ and 
the outer internally, prove that the locus of the centre of tho viuiahlo 
circle is an ellipse, having for foci tho centres of tho fixed circles, 

5, A variable circle, centre Py touches the fixed circles 

— 20.r = 0 and + 3^^ — 28a? -I- 1 60 =s 0. 

Eind the equation of the ollipso which is a locus of I\ and the 
eccontvicity of the ollipso. 

6, ABGB ia a jointed frame-work consisting of four rods ABy ACt 
BBy DGy of which tho members AG and BI) cross at l\ Jf ABf==Op 
and AG^BDy and if A and B are fixed, prove that tho locus of is 
an ellipse whoso foci are A and J3, li A ay AC— hy find tho 
eccontricity of tho ellipse. 

7* If P is a point an tho ellipse, eccentricity e, and fool S anti 5^ 
prove that . 

tan iPBS' . tan 

8. yt is a fixed point within a fixed circle, contro B, TJirough yl ia 
described any eircuo, centre 0, of tho same radius as the fixed cirolo* 
and iiiteraeoting it at Q and It If AG and QJt cut at P, prove tliftt, 
the locus of P is an ellipse of foci yl and B, 

129. The Hyperbola. Let a variable point P movo BO 
that its distance 8P , from a fixed point 8 bears a constant 
ratio Cy greater than unity, to its distance PJl/ from a fixed 
lino ZX ; then the locus of P is a hyporbdla of ecceritvicitp 
e, foGn,8 S and directrix ZX, Tim form of the curve 1,8 
sViown in Fig 114 

Lot A and A' divido SX, the perpendicular from tho 
[dcu>s to the directrix, internally and oxtornally, bo that 

and SA^=^g.A'X\ 

itit 0 be tho middle , point of AA\ and lot L^SL porpondi- 
cular to A A' moot tlae curve in L' and L. 
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Thoft AA' is called the tva/nsverse aotis of the hyperbola 
o,iid is denoted by 2a ; 0 is called the centre and L'L the 
latuii reotum of the hyperbola. 

If B'GB bo porpondieular to AA', and B'0=OB=h, where 

=5 a,2(e® — 1), then B'B is called the conjugate cuaia of the 
hyperbola. 



Pig. 114. 


Pig. 114. 

Theorems. 

OB=e.GA=ea-, (1) 

OA^e.GX or GX = aje‘, (2) 

08.0X^GA^=a?-, ( 3 ) 

Si«a(o«-l)=~ W 


Proof, (i.) BAf=e.AX and BA'-e.A'X; 

fcboroforo, by addition, 

+ /SfA' <= 6(AX + A'X), that is, 2t7jg = 2e . OA, 

whence G8—a>0A= ea. 
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(2) Also, by subtraction, 

SA’ ~-8A- e{A'X - AX), that is, 2CA ~ 2o . OX , 
whence OA=e,CX or GX~~> 

(3) GS.e.OX^e.GA . OA, by (1) and (2); 

hence G8,0X^GA^^a\ 

(4) SL^e.SX^ e{0B- OX) = c(«e - J) - aic^ - i ) - 

since 1). 


EXEROISES XXXVn. 


1» If 08— Q and CA^6y calculiiio o and tho distaucos of A* luid C 
from the directrix. 

2, If C?i-6 and 08^1, calculato c and tho distuncoK of 8 and d 
from the directrix, 

3, If a=4 and &=3, calculato c and tho distance from tho U\nm to 
tho directrix. 

4, If ©-3 and h^4, calculato o and tho difltanco from tho focuft U> 
the directrix. 

6. If (7J.«=6 and calculato OBy SX and ^Sii, 

6. If (75-6 and CX=^4y calculato OAy OB and €> 

7. If and calculato by G8y OXy AX* 

8. If &=!4 and calculato it, G8y kS'yl, ^A', 

9. If ot~3 and &!=6, calculate tho longtii of tho latim vootum. 

10. If tho focus of a hyperbola, Avhoso occoiitricity is 2, in B \m 
from tho directrix, caloulato tho longths of fcho tranavci'f^u iKi'sl 
conjugate axes, 

11. Provo that A 8 . GB^ and A8lA*8^{o- l)/(c 1). 

12. If 6 > V2, show that h>a. 


13. Dmw on squared paper tho hyperbola whore 

If ^ is the somi-latus roctum of tho hyporbola HpociniHl li$y 
Oja— a, C?/?=o and eccon tricity ==«<?, provo that 


I 

0^-1 ' 



08^ 


d 


a 
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In tho following oxorciaea OA, GB ai-o fcakon as axes of .r and v • 
OiV, NP wo U>Q abscissa and ordinate of P{x, y), a point on tlie 
liypoi'bola. 

16. If 6=3, 5P=e, then e=»8/4, /VA’'=4, aiV=3G/& 

jVi^=±0s/l4/rjand.r«/a^-yS/52=l. 

16. If «=12, 6=8, fifP=:13, then fi=13/12, A'X^IS, (7^=300/13, 

:b 10Vn<i/13 and 

17. If (-i-’. y) wo tho coordinates of L, prove that 1 . 

18. If 6 > a and y =(0 meets the hyperbola in the point (.r, y\ 

prove that ^ ^3 ^^3 

'Y 


— -1 ^P* 

' 4: t-i. -ii=y and 




180. Oanonical Equation of the Hyperbola. If the hyper- 
bola, whoso .somi-axos are GA=a and GB===h, be referred 
t<i OA and GB as axes of x and y, its equation, then called 
tho caniomcid cquatimi, is 


-^-=1 


Lob P(», y) bo any point on tho curve (Fig. 114) ; let 
GN e= a>, NP = y. Then 

/ = NP ^ « SY - N8^ = e* . PJI/* - NB"^ 

= 6^(GN- GXy-(GN- GBf 
= —{x~aef, by (1) and (2) of §129, 

= (ea; — af (sb — acf 

t= + ct* r- a;** — a%® 

= («2-a“)(e*-l) 

'ifi 00^ Tt 

tliercioro p ^ 


or 
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Note, (1) The equation may be put in the form 

/ Z,2 iiTpz cm 

x^-a^~a? GM^-GA‘^~"OA^’ 

or, as it is usually written, 

NP^ GIP 
AN.A'N~GA^' 

(2) The curve is symmetrical about both axes; for tho 
image of P in jlri', viz, («, —y), is on the curve, and tlio 
imqge of P in BB', viz (— ®, y), is also on tlie curve. 

(3) Every straight line drawn through Q and terminalccl 
by the curve is bisected at G, such a lino being called a 
ma/rmter of tlie hyperbola ; for if POP' is bisected at 0, i’' 
is tho point (— *, —y), and (— », — y) is on the curve. 

W outside both 

branches of the curve. 

^ S qt ^ 

(S) > 1 for any point (ajj, y^) inside either branch 

of the curve. 

EXBROISES XXXVIII. 

id d 

L ITind the ecconlricity of the hyperbola 

2« Find fch& eccentricity and tho senu-latua roolum of tho hyporbolin 
16 

3* Find tho canonical equation of tho hyperbola whoso HOinb 
conjugate axis is 3 and aonii-latus rectum 1. 

4. Find tbo distauco from tho focus to tho directrix of tho , 
hyperbola ^~g=l. 

6, Find which of the following inside and which lU'o not 

inside a branch of tho hyperbola spocifiod by 6—3! (% *^6)1 
(-6, 2), (0, -4), (-7, -4). 

6. If find the coordinates of the points of inbersootlou of 

« .TfS V 

and 1 /^ with tho hyperbola ^""'■^=1* Discuss tho OIWO 

whore 
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7 . Show that tho hiseetors of the angles formed by CA and CB 
itiOflb Ihti tnu'vo in four real and distinct points itb>a. 

8 . li pro VO that e t= ^ 2 , 

9 . Find Ihn diataneo from the centre of the hyperbola specified by 

to tho points on tho curve whoso abscissa is 6 , 

10 . Estiihlish the following formula for the length r of tho semi- 
<liaini 3 tcr of gradient tan 0 : 

coa*^^~l* 

Wluui ia ?’ real and finite, infinite, imagiiiary? 

This is tho eqmiion of tho hyperbola referred to O as pole and 
OA an iidUailino. 

11 . KHliihlish the forniulao : 

SP=e^-a. 


12 , Ifiud the oepmtions and lengths of the axes, and also the co- 
ordi nates of tho centres of tlio following hyperbolas. Sketch tlie 


{iii) a?^- 45 /-a«- 602 /= 28 ; 

(Vi) 

13 , Draw in one ditigram tho hypoi-boia 

liuoay-:bM«. ^ 

14 . Dmw in one diagram tho hyperbola - 1 , and tho lines 

?yc3 ;J: hx(n. 

IK IP .1 Mrlhis voetor GP=r ho di-awn lo meet the hyperbola 
ill J\ and anotlmr radius vector 
to GL’^\a> moot Uio hyperbola viP> P™^® 

1 

and its latus rectum. _ 

tho coordinatoB of iti centre. 
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18, Prove tliat eciuations 

y mx db 

give the tangentfl of ^adlent m to tho hyperbola y2/b^;=5l, 

19, Prove that the line ix+my— n touohea tho liyporhola 

x^/a^ — y2/b^ == 1 if n^. 


131, Poci of the Hyperbola, If tho liypcrbola (Fig. 114) 
be folded about the conjugate axis ]ili' ho that A falls on 
A^, one branch of the figure will bo super iioHod on the 
other. Let P fall on P', 8 on 8\ ZX on Z'X\ pif on 
Then 8'F=^o.FM\ ,so that the hyperbola may bo traced 
from 8' and Z'X' as focus and directrix insload of from 8 ' 
and ZX. The hyperbola lias thus two foci and tw (3 corre- 
sponding directrices, and the following theoroin, wliich was ■ 
taken in §72 a>s the definition of a liypcrbola, can now be • 
proved. 

, 1 ; 

Tihsorbm. 

The cl'iffcv6'nc6 of the fooul disto/nces of uny poi/til on tt ' 
hypcTbolci is oonstwnl wnd to the tv(ji/)i8vevsc cifdtijt or " 

8P^8'P=.AA'. 


Proof We have (Fig. 114), i£ CW==£B, i 

8P ^ e. MP = e. {QN ~ GX ) ^ a. 0 OX ex a. ( 1)1 
8'P^e.I'rP=.e.(0N+X'C)^e.0N+e. OX^exA^(i,{2)] 

because e.OX=OA=a. By subtraction, wo now got 

8'P-.SP = 2a=^AA\ ] 

U P were on the other branch, tho abscissa aj would be! 

negative, and we should liavo ! 

SP= -ex+a (!') -ex-a (2')j 

8P~8'P^2a^AA'. ! 

tho focal distances 

ot some impoitance; these oxprossiona are all poaUwe, 


are 
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EXBBOISBS XXXIX. 

1. In tho mechanical description of a hyperbola, §72, fcho ruler S'K 
is 12 in, long, tlio dislanco boUveon tho lixed end of the ruler mid 
the fixed end S of tho string is 10 in, and tho string is 4 in, long * 
find (i) tho occontricity, (ii) the Iransverao axis, (liij tho conjugnto axis 
of tho hyporbola doacribed, 

2. If tho hyporbola ---'^=1 is mechanically described, what is 
tho diatancQ botwoon tho fixed ends of rulor and string? 

3, If S and S' are tho ptunU (rtc, 0), (~a€y 0), and a varifihlo point 
P{a\ ,y) move so that SPf-'S ' catabllsh directly tlio 0(j nations : 

(i) SP^^{{rie - ; (ii) S'P=sJ{{ao-{-.v)Hf } ; 

(iii) . - 7/^jh^ « 1 , pn tti ng //•* = (P (c- « 1 ). 

4, One circle lies coinplotoly outsido anotlior. If a variable circle 
move HO that it touch oa both circloa extern ally, or both internally, 
nrovo that tho locus of tho eontro of tho variablo circle is a hyper- 
tola, having for foci tho controa of tho fixed circles. Discuss tho 
caao where tho contacts aro one internal and one oxternah 

6» A variable circle, centre P, touches tho fixed circles 
+ 1 /^ - 8.r -i- 1 2 = 0 an d 4- 1 fi = 0 j 

find the oquabiona of tho hyporbolas which form tho locus of Py and 
their occontricitioa, 

6. Through a givon point Py outaido a fixed circle, centre (7, is 
dosoribod any ciroTo of the same radius as tho fixed eirclo. If tho lino 
joining tho contro of tho variablo circle to /•' meet tho common chord 
of tho two circloa in ft prove that tho locus of Q is a liyporbola whoso 
foci aro G and P, 

7. A parabola passes through two iix<al points and bus its axis in 
a given direction, Provo that the locus of its focus is a hypor- 
lioti. 

8. A variable circle touch os two fixed straight linos on which A 
and P aro fixed points, 'fho Hocond langoiUs drawn from Ay B to the 
circle meet in P, Provo that tho locus of P is a hyperbola. 

132. The Asymptotes of the Hyperbola, Tho equation 
— = may bo written in tho form 



Tho two linos 

-~f«0 (2) ami ~+f = 0 

a b . ^ ^ (l b 


( 3 ) 
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are the asymptotes of (1). For if wo solve equations (1) 
and (2) or equations (1) and (3) as .simultaneous uquationsj 
we get the anomalous equation 0 = 1, where a (juadratie is 
in question, Hence (§ 117) the linos (2) and (3) both meet (1) 
at two point.s at infinity, and may bo considered langonUs 
to (1) whose points of contact are at infinity. Linos (2) 
and (3) are shown in Fig. 114). The asyin]>totes liavo 
certain important pi’opertios which wo proceed to investigate. 

TnEoiiEJi 1. 


If pwrallels to the asymptotes of a kyperholn, dnmm from 
a point P on the curve meet them at M and N,' then 
PM .PPf is constant. 



Let PS, PR (Fig, 115) ho the porpondiculavs from tlm 
hyperbola. (1) to the nsymntotos (2) 
and (3), Then (nv/merwally) 


PH.PK-. 


a'^h 


a b 


V{a2+p} V{S?I 

because — y^/h^ = 1. 


if 

<P b" __ aV)* 
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Now let 2co be the angle between the asymptotes ; then 
{mimerically) 

PM sin == PH and PH sin 2a) == PK ; 

therefore PM H^Hmi^^oy=PH 

so that PPf . P i'lT is constant, 

Since tmw^h/a, 


sin 2ft>= 


2 tan w 


2a& 


1 + tan^w + 

aH&- 


PM.PH= 

4} 


Hence, 

so that the value of tlie constant is (a®+&^)/4. 
Tlie theorem may be stated analytically as 


Tiieouism 2. 

If a hyperbola, of aemi-caces a and h, he referred to its 
asymptotes as acnes of ce and y, its Gonstraint equation may 
he imiten in the fomn, 

xy=:o2, 

and its freedom equations in the form 

. 0 
x=ct, 

where o® == (a® + &®)/4. 

Those axes are rectangular if, and only if, the asymptotes 
are at right angles to each other ; in this case tine hyperbola 
is called a rectangular hyperbola, or an euuilateral hyperbola, 
If the axes are not tho asymptotes but linCvS parallel to 
tho asymptotes, then, as is easily seen by changing the 
origin, the equation of tlie hyperbola will take tho form 

axy +hx+ oy + d =! 0, 

an equation which may also be written in the form 

y 

' YX. + B 
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Theorem 3. 

If PM, PN, P'M', P'N' are d/rcmn parallel to tlie 
asymptotes from points P, P' on the curve, then MJP, M'M 
cmd PP' a/re parallel. 

For, in Fig. 116, MN', M'N are parallel if 
GM:OM'^GN':GN, 

that is, if GM . GN — GM', ON' ; and tliis i.s true, since P, P' 
lie on the curve xy=o\ 

Again, parallelogram (711fPi\r=parallolograin GM'P'N', 
since GM . GN^ GM'. GW. ^ 

And the parallelograms GMPN, GM'P'N' are double the 
triangles NM'P, NM'P' respectively ; so that the triangles 
NM'P, NM'P' are equal, and therefore M'N is parallel 
to PF. 

Theorem -t. 

If the ohord PP' of a hyperbola meet the asymptotes in 
R,k,thenliP=B'P'. 

Using the notation of Theorem 3, we see that MN', M'N, 
PP' in Fig. 116 are the diagonals of parallelograms, and 
that the other diagonals form one and the same straight 
line through 0. Hence the same diameter of the hyperlioln 
bisects PP' and MN'. But the diameter which bisocta 
MN' also bisects the parallel RR'-, therefore PP' and RR’ 
have the same middle point, V, so that HP = R'F. 

Theorem 6. 

'fhe lootos of the middle points of parallel chords is a 
diameter. 

The diameter which bisects PF in Fig, 116 also bisects 
MN'. As PP' moves parallel to itself, so does MN', and 
MN' is constantly bisected by the same diameter ; therefore 
so is PP' 

Theorem 6. 

The portion of a tangent mtercepted between the 
asymptotes is Mseoted at the point of contact, cmd the 
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tangent foima with the asymptotes a t/riangle of constant 
m^ea. 

Tho first part follows from each of Theorems 3 and 4, ' 
Take Theorem 3 and let P' (Fig. 115) move into coincidence 
with P; then Jli' coincides with M and N* with PF' 
hccomes tho tangent at P, so that tho tangent at P is 
parallel to MN, If the tangent meet the asymptotes at 
1\ then FT and PT are both equal to MN. 

Again, triangle GTT is twice the parallelogram CMFN^ 
and therefore its area is constant, 

133. Polar Equation of a Oonic, Tho polar equation of 
a conic with tho focus a.s pole is often useful, and though 
we shall make litblo use of it in this book, wo shall establish 
it hero so that it may he referred to ^vhen required. 

Take 8' in Fig. 113 as polo and S'X' as initial Hue; 
denote 8'P by r and angle X'S'P by 0. Then 

S'P = e.M‘r^e.X'N^e{X'S'+8'N)^e.X'h'+c.8'N, (1) 

But e . X'8' is equal to the soini-latua rectum, which wo 
shall denote by I ; also 

S'N = 8' 2^ cos N8'P = r cos (tt — 0) == — ?' cos 0 (2) 

Equation (1) now becomes 

r=l— er cos 0 or ?’(1 + c cos 0) = i '. (3) 

so that tho required equation is 

^ cos 0 

Tho proof holds for any conic; for tho parabola e~l. 

If tho initial lino is not 8'X', but a lino which makes 
with 8'X' tho aiiglo a, then the vectorial angle 0 will not 
bo X'8'P but X'^P increased or diminished by a,; instead 
of 0 in equation ('li) wo shall have (0 i a). 

Tho changes in equation (4') when tho vectorial angle is 
nob X'S'P but XS'P, or when tho focus 8, instead of 8' 
is pole, will bo easily made. 
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Ex. Show that the somi-latus reotiim is the harmonic mean between 
tlio two segments S'P, S'Q of any focal choi-cl PQ- 
Let 6 bo the angle ] then ((^-hTr) ia tho angle Eroin 

equation (4) we have 

1 H-<3coa^ 1 l+g cos(g+7r) 

S'P^ I ^ S' I ' 


and therefore 

since co3(^4'7r)= “Cos0« 
S'P and S'Q. 


Hence (§ 44) I is tho harmonic moan between 


EXERCISES XL. 


1. Provo that tho line y— 9n.^’ meets the curve 1 in 

real points if m lies between hja and — h/a, 

2. What are the asymptotes of tho hyperbolas : 

(0 4a’ 1‘-V=3« 5 (ii) *“-/=!; (iU) 


=1 


"16 o 




X=-i? 

6 » 


Draw the curves and the asymptotes. 

3. Provo that the conjugate hyperbola - I has the 

same asymptotes as +1. Show the asymptotes and both 

curves in one diagram. 

4. If tho asymptotes of a hyp erbola of eccentricity q m eet a t an 
angle 2a), prove that sin -!/<?, soc<i)=c, and tanw=Vc'^~l. 


6, If tho two hyperbolas 


1.0 


1 

and 

ai^ Oi^ 


have tho same eccentricity, prove that afai^hlhy. If a radius vootor 
meet tho first in P and tho second in §, prove that OP : GQ is constant. 
(Tho hyperbolas are said to bo homotkeiio or similar and similarly 
sUxiaied,) 

6. Discuss tho variation of tho form of tho hyperbola 
as h diminishes from 1 to 0, 


7. A rectangle is formed by drawing narallols to A A' through 
I?, ff and to BB' through A, A' \ prove tlint tho diagonals of tuo 
rectangle are tho asymptotes, 

8. If the axes of os and y are at right angles, show that tho 
length of each axis of the hyperbola ioy^o^m 9,0^/% 
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9, Prove that . 17 / + 2.v-3?/=0 reprosmita a rectangular hyperbola, 
Eincl the equation r of its asymptotes anil the coordi nates of its centre. 
Draw the curve and its asymptotes. 

10. Pind tlio asy nipt Cites of the hyperbola 

tf .17/ -h hv 4- Of/ -h d ~ 0. 

11. Find the lengths of the soiiu-axcs of the rectangular hyperbolas 

(i) ^ 1 ; (ii) G.1V/4 - C?/ = 7. 

12. Prove that the product of the pcrpondioulars from any point 
of the curve 3.v^4‘l,t7/~G on to Die asymptotes of Dig curve is the 
constant G/5. Eind the aciuares of the soiiihaxos of the hyperbola 
represented by 3.'r^4toy=0. 

13. Pind the asymptotos and con Ires of Dio hyperbolas : 

(i) (2.^'-7/41)C^’4';/-2)-=3; (ii) 3.r3- 4v^-4;/2-G.7?--G?/=3. 

14. Eind the equation of Dio hyperbola whoso asympbotoa are 

parallel to 2.r-|-3y=0, 277=0, whose centre is at (1, 2), and wliicb 

passes through (5, 3). 

15. Show that the two chorda of the hyperbola 

avy - 2.1’ -3y 45=0 

which pass Dirough (0, 2) and Rubtond a right angle at Dig origin 
are inclined to the .v-axis at angles ISr)"* and cot“‘6. 

16. P ifl any ]ioint on Die fixed lino 7/=7»,r, A and B are Die fixed 
points ( 0 , 0) and (-c, 0). The lino i*Q Bubtencla a right angle at oacli 
of the points A and B 1 provo Dial the locus of Q ia a hyjiorbola one 
of whoHG asyinptotoa is Dio y/^axis and the other Uio I'lerpondiciilar 
tliroiigli the origin to the locus of P, Sketch the locus of Q. 

17. Provo Diat the equation of the tangent to 

aV 7 =c 2, 

at the point (a’j, is a’/A*i4y/7/i -2, 

18. Prove Diat the equation of the chord of wIiosg 

oxtroinities are 0/^1) and ^Aa)» 



Deduco tho equation of Dio tangent at the point t 

19, A parallelogram luis its sides pamllol to tho asymjitotos of a 
liyporljola and the oxtroiiiitiofl of one diagonal lie on tho curve i provo 
that tho other diagonal passos through tho contro. ’Deduce that tho 
locus of micldle points of parallel chorda of a hyperbola is a diamolor. 

20, A chord of a hyperbola nieeta an aaymptoto in A, and il/, iV 
are points on this asym])toto aiicli that j)fl\ NQ are parallol to the 
other asymptote j provo that 
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21. Any two points § avo tal<on on a hyperbola, centre (7, 
Lines through P^ ii parallel to the asymptotes meet in A". Proyo 
that OK bisects PQ. 

22. K and P are fixed points on a hyperbola, P a variable point. 
PA?, PF meet an iisymptoto in j)/, iV. Provo that MN is of constant 
length. By cousidoring P at infinity on the curve, verify wlmt the 
constant length is. 

23. Show that the tangents at the extroniitioa of a chord of_ a 
hyperbola meet either asymptote in points equally distant from its 
intoraectioii with the chord, 

24. MM' is any chord of a hyperbola and P is an oxtreniity of the 

diameter bisecting the chord. Lines MK^ PQ^ M'K* are drawn 
parallel to one asymptote to meet the other in A', K\ Show that 
OK. where 0 is the centre of the hyperbola, 

' 25. Prove that the tangents at the vertices of a hyperbola meet 

its asymptotes on the oircuinforonco of the circle of which the line 
joining the foci is a diameter. 

28. Given one asymptote of a hyperbola, two tangents and the 
point of contact of one of them, construct the otlier asymptote. 

27, The tangent at a point P on a hyperbola moots the asyniptolea 
in T' and the circum-circle of the triangle GTT outs the axes at 
Q and g ; prove that the line Qg is the normal at the point P (that is, 
the poiq^endicular at P to the tangent), 

28, The straight line .vja^yjh—\ meets the axes at A, P, and G is 
the middle point of AB, Find the equation of the hyuorbola which 
passes through C and has the axes as asymptotes. If the axes are 
rectangular, Tind the length of either scml'axis. 

29. If r, / be focal radii of an ellipse at right angles to each othor^ 

prove that (\ iV./l IV 

\r l) l) 

is constant, where I is the aemi-latus rectum. 

30. If /, f bo two focal chords of a parabola at right angles to each 

other, prove that 111 

where I is tlie aonii-latua rectum. 
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CHAPTER XTX. 

THE ELLIPSE AS THE OBTHOGONAI. PKOJECTION 
OP A CmCLE. 

134. The Auxiliary Circle. We shall now consider the 
ellipse from another point of view. On fclio major axis 
AA' of the ellipse as diameter, describe a 

circle; its equation is 8 q.., 2 = 42 



Let SF, an ordinate of the ellipse, meet this circle in 
Q (Pig. 116). Then 




and 




NP^ pep 


a 


therefore 
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Hence the ellipse oty^a^+T/yh^t:^! may cloi'ivcd from 
the circle by vshortcning each ordinates NQ ot 

the circle in the ratio b : a. Or wo may sup]iOHo tlu^ circle 
AQA' to bo tilted round AA\ out of the liorivioubal piano 
of the paper, till Q lica vertically ovex' P, then tho iii>por 
half AQA' of tho circle will Ho vertically ovor APA\ Iho 
upper half of the ellipse, and the under half of tho circle 
will lie vertically below the under half of tho ollipac^ If 
vertical rays descend upon tho civclo in its tilted poHition, 
those which graze the circumference of tho circlo will mark 
the outline of the ellipse. Hence an olllpMd is Hiiid to hi? 
the orthogonal ]}rojeci%on of a civclo, Tho circle ou AA' 
as diameter is called the auxiliary circle and Q am called 
corresponding points. 

The an^le AGQ ia called the eccentric angrlo of and if 
this angle ia denoted by 0 tlio coordinatea of are 


For 


but 


x=acos0, y«:h8m0. 
cos 0=^==:? and therefore eo.s Q, 

siu therefore NQ^amn 0; 

2/=Arp=li\rQ = 6flm0. 
a 


P is often called " the point 6.” 

The equations ® = f6 cos 0, jy = 6 sin 0 
are Freedom Equations of tho ellipse. 


Ex. 1. Show tljfvt the area of Uio ellipse is weft. 

Compare the areas of two strips, otio bouiulod hy tho .r-axis, Uio 
aoxi lary cirple and two ordinates #Q, vV'Q', and tho otlior lirninrtcd 
^ the «-axi8, the eilipao and tho two corrosnondin^ oraiiiatCH J\7», 
^ ^ ^ fitiipH, luicT all corroapoiul- 


■tT 1 . . iJ5 ^Q3L' |[)Qi,i 

ing orduiatea are in the ratio h^a^m that 

area of ellipso ; aim of circle = & 

Therefore area of ellipse (aim of circle) « 


a, 

h 

a 


7ra!^^7rCch, 


-^1^ is the projection of P on the minor axis nnrl it 
^ cliamotor in P\ s)jow that MJ^ : MP* /« 

tho thoorom that tho oirolo on 
Bl^ as diameter is the orthogonal projection of tho Qllipao. 
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“We havG, from tlio equations of ellipse and circle, 
CM^ _ J/P'2 

^2 J2 -h TT+Tr-lj 


BO that 


MP_a 


By tilting the ellipse round BB* till P lies vertically over P\ \vq 
prove the projection theorem, as we proved the corresponding tlieorom 
m the text on the rolation of the auxiliary circle to tho ellipse. 


13 6» The Tangent and Normal. Tho normal at any point 
P on a curve is tho perpendicular through P to the 
bangonu to the curve at P* Wo now prove 


Theorem 1. 


Tangents at P and Q, corresponding points on the 
ellipse and the atcceilic(/ty circle, meet on the mayor axis at 
a point T such that OT:=^GA^ 


where N is the projection of P or Q on the major axis 
(Fig. 116). 

Lot QQ\ a secant o£ tho circle, moot AA^ in T'. _ Now 
tilt tho cirolo, and tho secant with it, round 'I'AA' till the 
circle projects into tho ellipse; TQQ' then projects into 
T'PF, tho corresponding secant oiE tho olliijso. Let T' 
move along tho major axis so that T'QQ' turns round Q, 
bringing Q' finally into comcidenco with Q ; 2" will roach 
some point, 2' say, on the axis AA\ Since P, Q and P', Q' 
are pairs ol corresponding points, P' will come into ooinci' 
donee with P when Q' comes into coincidence with Q. 
Hence tho tangents at P and Q to the ellipse and tho circle 
will meet at 2'. 

From tho similar triangles GNQ, GQT, wo now have 
GFiGQ^OQ‘,GT 

or 0ir.02’=0Q*==aJ.« 

In tho same way, by malcing use of tho circle on BB' as 
diameter (§ 134, Ex. 2), wo deduce 
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Theorem 2. 


The tangents at P and Q, con-esponding points on the 
ellipse and the oireh BB' as diameter, meet the minor 
(uo^s at a point t such that 

CnM^GB\ 

where n is the projection of P or Q on the minor axis. 

From Theorems 1 and 2 we readily deduce the equations 
of the tangent and normal at any point P(a, cos Q, b sin 0) 
on the ellipse 

Let the tangent (Fig. 116) meet the major and minor 
axes in T and t respectively ; 


then 




OA^ 
ON ' 


a 

'cos6’ 


Gn 


sin 6 


and therefore tlio eqiuation of the tangent is (§ 82, (4 j)) 


GT^Gt^ ^ ^ 

or (2) 

a h ' 

If P is the point (iCj, y.^), then GT=a?/oCy, Gt—h’^/yi, and 
equation (1) becomes 



The normal at P is the perpendicular to tho lino (2) 
tliroiigh the point (a cos 0, o sin 6) ; the equation of the 
normal is therefore 

(flj — acos 0)— (y — tsin 0 )-t^=:O 
^ *^008 0 ^sm0 

or (4) 

COS0 smd ^ ' 

The equation of the normal at (a^, y^) is 
a^x bV . . o 
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Ex. 1. Show that the condition that the line 

lv'\’my=7h (i) 

should ho a tangent to the ellipse is 


Equation (i) must, if tho lino touch the ellipse at the point ho 
equivalont to equation (S) above. Hotice 

I _co8 0 m sin ^ /mv 



and thoroforo +ain3^)=:i#. 

Tho point of contact is given by equations (ii). 

Othmoi8c.^ Express the condition that tho equations of tho lino 
and the ellipse, regarded as BiniultanGoiia equations, should liavo a 
repeated solution, llio equation for x is 

'h _ %ila\v + - inW) — 0, 

and tho condition for equal roots is 

V .j. - liW) 

or 

Ex. % If ^r, iS'F are tho porpoiidiculars from tho foci on tho 
tangent PT at show that 

>sr.;S'F-C'M 

iS is the point (ca, 0) and S' the point (-m, 0) (Fig 116) j form the 
expressions (§30) for the lengths of tho porpomliculars on tho lino 
given by equation (2) of tho text, which may bo written in tho form 

hx cos O^ray sin 0-<ih== 0, 

and wo got 

oy cityf got5 cos 

” sin'-* 0) * \/(5**cos^6^4- rt’**sin^ 0) 
a^6^(l -g^c os^(?) 
j!i'*C08’* £)•! a^ain^ O' 

But and tho niunorator booomea 

Jy^ {a^ - cos'-* 0 d- c os^ 0) - 5** (a’^si n^ 0 + cos^ 0)i 
and thoroforo Sr.S'Y'^h^. 

Ex. 3, If p is tho porpondicular from tho contro G on tho tangont 
Pr ftl P, show fcbal p^abl^ioJiauiW+b^coa^O). 

C is tho point (0, 0) ; tho required perpendicular p is thoroforo tho 
numerical value o£ _ abl^gflcm^O+MnW). 

Ex. 4. 72 is tho point of interaoction of tho normals at tho points 
P and <2 on tho oUipso and tho lino joining tho contro 
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OU> R bisects PQ \ show that the Ungonts at P and Q intoi'soot nt 

”®Let™5i be the eccentric angles of the poiiite P, Q. 

Then the equations of PR, QR, the normals at P and <0, arc 

and 

COS 0 sin 0 cos (/) sin <l> 

Hence, by § 38, the equation of GR is 

_g^ h?/ _ tf.y kv 

cosO Bm0 cosf/) sine/) 

«,t’(co9 <li - cos ^)_&?y(sin (/ > - sin 0) 
cos $ cos cji ^ sin ^ sill c/) 

But GR passes through tho point ||(cos0-|'COS</j), c/o|i 

since this is the middle point of PQ* ^ 

a®(coa®* ^ — cos^ 6 ) _ 6^(stn^</j — sin^ 0 ) 
co^OcoQcj} sin ^ sin 4/3 * 

6 COB <9 6cos</> _ 
a sin 0 a sin </> ” 

Now the equation of the tangent at P is 

i»coB 9 , ysin 
— :: — h — T 1, 


Therefore 
which reduces to 


so that tho gradient of the tangent is -bcoBOJamxO ; and similarly 
the gradient of tho tangent at § is - 6 cos (/j/asin </>. 

But we have shown tlmt tho product of those is ~L 
Hence the theorem is proved. 


EXEROISES XLI. 

1. If A’=‘a cos di^—h sin 0^ prove that 1 - 

2. Find the eccentric angle of tho point (4, “1’2) on tho elU|>»o 
irV25 4-^74= 1. 

3. Prove that the eccentric angles of tho oxbremitioa of the IntOfft 

recta of the ellipse given by the oqnabion 

tan 0^± hjae, 

4. -Find the abscissae and ordinates of tho points on tlio ollipno 

whoso eccentric angles are 30^ 45"*, GO®. 

6. Prove that the eccentric angles of the oxtremitioa of a dliunotor 
differ by tt. 

6. Provo that, with the usual notation, 

;$P~a(l—ecoB0 and t^P^a(l-\-<icoQ0), 
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7. If jI/" ia the point on the auxiliary circle corroaponcling to L. an 
extvoniily of iho lalua rccfcim), prove tlml 

8. If P, (2» points on an ellipse, whose eeeenlric angles are </>, 

coi'i’ospond to the points q on the auxiliary circle, iDrove that the 
oqniitions of BQ are 

'I <208 K<>+ 4>)+l 8'n Kf + </*)=<!OS - <#>), 

Yi <2® K^+</>)+'^ aini((?+</))=cos4(0- (ji). 

Docliico (i) that PQ^ inteivscct on the major axis, (ii) the equation 
of blio tangent at the point 0* 

9. If Pmd Q are corrospomling points on the ellipse ir‘J/a2 4-7y7i>2_;iL 
and its auxiliary circle, and m is the gradient of 02\ find the gradient 
of CQ* 

10, If I\Q are corrospoiiding points on the ellipse 

and its auxiliary circle, and m is the gradient of the tangent at P to 
tlio oUipRo, find the gradient of the tangent at Q to the circle. 

11, If .Vj is the abscissa and 0 the eccontrio angle of P, prove that, 
'Nvitli tho usual notation, 

CT^ = a/cos Oy and (a® - = « sin^ ^/cos 6, 

NV is called tho auhtang'ont. 


12, If 0 is tho eccentric angle of P, prove that tho gradient of the 
fcaiigont PT is - h cos Oja sin d, 


13. Provo that tho equation of tho tangent at tho point (.r., ?/,) on 
tho ollipso is 



m 


S=1 




by using tho equation of tho tangont at the corresponding point on 
Lho auxiliary clrch^. 

14, If OJ) is tho ficmi-diamotor pavallol to PP, tho tangent at the 
point d, provo that D is lho point or cos 0),and that 

16. I?rovo that the oirclo on tho sublangont iV^T as diameter cuts 
tho auxiliary circle orthogonally. 

16, Tho tangont at P moots tho major axis in T\ AP and AT 
moot tlio porpondicular to A A' through T in <2 and respectively i 
provo tluit (i(i* is hisocled at 

17, If P* is tho projoction of lho conlro (7 on a variable tangent at 

P to tho ollipso provo that tho maximum value of PF 

is a-* 6. 


348 ANALYTICAL GEOMETRY. [OH. XIX. 

18, Eind tho condition that limy bo a tangent to the 

oil ipso -H = L 

19, A variable circlo of the same radius as tlio circle 

passes throngli the point (4, 0) j prove that tlio common chord of the 
circles touches the ellipso — L 

20, Provo that the equations of the tangoiita to the ellipse 

of gradion t m are y = mx ± *JaW -f h\ 

21, If AA\ BB are the princijml axes of an ollipse and A 

show limb the sum of the squares of the porpendiculars from B on 
any tangent to the curve is constant. 

22, Eliid the eccentric angle of Q if the tangent at Q is nor pen- 
clicular to the tangent at whoso ccoonbric angle is 0^ and prove 
that the locus of intersection of the tangents at 1\ Q is the circlq 
called the direotor-otrole, whoso equation is 

/A 

23, Provo that the product of the distances of a chord of an ollipso 
from the two tangents parallel to it is the difloronco bolwoon the 
square of the semi-axis minor and the product of the perpendiculai'H 
on the chord from the foci, 

24, The tangent and normal at a point P on an ollipso moot the 
minor axis in I and g i prove that tf/ subtonda a right anglo at each of 
the foci. 

26. Any tangent to tho ollipso meets Lho 

ollipso — l in two points, tho normals at wliich are 

equidistant from tho contro, 

26, Find tho condition that may be a normal to tho 

ellipse 

27, If from any point on an ollipso porpondiculars aro drawn to the 
axes, show that tho lino joining tho feet of Llieso porpondioulars is 
always normal to a fixed concentric ellipse. 

28, Show that, if tho normal to an ellipse meoU tho minor axis 
in ff and is a focus, Sg^e, Pg. 

29, Tf PB bo a diameter of the ollipso prove that tho 

locus of tlio intersection of the normal at P with tho ordinato at P is 

30, P is tho point on tho ellipse whoso coordinates 

aro a^/Va+6, lPl*Ja-Vh \ find (i) tho length of tho poiq)oiidicular GQ, 
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lob fall from tho conbvo G on tlio taiigont at 1\ (ii) the length PQ^ 
(iii) tho equation of tho noriiiiil at 1\ (iv) tho coordinates of the point 
wliero tho normal moots the curve again.. 


31, If ;SfF, /V'F' are tho porpondiculars from the foci of an ellipse 
on tho tangonb at 1\ and if tho normal at P moots the major axis 
in Qy prove that 

is constant, 


32. If tho chords joining tho pairs of points n, ji and y, S respectivoly 
moot tho major axis in two points ccpiidistiint from the centre, prove that 

tan ~ tan tan ^ tan ^*=1, 

^ iit Q Yt 


33. Find tho cquaiioii of tho ollipso, whoso soini-axes are a, &, 
referred to /IM and tho tangent at jV as axes of and y, By 
considoring the limiting form of tho equation as e toiulfl towards 1, 
whilo m' remain llxocl, show that tho parabola is a luniting form 
of tho olIipHO, 


34. If 0) <1* aro tho eccentric angles of tho ox trend ties of a chord 
throiigli tho focus, prove that 


COK 


, cos — 


2 


2 


35. PSQt PS' It are two focal chords of an ollipso and tho cccontric 
angles of tho points Q and /t aro </>! and f/ig. Show that tbin ^ : tan ^ 
is a constant ratio for all positions of 

36. ff PQi aro focal chords of an ellipse unci 2a, 2/3, 2y are tho 
occontric angles of i\ h\ prove that 

tan'** « tan fi tan y == 1 , 

37. If P, Q aro tho points 0^ f/> on tho ollipso Buch 

that SP, S'Q aro parallel and in tho same diroction, prove (1) that 

(2) that PQ toiiohos tho ollipsu 

- 1 - = 1 la\ 

and (3) that tho tangents at /> intcrsoct on tho auxiliary circlo, 

38. Py F aro covrosjionding points on the el I ipso 

and its auxiliary circle. IX OF ineeLs the noriiial at 7Mn (y, iind tlio 
equation of tho locus of Q. 


136- Conjugate Diametere. CJonsklcr ct diamotor Q'OQ of 
tho auxiliary circle. It bisects all cborck of the circle 
perpondicular to it, and tlicgo fonn a .syatem of parallel 
chordfl of the circle. Now turn tlio circle, and tho Bystom 
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of parallel chorda along with it, about A A' till the oirelo 
projects into the ellipse; tlie system of chords of the 
circle will project into a corresponding system of parallel 
chords of the ellipse, and the tangents at Q and Q , which 
are parallel to the chords of tho circle, will project into 



I'lO, 117. 

tho tangents at P and P' on the ellipse, which will bo 
parallel to tlio chords of the ellipse. Since the middlo 
points of the chords of the circle lie on the straight lino 
the middle points of tho chords of tho ellipse will 
lie on the straight line JP'OF, Hence wo have (Fig. 117) 

Theorem 3. 

The locus of the middle ^loints of a system of poA^allel 
chords of cm ellij)Be is a diameter of the ellipse^ and the 
tangents to the ellipse at the ends of the diametm' a/re 
parallel to the chords hisected hy the diameter. 

Again, suppose QVQ and KGli in Fig. 118 to bo two 
perpencUGula/r diameters of the auxiliary circle. Each oJf, 
these bisects chords parallel to the other ; tliereforo they ' 
project into diameters P'GP and J)VP of tho ellipse, each 
of which bisects chords of tlie ellipse parallel to tho othoiv 
Such diamecers arc called conjugate diameters, and wo have 
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Theorem 4. 

If chords of an cllvpsc pa/raUel to a d/iameter HOD 
are bisected by the diameter P’OP, then chords pcmdlel 
to the d/iameter P’OP are bisected by the diameter HOD. 

If tlio angle AOQ = 6, then, the angle A0Ii—9+rl2 and 
the angle AGR' — 9~~’!rl2', therefore if P is the point 6, 
D will bo the point 6+^12 and H the point 0—^/2. We 
now prove 

Theorem 6. 

If OP <md OD arc eonjiogate seoni-diameters, 

0P^+GD'‘=0A^+01P. * 



P is the point (acosd, ftsiuO) in Fig. 118 and H the 
point (— asin0, i cos 0), bccauso eos(0+7r/2)=: — sin 0 and 
8in(0+7r/2)=>cos0, Therefore 

(7P® = a^ cos*0 + 2)® 8in®0, OH — a® sin®0 + 6® co8®0 
and OP® + OP® = a® (cos®0 -1- 8in®0) + 6® (8in®0 + co8®0) — a.® + i®. 
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Theorem 6. 

Jf GP, OD m'e ecm^ugato semi-diameters and p is tlie 
perpend/ioular from tlie centre 0 on the tangent at P, then 

p . OD = ah. 

Since GD=.f{a^am^9-{-l^ cos®0), this theorem ia proved in 
§136, Ex. 3. 

The tangents at the ends o£ a pair of conjugate diameters, 
POP' and BOD', form a parallelogram (Fig. IIV), called 
the conjugate parallelogram; Theorem 6 shows that the 
area of this parallelogram is constant, and equal to iab. 

Theorem 7. 

If OP, GD are corrugate semi-dAameters, then 
OIP=SP.S'P. 

Let P be the point d; then, §128, 

8P=a—e{x of P)=a— cocos d, 8'P=a-\-eaeosO, 
so that 8P . S'P ^a^- eV cos«d = a* - (a® ~ &«) eos*d, 

and therefore 8P . 8'P = a? sin^d + cos^d = OD\ 


Theorem 8. 

If the aemi-dmmeter GP of an ellipse bisect the ojun'd 
QQ^ at V, then the tangents at Q and Q' meet at a point T- 
on GP produced, such that 

OV.OT^Gl^^. 

Suppose the figure (Fig, 119) projected from the oorro- 
sponding figure for a circle, and use small letters to denote 
corresponding points on the circle, Then gq' is por'pon- 
dicular to Op, and the tangents at q and q meet on Op 
produced at t, so that 

Gv .Ot=G(f — Gp'‘‘ or Gv.Gp — Gp'.Gt. 

But the ratios Gv : Gp and Gp : Gt are not altered by 
projection, since G, v, p, t lie on the same straight line; 
therefore (Pig. 119) 

Or-.OP^GP:GT or GV,GT==OI^. 
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If P'GP, D'OJD ave two conjiigate cKmutera of an ellipse 
and V the middle point of any chord QQ' parallel to 
OP, than yqt . p’y^ yp- (jjyi . Qpa 



Projecting from the corresponding figure for a circle and 
using'tho same notation as in Theorem 8, we have (Fig. 119), 
since d'Od and q'vq arc perpendicular to j/Op, 

vq^ : Od?- =p'v . vp : Gp'^, 

because v^—p'v . vp and Gd? •= Gp\ But the 1 ’atio.s vq : Gd, 
p'v : Gp and vp : Gp arc not altered by projection, because 
vq and Gd arc on parallel lines and pi', v, 0, p are on the 
same straight line ; thoroforo (Fig. 119) 

VQ^'.GB^^FV. VP'.GP^ 
or vqfiP'V,VP:=-OJP\GP\ 

Since P'V ,VP==OP^-GV\yfQ may put the result in 
the form yQi 

■^pa+-^2 = l> 


and, taking 
OP^a', GD 


P'GP, D'OD as oUigne axes, OV=x, VQ=y, 
= h', wo got the equation 
«2 




+r„i 


( 1 ) 


wliich is the eauation of the ellipse referred to two conjugate 
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diameters as axes. It is easy to show, by Tlioovem 8, that 
the equation of the tangent at the point {x^, is 


^'2 I 




: 1 . 


(S) 


QradienU of Conjugate JOiameteTs, If m, m' are tlao 
gradients of the conjugate diainetora P'OPy D'GD of the 
ellipse then 

mm'— — (3) 


If P is the point 0, then D is the point 0 + 7r/2; the 
coordinates of are acos0, i sin 0, and those or B aro 
— a sin 0> h cos 0. Hence 


6 am 0 , 6 cos 0 

yyi 

acos0 — C6sin0 


mm - — 


Ex. 1. If tho tangont at P on an ollipao nieota tlio directrix in 
prove that the angle PSZ is a right angle, 

Let the tangont at P{a coa 0, o^sin 6) bo 

^coaff+fain 0=1 .,...(1) 

0 

The abscissa of Z is OX or ajo j thoveforo, putting aje for .r in (l)^ 
wo find for tho ordinate of Zy the value 

(c-co3 6)h 

e sin 0 

Hence the gradient of SZ is 

(g-cos d)h , {\-G^) a h{G - coa 0) 

csm0 ' G «(1 ain 0’ 

But the gradient of iSP is therefore tho product of ' 

the gradients of SZ and BP is - 1, since — c^). 

See also § 137, Tlieorom 2, 

Ex. 2. The perpendicular from the focus of an ellipse, to a ohoixl 
of tho ellipse, meets tho directrix ZX whore tho diameter bisecting; 
the chord meets it, ' 

Let tho diameter meet tho parallel focal chord QQ' in F, the curve 
in P and tho directrix in T, Then, by Ex. 1 and Th, 8, TB is thp 
perpendicular to QQ'y and therefore to tho given chord, T'his proven 
the proposition. ' ' : ; 




§130] GRABIKNTS OF CON.TUGATK DIAMETERS. 355 

Ex. 3. To consfcriiot a pair of oonjugato cliaincterH of a given ellipso 
which shall contain a givon angle «, and to find when tlio angle is a 
minunum. 

Using the notation of JSxainplo 2, wo see tlml angle GTS is 
hence T is found by describing on 08 a segment of a circlo containing 
an angle diamotors, tho otliei^ is the 

perpendicular from O to TS, 

TUioro are two positions of T ; when Ihoy coincide tho angle a is a 
minimum and the conjugate (liainolors are equal. It may bo verified 
that then tan ia— 

EXERCISES XLIL 

1, Find tho gradient of tho diamolor conjugate to 

2. A diamotor of the ollipso parallel to the lino 

2 .r+ 72 ^‘-r )=!0 ; find tho equation of tho con jugate ciiainotor. 

3. Find tho equation of tho lino joining the centre of the ellipse 

to tho middle point of the chord whose equation is 

4, Ealablish tho identity 

(SP- GA )^-{OA - sny - GS^, 
following tho usual notation. 

6. If tho diameter through a point P on an ollipso bisects tho 
chord which is normal at prove tliat the diameter through bisocls 
the chord which is normal at J\ 

6. PQ is a chord, of an ollipso norinal at P, OZ tho porpondicular 
from tho centre 0 on tlio tangent at P^ and OP tlio somi-diamotor 
conjugate to OP, Ih'ovo that PQ i 26'/)= GA * GP \ CJP'\‘ PZ^, 

7. If GPy OQ biuect chords parallel to tho bisectors of tho angles 
between tho x- and y-axosj prove that tho product of the gradionis of 
OP imCi G(2is-5Va< 

8. Provo that tho axes form tho only pair of conjugato diameters 
at right angles to each otlior. 

9. If PF^ a diamotor of an ollipso, subtond a right angle at tho 
point R on tho ollipflo, prove that tho axes aro parallel to Rl\ ltP\ 

10. Provo tliat the diEiniotors of tho ellipse 1, wdioso 

gradients Eire hja^ - 5/rt, aro oqul-conjtigats dlamoters, 

n. If a diameter of an ollipso subtonds a riglit angle at the ends of 
its conjugato, show that tho length of tho diamotor is dotormined, and 
find tho coordinates of its onda rof erred to tho principal diameters 
as axes. 
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12, Show how to construct a pair of conjugate cl i am o tors when tho 
angle between them is given, and prove that when the angle between 
a pah' of conjugate cliamotera is a minimum, the inclination of one of 
thorn to tho major axis is tan”V(l ^ ^'0* 

13* If 01\ GJ) aro conjugate aemi-dianioters ancl the tangents at 
P and P meet in find tho locus of the middle point of PP, and also 
tho locus of T. 

14, An ellipse passes through tho six points 3), (3, 2), (3, 1), 
(ly 3h (1, 2), (2, 1) ; ])rove that its canonical oquation is 
Fiiicl the coordinates of the centre and tho equations of the diainotors 
which bisect chords parallel to tho a'- and y-axes. 

16. If the normal at P meet the major and minor axes at (?, 
prove that witli tho usual notation 

(1) iVO : ON^PG : Pg^BG^ : AG\ 

( 2 ) Bg\GD^aSiGB. 

16. ITincI tho equation of the chord of tho ellipse 
whoso iniddlo i>oint is (a'i, yj). 

17. Find the coordinates of the middle j)oint of tho chord of tho 

ellipse whoso equation is 

18. A tangent to^ the ellipse whoso centre is Cy 

moots the director circle in Q and prove that CQ 

and OQ* aro conjugate diameters of the ellipse, 

19. Tho locus of the centres of all ellipses whidi touch two givoii 
straight linos at given points is a straight line, 

20. Tho normal at P to an ellipse meets the lino joining tho contto 
to the corresponding point on the auxiliary circle in Q ; prove that 

PQ^GD. 

21. The perpendicular through S to OP meets the directrix whore 
the conjugate diamotor of OP meets it, 

22. Provo that one pair of conjugate diameters of an ellipse ia 
harmonically conjugate with respect to tho axes, and that thoso 
diameters aro equal m well as conjugate. 



OIL XX, § 137 ] 


4 


CHAPTER XX. 

GEOMETBIOAL DISCUSSION OF SECANTS, TANGENTS 
AND NORMALS OF A CONIC. 

137. The General Oonic. Some properties of tho conic are 
most simply found by geometry, especially tho.50 relating 
to foci, tangents and normals. The following acooimt of 
them will servo to make tho student better acquainted 
with tho curves, before proceeding to examine thoir pro- 
perties further by analysis. 



TnEOUBM 1, 

If a seoavi PQ of a conic, whose focus is S, 'meet the 
clirecMce ZX in Z', then Z'S bisects the cmgle P8Q exter- 
nally or iniernally. 
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Proof. Lefc FM. Qf.CFigs. 1 20. 1|1) l^o porpondiwjava 
to the directrix ZX', join. w*. iSQt SZ , and pioduco Qb, if 
necessary, to R. 

Then Z'P PM e.PM_81\ 

therefore Z' cuts the base FQ of triangle Pk^Q oxbovnaljy. 
(Fig. 121) or internally (Fig. 120) iu the saiuo ratio aa tiio 



sides 8P, 8Q, so that Z'8 bisects the angle P8Q oxtornally 
or internally. 


Theorem 2, 

If tlie tangent (R P on a conio, whose fmut is S, rMCi 
ike cM,recknx ZX in Z, PZ subtends a ricjlU angle at iho 
focti/s 8. 

Proof Lot the secant PQ in Fig. 121 cut tJio oNi'i'H 
again in Q and the directrix in Z', and let tho lino 
turn about P till Q coincides with P; at this momont 
PZ’ takes the position of PZ, the tangent at P, Wliett 
Q is all but at F, RSF is all but two right anglos. so , 
^lat Z'8P, being half of R82^, is all but one right auglo* - 
Therefore the angle ZSP is exactly one right angle, 
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EXBROISES XLIII. 

1. ^ Show how fco draw tlio fcangont at P on a conic whoso focus 
and directrix are given. 

2, If PSQ is a focal oliord of a oonic^ tlio tangents at P, Q meet on 
tho dlrootrix, 

3, Show how to draw tangents to a conic from a point on the 
directrix, 

4. The focal chord PSQ of a conic meota blio directrix in R ; prove 
that PQ is divided intornally and oxtonially in tho samo ratio at 8 
and R, 


6, If SL is tho Bomi-latus roctiimj prove bliafc 


A ^ X 1 


wlioro P^ Q are tho oxtromities of any focal chord. 


8. P8Q^ FS(^ RVQ two focal chords of a conic. Prove that the 
other four lines joining /*', f/ meet in paii‘s in two points on tho 
directrix which aubtond a right angle at tho focus. 


7. PQ is a fixed focal chord of a conic and 72 is a variable point on 
tho conic, RP and RQ meet the directrix in U and V\ show that 
U8V is a right angle and that uYU. A'F=: Am 


8. PQ is a double ordinate of a conic, and the line joining P to A', 
tlio foot of tho directrix, cuts tho curve in P', Show that P^Q passes 
through the focus. 


9, PSQ) a focal chord of a conic, moots the directrix in K ; prove 
that (PQ8K) is a harmonic range. 


10. A focal cliord PSQ of a conic moots tho directrix in K j provo 
that whore SP^ SQ^ SK are steps on tho PQ4\m> 


11. Tho aegmonla of any focal chord of a conic subtend equal 
angles at tho foot of tho directrix. 


12. PSQy a focal chord of a conic, moots the directrix in /iT, tho 
tangont at P meets tho directrix in Z and tho pornondicular through 
Q to P(^ moots tho tangont at P in Ti prove tlial Z(PQSK) is a 
liarmonio pencil and that tho directrix bisects Q'P, 

13. Tho latus rectum cuts tho tangents at tho oxtromibios of any 
focal chord in ^ancl IP ; provo tlmb SII^SJV, 


14. If tho projection H of A", any ]ioiut on a tangent to a conic, on 
the directrix and the focal radiuB of tho point of contact bo X and V 
rospoctivoly, provo tlmb . KI, (Adams’s Property.) 
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16. Uso Adams’s Pi-operty to conatrucfc the tangents to a conic 
from an oxtonial point, and to show that the taiigouts subtend equal 
angles at the focus. 

16. The tangent at A, the extremity of the Intus rectum of a conic, 
meets the ordinate NP of a point V in Q ; prove that 

17. Given the foous of a conic, a tangent and its point of contact, 
and another point on the curve, show how to construct the vertex 
and the directrix. 

18. The tangent at P to a conic meets the directrix in Z and the 
axis through S in T; prove that S2I touches the circle SZT, 

19. If ¥ is the foot of the perpendicular from S to the tangent 
at P, prove that : TX^SP ; Pi/, where M is the projection of P 
on the directrix, 

138* Notation and Definitions. Tlio following notation 
will bo used unless the contrary is expressly stated. 

fif, S' are the foci of a conic, ZX and Z'X'tho correspond- 
ing directrices ; X and X' are the feet of these directrices ; 
A and A' are the corresponding vertices. L' arc the 
extremities of the latus rectum. 

The circle on AA' as diameter is called the auxiliary 
circle. 

0 is the centre of the conic ; OJX and XP are the abscissa 
and ordinate of a point P on the curve, PM the perpen- 
dicular from P on the directrix ZX, 

y, Y' are the feet of the perpendiculars from St S' on tlio 
tangent at P. 

The 'no'f^al at P is the perpendicular at P to bho 
tangent at P. 

The tangent and normal at P meet the transverse axis 
of the conic in T and 0 respectively; XT is called the 
suhtamgent and XQ the 8xd)normal at the point P. 

139* The Parabola. 


Theorem 3. 

If the tangent and normal at P on a 'parabola he 
dremuy then 

{!) lSPT^lMPT, {^) SP^S1\ (S) SP^SG^ 
(4)TA^AX, {6)XG=^iAS. 
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Proof. Let the tangent at P meet the directrix in Z 

(Fig. 122). 

(1 ) Anglo ZBP is a right angle, by Theorem 2, so that 
triangles Z8P, ZMP are congruent, and l8PT= /lMPT. 

(2) By (1), lSPT= lMPT. 

But lMPT^ lSTP, 

therefore lSPT^ l8TP and SP=8T. 



(3) By (2), 8 is the centre of tlie semi-circle which 
contains the right angle TPG; therefore 8P=8G, 

(4) TA=8T-8A^8P-8A^PM~8A. 

But PM^NX, = so that TA^AN. 

( 6 ) m<=8Q~8N==^8P-8N=XN-8N=2A8. 


Theorem 4. 

The looxm of Y, the foot of the perpencUoulm’ from 
the f 00X18 on the tangent at P, is the tangent at the vertex. 

Px'oof. Join 8M (Fig. 128); then 8PM is an isosceles 
triangle and PT bisects the vortical angle, by Theorem 3, 
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Tlierefoi’6 FT cuts 8M at right angles, so that tho 
intersection of SM and FT is Y, the foot of the perpen- 
dicular from 8 to FT. 

Now Y, A bisect SM, 8X ; tliorefore A Y, being perpen- 
dicular to AS, is the tangent at the vertex, and the locus 
of Y. 



Got. 1. SY bisects the angle TSP. j' 

Got. 2. y^mx+ajm. is the tangent of gradient m to thO; ’ 
parabola y* 5= 4aaj. 

Theorem 6. '1; 

SY^=-AS.SF. 

Proof. In triangles ASY, YSP (Fig. 128), 

l8AY==l8YP and c ASY YSP] 
therefore the triangles are similar, and ji 

AS-.SY^^SYiSP or SY^=AS.SP. •];• 

Theorem 6, :■■■!!' 

•I p 

If tangents at P and P' meet in 0, OP and OP' subt&ddt 
equal angles at the foeus^ the triangles OSP cmd OSF 
8%7nilc(/r, amd BO^ == BP . SP\ . 1 


! 
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Proof. Let OP, OP' (Fig, 124) meet the tangent at the 
vortex ‘in F, F ; join SY, SO. 

Then, by Thoorem 4, angles SYOy SY'O are right angles, 
so that the four points 0, ¥, Sj F lie on a circle ,,(1) 

Also, as in Theorem 5, 

lSPY^i^SYA^lSOY, by(l), 
and LSFT:=:SrA - lSOY, by (1). 



Therefore the angles SPO, jSOP of triangle OSP are 
equal to the angles SOP\ SP'O of triangle OSr* 

Hence lOSP^ lOSP', that is, OP and OP' subtend 
equal angles at the focus, 

Also, tlio triangles OfifP, OSP' are similar, 

and SO^^SP.SF. 


EXEROISES XIiIV, 

1. Provo that SPMT in a rlioiiibufl. 

2. Provo llial ovory point on PT ia equidiataut from S and M* 

3. Given tlio fooim and clireclvix ajid a point 0 on P'J\ ahow how 
to find P \ and Hum givo a conatrnction lor drawing the tangents 
fr{>iu a given point 0 to a parabola whoso fociia and directrix are 
given. 
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4, Given the tangent PT and F iia point of contanb, givon also 
the focusj draw the directrix. 

5, Given the tangent PT but not P the point of con tact, given 
also some point Q on the curve, and iho focuH, hIjow lio-sv to find tho 
directrix and tho point P. 

6, Given the tangent PT but nob F tho ]K)int of contact, given 
also the axis and the focus, show how to find bjio directrix and tho 
point P, 

7, Tangents at the extremities of n focal chord of a parabola 
intersect at right angles on tho directrix. 

8, The circle on a focal chord of ft parabola as dianmtor touohoB 
the directrix, 

9, Tangejits at tho extremities Q' of a focal cluird of n parabola 
meet at and the parallel through Z to tho axis moots tho ourvo at 
P\ prove that 

10, The locus of the middle points of focal chords of a ]>arabola in a 
parabola. 

11. If l-SL, the semidatus rectum, and iirovo that PCP is 

equal to ^Ir. 


12. If PT^PQ and P*T\ P*Q* be the^tangonts and norinalH at Py F\ 
t^ pomte on a parabola, and if the diiloronco of tlio fuiimrcs oil 
PQ and P is constant, prove that TT is conatant. 

13, If l=^SLy the semidatus rectum, and SP-i\ prove that 

SZ^rllsfl^^l 


14. Provo that the length of the perpendicular from tho foona on 
to the tangent at tho end of the lafcus rectum is APi, 


15. Prove that XL is the tangent at Z, the end of tho labuH-roetuni. 

paSleUoT^iL^Ze. 


17. If P is the 
and TN, 


point (9, 6) on the parabola calculate J*T 


aim y, prove that A x=ajm and AT^ajmK 

What is tho geometrical significance of tho quantity t ? 
fixed potofn tTS®;rK»“" ‘I.r-!V/H-1=0 and .5? j« tho 

9.«® + 24ay + 16y* - 1 2a« + 1 04y = 31. 
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21. V is Lho iniddlo point of a focal chord of a parabola ; and 
the tan gents at Q and Q' meet in O, Tf the tangent panillol to 
meet the curve in r and 0(^, OQ' in /i, prove that tho five points 
0, /i) ll\ JSf V lie on a circle, centre l\ 

22, The external angle between tho Uiigonts OP^ OP^ is half tho 
angle botweon SP and }iP\ 

23. Tho tangents at P and P* meet in 0 ; prove that 

24, TP, TQ are tangents from a point T to a parabola, and ^VS' is 
produced to T so that TS—BT ^ ; prove that tho triangles T‘SP, 
T'BQ are similar. 

26, If TQ, TQ* bo tangonts from T to a parabola, the bisector of 
tho angle QTQ* is equally inclined to B'Pniid the axis. 

26. Tho tangents to a parabola at P and Q intersect in T\ the 
circles circumscribing the triangles BP'I\ SQT moot tho axis again 
in J1 and K, Provo that PJI and TK aro parallel. 

27. If TPy TF are tangoiita to a parabola whoso focus is show 
that tho tangents at llio points wlioro BT cuts tho parabola are 
parallel to tho bisectors of tho angle PTP'. 

28. Two parabolas wlioso foci aro S and B* have a common dircotinx ; 
prove that tho bisectors of tho angles formed by BB' and tho directrix 
aro coiimion tangents to tho parabolas. 

29. Tho tangents at the oxlrcmities of a focal chord of a parabola 
moot in T and the normals in ])rove that TP' w parallel to tlio 
axis. 

30. Tho locus of intersection of tho normals at tho oxtromitioa of a 
focjil chord of a parabola is a parabola. 

31. Show that tho angle botweon any two tangonla is cos''‘(r|/r 2 ), 
wlioro ?q, rn aro tho rcspoctivo distancos of thoir point of intoraoction 
from the directrix and rociis, 

32. Tho circlo passing tlivmigh tlio points of iiileraoetiou of throe 
tangents to a paral)ola also glasses through ilio focus. 

33. If 7M8 a point on tho latus roctum of a parabola, tho tangents 
from T to tho parabola aro two of tho bisectors of tho angles botwoon 
tho latiis rectum and tho tangents drawn from T to tho circlo 
doacribod on tho latus roctum as diamotor, 

34. Given two tangents to a parabola and tho focus, dotormino tho 
vortox and tho directrix. 

36. Tho tangents OP, OP' are cut by a third tangont in Q, Q* 
rospoctivoly ; provo that OQIQP=»P'Q'fQ*0, 

36. If tho normal PG bo nrodiicod to moot tho curve again in Q, 
and PQ subtond a right anglo at tho foens, provo that Iho ordinate 
of P is equal to llio latiia rectum , 
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37. If a pavaljola touches throe sides of a triangle, its directrix 
passoa through the orthocontro. 

38. Provo tijo following construction for finding on a paraholii a 
point P such that llio portion of the tangent at P intercepted between 
the directrix and the tangent at tho vortox is of given length A. 
With centre S and radius L describe a circle cutting tlio^ tangent at 
tho vortox in B, Witli centre B and radina AB describe a circle 
cutting the tangent at tho vortox in G. Draw CQ perpendicular to 
BGy and lot it touch tho parabola at Q. Find a third proportional, 

F, to BQ and Tlion /'Ms the abscissa of tho required point 1\ 

39. A circle whoso eontro is on tho axis of a parabola touches the 
parabola ; prove that tho tangent to tlie circle from any point on tho 
parabola is equal to the perpendicular let fall from the point to 
the chord of contact. 

40. Given three tangents to a parabola, and the point of contact of 
one of them j determine tho focus and directrix. 

41. P is a variable point on a fixed lino and A is a fixed point ) 
prove that the perpendicular through P to PA onvolopa a fixed 
parabola. 

42. Prove that the line joining tho projoctiona of a point on a 
parabola on tho axis and tangent at the vertex envoi ops a fixed 
parabola. 

43. l^rovo that tho parallel through (?, the foot of tho normal at a 
point P on a parabola, vertex Ay to AP touches the fixed parabola 
whoso focus is the point (*- 2a, 0) and whose tangont at the vortex is 

2a, whore tho axes of x and y are tho axis and the tangont at tlio 
vertex of tho given parabola, 

44. Tho point P is the foot of tho perpendicular from tho vertex on 
a variable tangent, gradient of the parabola y^^Aax \ show that 

.r - a/(l + y = ajm ( “i + m^) 

are froodom-equations of tlio locus of P. Find tho constraint- equation, , , 
and trace tho locus from either of these equations, The locus is tliO 
pedal of the parabola with respect to its vortox. 

140, Central Oonics, Tho following ai'o tho important 
properties of tho tangent and normal to a contral conic, 
ellipse or hyperbola. The proofs refer to the ellipse, but , 
they apply with certain obvious changes to tho hyperbola. 

Thborem 7. 

The focal distances SPy 8'P a/rc equally inclined to thfi 
tangent and normal at P, and ' 

{!) SG^e.SPy {2)8'G^e.STy (5) OG^eKGN. 
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Proof, Lot the tangent at P (Fig. 125) meet the 
(lirecti'ix in Z\ join BZ, BM. 

From Theorem 2, ^ J37, it follows that B, P, M, Z lie 
on a circle whoso diameter is PZ -, PCr is the tangent at 
P to this circle. 

Hence in triangles 8PG, SPM, 

L 8PQ = L BMP and l OSP = c SPM. 



Therefore the triangles BPO, BPM arc similar, and 
8GiSP^BP-.PM=e-, 

80 that BG—e.BP; and similarly 8'Q=e, S'P. 

Also, hy (1) and (2), SG : B'Q^BP : S'P, 

so tiiat the normal PQ is equally inclined to BP, S'P. 

Since the tangent is perpendicular to the normal, it 
also is equally inclined to BP, S'P, 

Again, CG^OS-^QS^e.OA-e.SP 
=6\GX~PM) = e'^.0N. 

Thgobem 8. 

P/te loam of tlie feet of the pci'pendioulars from the foot 
on a variable tangent is the avMuiae'y drole. 

Proof, Let S'P (Fig. 116) meet ST in H, Then, since 
PF bisects the angle BPH, by Theorem. 7, 

BP^PH and 8Y=^YH. 
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Therefore S'H= H'P + PH = ST +SP^AA', 
so that GY^^S'1I=GjL 

Hence the locus of F is the cii'clo, contro 0, (M., 

that is, the auxiliary circle. 

me. 07 is parallel to ST and GY' is parallel to SP, 

Theouem 9. 

SY.S'r==GB\ 

Proof. Let Y'S' meet the auxiliary circle afrain in % 
(Fig. 116). Since YY'Z in a right angle, YZ is a diaiiuiler, 
and therefore passes through G. 

Triangles GSY and GS'Z ox& congruent, so that SY^S'SS. 

Therefore 8Y. S' T=ZS'. S'Y'^AS'. S' A' 

-^{GA + OS){GA - QS ) « G.IP. 


Theorem 10. 

(l) If tangents at the points P and P' on an ellipm 
meet %n 0, OP and OP svhtmd equal angles at ciUim 
focus, and a/re equally imoLined to OS and OS', each to emit, 

points P a/nd P on a hyimiiotn 
meet vn 0, OP and OP subtend equal or sn/ppletiientat^ 
angles at either focus, according as P and P are, on w. 
sanie Srotic i or ou opponte hunches of the hypt^rbiM; 

are%nchned at equal or supplenwfntm*U 
cmgles to OS and OS , each to each, according as P mtd- 

hyparhoZ branches m' on the same binnoh of IhA 

Then, as in Theorem 8, 

SP^HP and S'Hr^AA'. 

Hence, in triangles (SfPO and ZTPO, 

SP^IIP, OP^OP, lSP0=lIIP0, 
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bocauao PO, the tangent at P, is equally inclined to JPS 
and PS' ; thereforo 

L. OSP^ lOHP, i.POS= lPOH, 
and 08=011. 

Similarly, lOS'P' = lOH'P', lP'0S'= lP'OH', 
and 08' = OH'. 

Now, in triangles OS'H and OH'8, 

OH =08, OS' = OH', 8'H=AA'=H'S-, 
tliereliore l8'0H=lH'0S, bo UxtA lS0H= l8'0H', 


O 



But it was shown that aP0iS= lPOH 
and lP'OS'^lP'OH'-, 

thereforo lP0S=lP'0S', 

or OP, OP' are equally inclined to 08, OS', 

Also, from the congriioncy of triangles OS'H, OH'8, 

lOHS'= lOSH', 
and it was proved that 

l08P=l0IIP\ 
therefore l08P=l08F\ 

that is, OP and OP' subtend equal angles at the focus. 
G.A.G, 2 A 
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The Asymptotes os Tangents, Since the asymptotes are 
tangents, Theorems 8 and 9 show that the feet of the 
perpendiculars from tlie foci on the asymptotes lie on tlie 
auxiliary circle, and that tho length of each perpendicular 
is the senii-eonjugato axis GB, 

If the tangent at P on a hyperbola meet tho asymptotes 
in T and P', as in Fig. 127, and SK, SK' are parallel to tho 
asymptotes GT, GT\ then BT bisects tlie angle PBKy so that 



Pia. 127, 


T is equidistant from BP and BK, But tho perpendicular 
from T to BK is equal to the perpendicular from B to 01\ 
which, as remarked above, is equal to OB, Hence tlio 
perpendicular from T to BP is equal to QB, Similarly, 
tho perpendicular from T to SPy being equal to the perpen- 
dicular from T to BK\ is equal to OB. Hence T and T aro 
equidistant from PP, so that P bisects TT (see Th, 6, 
p. 336), 

Further, GP bisects chords parallel to TT (§ 1«32), so tliat 
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if GX> is Gonji^afco in direction to OF, GJ) is parallel to TT\ 
lienee (§ 45) (j{FDTT') is a harmonic pencil, or the asymp- 
totes are harmonically conjugate witli respect to OP, OP. 

If the hyperbola is rectangular, TFG is an isosceles 
triangle, so that the conjugate directions GFj OP are equally 
inclined to each of the asymptotes. 

141. Worked Examples. Wo shall now work some ex- 
amples of the application of the above Theorems. 

Ex. 1. 82\ aro focal radii of a conic which arc parallel and in 
tho samo direction ; prove that tho tangents at P aiul Q ineot on the 
auxiliary cirolo. 



Draw 128) parallel to SP or S'Q and in tho same direction 

to meet the auxiliary circle in Thou tho tangents at Pnnd Q pass 
through 'J\ according to Tliooroni 8, Coi\ 

Ex, 2, If tho normal at P on a rectangular hyperbola meet the 
trauBvorsQ axis in C/, thou OF^PO. 

llraw tho tangent at P as in Pig. 127 to moot the aBymptotoa in 
7^ and T \ draw CD parallel to 7^2', 

P is tho middlo point of the hypotonuso of triangle thovoforo 

lPOT^-lPTC^lTCD, 

Hence Of bisects both L PGf^ and L QOB^ so that L PCO^lBGD, 
Now PO^ (yOaroporpondicular to C?P, QB ; thoroforo 
Hence lPCQ^lPQG ami C7P-P(7. 
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Ex, 3, PSQ ia a focal cliorcl of a conic j tho normals at P, Q 
intersect in 0 and tho tangents in prove that OZ passes through S', 
Tlie four points P, 0, Q in Fig, 129 lio on a circle^ Z lies on the 
directrix and ZS. is perpendicular to PQ, 



Hence l complement of l ZQS^l OQJP—l OZP, 

Therefore ZO and ZS make equal angles ^vith tho tangents ZP and 
ZQ^ so that ZO passes through IS\ by llicorem 10, 

EXERCISES XLV. 

1, If the parallel through G to the tangent at P moot SP, S'P at 
E, E', prove that PE^PE'^OA, 

2, Given the focus, directrix and a tangent of a conic, show how 
to determine its centre, 

3, If P ia a point on an ellipse, wlmse foci are S and prove 
that the in*contro of the triangle SPB' dividca the normal PG in tho 
ratio 1 : c, whore e is tho eccentricity, 

4, If TQ and TQ are tangents to a conic, tho biaoolors of angles 
and coincide, 

6. and F are points on a tangent to a conic, whoso focus is >5, 
sucli that ESF is a right angle. The other tangents from E and F 
to the conio meet it at P and <2 ; prove that PQ is a focal chord. 

6. Provo that tho external angle between two tangents to an 
ellipse is half the sum of tho angles subtended at tho foci by tho chord 
of contact, 

7. From a movable point Z on tho directrix of a conic, a tangent 
is drawn which moots tno major axis in T, Show that tho locus of 
the intersection of the other tangents from Z and T to the conic ia a 
straight line perpendicular to the major axis. 
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8. Pei'poncliculars S/i aro di’awn from tho focuJi <5^ of an 
elllpsQ to two tangonts TF^ TQ mooting tiiem in Y and Z. Prove 
bluit YZ ia at right angles to ^S'3', 

9, If X is the foot of the porpondiciilar from S to tho tangent 
at P, prove that S Y : YX^SG ; i$P. 

10. If the tangent and normal at a point P on an oUipao meet the 
major axis at T and G^ prove that GG , 

11. is a fixed point ; P is a variable point on a fixed circle; PQ 
is drawn pornondiculav to AP\ proyo that PQ envelops a conic which 
is a hyperbola or an ellipse, according as A lies outside or inside the 
cii'clo, 

12. A variable circle is drawn through a fixed point so as to have 
the sanio radius as a fixed circle ; prove that tho common chord of 
tho fixed and variable circles envelops a conio which is a hyperbola 
or un ellipso, according as tho fixed point lies outside or inside the 
fixed oirclo. 

13. If the tangent at P moot the directrix in Ty and l=iSLy t^SI\ 
6 eccentricity, prove that 

. rX^Te . r- 1 )}. 

14. If and SP^ry prove that 

P(y^*5s — ( 1 — r^, 

16. If FS'Q' are parallel focal chords of an ellipse, pvovo that 
tho intorsQcUons of the tangonts at P, P\ Qy </ lie on a directrix or on 
the auxiliary circle. 

16. P ifl any point on an ellipso, PSQ ia tv focal chord and POP' ia 
a diameter ; prove that tho tangents to tho ellipse at'^ and P' meob 
on the auxiliary cirolo. 

17. 'P is a 2)oint on the auxiliary circle of an ollipao, TP and TQ 
are the tangents from T to tho ellipse ; prove that the focal distances 
of T are at right angles to TP and TQ, 

18. The lino through 0, the intorsoetion of the normals at the 
oxtromities of a focal chord PP, parallel to SS'y bisects PP\ 

19. If 0 is the intoraoclion of the normals PG, P'G' at the 
oxtromitios of a focal chord PP' and Oil imrallol to JGY meets tho 
axis in fly then // is tho middle ^minb of ‘GO^, 

20. It OyZ are tho intorsoebiona of tho normals and tangonts at tho 
extremities of a focal chord P^P'y and if D, H are tho projections of 
Oy Zow PP* respoebively, prove that 

21. If Oy Z are tho intorsectioHB of fclio normals and tangents nt 
the extremities of a focal chord PSP*, pvovo that tho lino joining 0 to 
the orthocontre of the triangle ZPP* is j)aranol to AA\ 
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22i If AT is the projection of P on the directrix of an elIipso» prove 
that the locus of the intersection of SM and PG is the lino BJS\ 

23* The normal at P to an ellipse meets the major axis in G and 
the minor axis in g ; prove that POjPg is constant) and that Bg is a 
moan proportional between Pg and Gg. 

24, The circle through the foci and any point on an ellipse passes 
through the intoraectiona of the minor axis with the tangent and 
normal at the point. 

26. If the normal at P meet tlio minor axis in //, and^?^ bo the 
projection of P on the minor axis, prove that CgjCn^ OSjBX. 

26. The tangont at P^ a point on an ellipse, ineots the minor axis 
in L and the projection of P on the minor axis is n \ prove that 
Orh.Gt^OB\ 

27. The normal PG meets GF^ the parallel to the tangont at P, in 
F\ i^rove that PG . PF^GBK If PG meets the minor axis in g^ 
prove that Pg . PF^ OA^. 

28. Provo that the projection of PG on SP or B^P is equal to 
the gemi-latus rectum. 

29. Pincl an expression for the subnormal of a central conic in 
terras of tho central abscissa^ and deduce the corrosponcling theorem 
for the parabola. 

30. Express the subtangent of an ellipse in terms of tbo central 
abscissa ; and deduce that, for a xjarabok) tho subtangent is twice tho 
abscissa measured from tho vortex. 

31. A circle has its centre on the major axis of an ellipse aiul 
touches the ellipse at Q and li ; show that, if P is a variable point on 
tlio ellipse, the length of tho tangent from P to the circle boars a 
constant ratio to tho perpendicular from P to Qlt 

32. Tangents are drawn to an ellipse from any point T on tho 
auxiliary circle, Show that' the perpendicular drawn through one of 
the foci, By to BT is parallel to one of tho tangents and moots tho other 
on a fixed straight line whioli is at right anglos to the axis and cuts it 
at AT) where OIP - 

33. PG is tho normal to a conic at P, and L is tho projection of O 
on BP; tho lino ON is drawn parallel to B'P to moot tho tangent 
at P in Ny and Lil and B'^ are drawn porpondicular to tho tangent 
at P, Provo that PM/PR =Bl^jB^Z\ 

34. PG is tho normal at a point P of an ellipse. If BOB’ is tho 
minor axis and lilQ tho ordinate of a point such that BM^OP^ 
prove that A Gy A'G are equal to tho focal distances of Q, 

36. The four focal radii drawn to any two points of an ollipao havo 
one common tangential circle whoso centre is the intersection of tho 
tangents at the extremities of the radii. 
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36. An ollipaa rolla on an oqnal olUpao, If extroinitios of the 
major axoa aro initially in contact, find the locim of either focus of 
the rolling oUipao. 

37. A variable ellipse touches a fixed ellipse and haa a cniumon 
focus with it ; find the locus of its other focus when its major axis is 
given. 

38. Given one asyiupioto of a rectangular hypei’hola and two 
points on the curve, find the centre. 

39. Provo that the intorRcctiona of the divcctricoR and the auxiliary 
circle of a hyperbola Uo on one or other of the aayniptotcB. 

40. Tf the parallel to an astymptoto of a hyjiorbala through the 
point P on the curve meet tbo directrices in jV and M\ provo that 
PM and PM' aro equal to the focal distances of P, 
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CHAPTER XXL 

ANALYTICAL DISCUSSION OP SECANTS, TANGENTS 
AND NORMALS TO CONICS. 


142. The Parabola. Let 

*••(0 

and y^^ai 

be the constraint- and froedom-oquations ol a parabola. 
Then (l/-?/i)(2/“1/2)=*2/^-4cw (8) 


is the equation of the secant which cuts the curve at the 
points j/j), (ajg, y^)* For (3) reduces to a linear cciiiafcion 
in Xy y and is satisfied by x—x^y V^Vi by oj— 

Put y^ — yi and y^ — ^ax^ in (3); then, after rediiefciou, 


yyx^^a{x+x^\ ( 4 > 

this is the equation of the tangent at the point (xj^, y^). 

If Xx^at^, — 2af, then (4) boeoraos 

2/=f+«i. (6) 

wliich is the equation of tlie tangent at the point t. 

If (5) becomes ,,(6^ 


which gives the equation of the tangent of gradient m, It 
follows that 2/ = ma!+c is a tangent to (1) if o — ajm. 

We also see that i5=cot0, whore 0 is tlic angle botwoon 
the axis and ^ the tangent at the point t, so that fcho 
freedom- equations of a parabola may be written 

a>=acot*0, 2 / = 2aoot0, 


...(7) 
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The normal at the point t ia, l!rona (6), 

(y -- 9>at ) + i (rt) — a = 0 

or y+tco— 2a£ + at^ (8) 

If '-m, (8) becomes 

y ^ mcc — — aDv^ (9) 

whicli is the equation of the normal whose gradient ia m. 
Equation (5) may bo written as a quadratic in £, tiius . 

(6£^—£i/+aj=:0; (10) 


if 0 ), y are regarded as known tUoro arc two values of i to 
correspond; these values give the points of contact of 
tai^onts to the curve fvon\ the known point (rr, y). 

Equation (8) itiay bo written as a cubic in £, tiius : 

(U^+t(2a--x)—y = <}, ( 11 ) 

showing that three normaln can be drawn to the curvo 
from a known point {(C, y); the feet of the normals are 
given by the roots of the eubia One root of the cubic 
must bo real, so that ono real normal can bo drawn from 
any point to bho curve. If the throe roots of tho cubic 
(11) arc xml, then, by § 106, 

or 2lay^^i(oi-2ctf (12) 

When 27a^^==4j(?r—2a)^ two of the normals are 
coincident. Wlion the feet of two of tlio normals from a 
point 0 coincide at P, C is called bho centre of curvature, 
the circle, with centre 0 and radius OP, is eallod tho circle 
of curvature, and OP is called tho radius of curvature at P, 
The locus of tho centre of curvature is called the evolute 
of tho original curvo. Tho circle of curvature moots tiio 
curve at throe coincident points, and thoroCoro lies as close 
to tho curve at tho point as a circle can lie. Tho centro 
of curvature is often spoken of as the intersection of oon^ 
aecutive normals. 
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EXERCISES XLVI. 

1. Prove that the equation of the chord of tho ];)arahola dow?, 

whose extremities are the points and ^vritlen as 

2. If the chord of the parabola a* whoso oxtronntics are 
the points ti and ^ 2 ) is the normal at tho point dp prove that 

2 

Hence show that tho other oxtroniity of the iionnal nt the point i 
is the point 

3. Prove that tho tangents at tho points ^p intersect at tho 
point whose coordinates are 

and the normals at tho point 

{ct{t^+ + ^2^ + 2), ” d jdy (d j + ^ 2 ) }♦ 

4. If tho feet of two of tho three normals from a point 0 to tho 

parabola = 5 coincido at tho point d, prove that tho coordiniitos of 
the point t7 are a(3d^-f-2), -2ad^ 

Find the radius of curvature at tho point d, and tho equation of 
the evolute. 

6 . If the normal at 2ad) to tho parabola moota Uio 

parabola again in and A is the vertex, prove that tlio area of the 
triangle AQP is q, 

6 , If the normal i(G 4- 2ad + ap to th 0 parabol a «** icuv nnbLond 

a right angle at the vertex, determine tho value of t 

7. Find the values of m bo that y^mx-ha/m may bo a tangoiit Ic 

the two parabolas and ?/— 

8, Chords of the parabola are drawn to toucli tbo 

parabolay^— 46.^ j show that tho locus of tlio interHoction of tnngonta 
at their extremities is the parabola 4<x^.i', 

9. If the straight lino ;/ = + 0 ton dies tho parabol a = det (a* a)^ 

prove that c a 

10. Show that the tangents to the circle at tho points 

where the straight lino Outs it are also tangents to tbo 

parabola y ~4/i(i-p A), 

11. Show that if the normal at P to a parabola meets tlio ourvo 
again at and 1/ is tho micldlo point of PQ^ the product of tho 
ordinates of P and U is constant. 

12. If tho normal at tho point P on a parabola cut tho axift in 
tho lengtli of the chord drawn through Q iMallel to the lanffont at 
Pisequalto 
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13. Sliow tlmfc the tangent bo the parabola at the point 

^vliove tbe normal parallel to moots the curve again is 

my{^ -P m-) + + ct(3 + = 0. 

14, Erom a fixed point P on the parabola ^^=!4cf:r, chorda FCj^ PQ‘ 
are drawn making equal angles with the tangent at P. Show that 

will for all values of r/> pass through tho samo point R, Provo 
further that if P moves along the parabola, tho locus of li is 
(a? + 2a)^2 + 4a® = 0. 

16. 'Write clown tho coordinates of any point upon the parabola 
y'^-V^h{y’-x)=Q in tonus of a single paramoter, 

16. If the tangents at two points of a parabola meet at (or, y) and 
tho normals at (|, tj), then a^j-l-.uy where 4a is tho latus rectum. 

17. Provo that the parabola fj^^Aax may bo clefiiied as tho locus of 
a point P such that OP^ is proportional to iW, P/V, wlioro 0 is a fixed 
point on the parabola and PjI/, PN aro the porpencliculavs from P on 
two fixed straight lines, ono of which is tho tangent to tho parabola at 
0 and tho other a tangent to the parabola y^«s4a(.r+4a). 


18, Eind the equation of the normal to the parabola 4 which 
makes an angle 0 with tho axis of x. From any point in this normal 
two other normals are drawn to the curve. Provo that tho straight 
lino joining their feet is parallel to a fixed straight lino. 


19, 

curves 


Find tho equations of tho two real eoiumon tangents to the 
^+'| 5 =l and 


20. Two normals to a i)ai'abola aro at right angles and moeb the 
axis in G and Q ' ; show that tho aomi-latus rectum is a harmonic moan 
between the distances of G and O' from the focus. 


21. P, Qy Ry B aro Urn vortices in order of a variable rectangle. 
P and R lie on the .v-axis, Q on the ^y-axis, and P is fixed. Provo 
(1) that tho locus of B is a })arabola, (2) that QR touches a second 
parabola, (3) blmb ilB ia normal to a third parabola. 

22, Prove that tho locus of points at which a parabola subtends a 
given angle (7r-a) is a hyperbola with tho saino focus and directrix 
and an eccontricity sqcol. 

23, Show that tho lino — m‘-hw:(c-2a)-a?a® is a normal to tho 

parabola y^^AaCvA-o). Provo that, if a>b>0 and o>2(a-6), the 
two parabolas 4ct(.^M-o), have a pair of common normals 

inclined to tho common axm, and that tho distance d bobwoen Uio 
curves inoasurod along ono of thoso common normals is given by 

h)(^c - a -h h). 

24. Tlio area of tho triangle Cormod by tho throe langontR drawn 
at tho points yyj), y^y (.rg, yyg), on the parabola y^^4ax ia 

C'l -yaX^a -^sOCys -a'O/lCa. 
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25, Prove that perpendicular normal chords of a parabola divide 
ouo another in the ratio 3:1. 

26, From a point T on the lafcus rectum of a parabola two tangents 
are drawn to the curve, and the corresponding nomialH intersect in 0, 
Show that the middle point of TO lies on the axis of the parabola, 

27, Show that tho locus of the intersection of tlio normnls at the 
ends of a system of pamllol choixls of a parabola is a straight hne 
which ia a normal to the curve. 

28, Find the condition that the lino ^nay touch the 

parabola of which the focus is at tho origin and the vertex at the 
point (^ 3 ^, 0 ). Show that if fclie two parabolas 

?ya 4^ ( 7 / - ff) 

touch one another, then 

(fg - dahf^4(f ^ + -h Saf). 

29, If normals PO^ QO to a parabola intersect at riglit pgles in (?, 
the third normal RO through the point 0 is cub by tho axis in a point 
Oy such that SO&^OR, 

30, The normals at two points P and Q on tho parabola 

intoraect on a fixed diameter g=k ; prove that tho tangents at P and 
Q to the parabola intersect oii the hyperbola 0 . 

31, Tho normal at to a parabola meets tho curve again in and 
tho tangents at P and Q meet in T, Show that tho minimum valuo of 
the area of the triangle TPQ is twice the square on the latus reotum. 

32, If two normals of the parabola make complementary 

angles with tlie axis, show that their point of intersection lies on one 
of tho curves = a (a’ - a), g^~a (x ~ 3a). 

33, The normal at P to tlie parabola g^=i4a.v moots the axis in R 
and the parabola again in Q i tho normal at Q moots tlio axis in 
R\ A lino RS equal to /W is drawn through R porpondicular to the 
axis ; show that tho locus of S is 

(x - 2a)g = 4a{x - a), 

34, Tangents are di’awn to the parabola g^=Aax from tho point 
(.v\ g*) ; show that the corresponding no finals intersect in tho point 



35, A parabola whose axis is along tlio axis of x intorsocts the 

ellipo orthogonally at tho point wlioso eccentric angle 

is 9 , Show that tho latus rectum of the parabola ia 2 a sin^r/j/^os <fy. 

36, Find tho coordinates of the feet of tho normals from tho poiiit 

(^a, to tho parabola 4aa;. 
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143. The Ellipse. Lot 

^+C==1 (1) ‘I'D*! a5=acos6, y — bsind (2) 

be the constraint- and IvcoLloin-cquationH ol an ellipse. 

Then 

(a!-a;,)(fl;-a-a) {y~lh){v-1h) ^ 

is the equation oi: the chord, whose ends are (x^, y^), (x^, y 2 ) ; 
because ( 3 ) reduces to a linear equation in y, and is 
satisiiecl when y — and Avhon 

Put rtJ^^acosdp ^^==&mn0p 
( 3 ) ; then, after simphlicabion, wo get 

!<»,A+A+|*,».+A.„™ei^; (4) 

this is the equation of the chord whose ends are 0,^, 02 - 
Put 0 ) 2 = »i and Di—yi in (!i); then, after reduction, 

( 6 ) 

this is the equation of the tangent at (x^, yj). 

Put a!i =5 a cos 0, yi = h sin 0 in (6) ; then 

a! cos 0 ^ y sin 0 _ 

a b ~ * ^ ' 

is the equation of the tangent at the point 0. 

The equation of the normal at (xj^ , y^) is, from (B), 

( 7 ) 

'^^Pho equation of the normal at the point 0 is, from (6), 

or (8) 

COS0 Bin0 
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Since 


sin0= 
6 


1 — /2 

I+? <»>«=Yq,(8. 


where ^ = tan|, we may nso (see § 89) as froGdom-e(|iuitionH, 
instead o£ (2), 

®=-l+r> 

Equation (6) then become, s 


(‘+S 




,.(10) 


the equation of the tangent at the point t. If (o!, y) bo 
regarded as known, then (10) is a quadratic in t, wlioao 
roots give the points of contact of the two tangents from 

(®. y)- 

Equation (8) becomes 

ij/i* + 2 (aa! +a®— h®)^® + 2(aa)— «®+6®)i--&j/=0,,..(ll) 

the equation of tire normal at the point t. If (a), y) li© 
regarded as known, then (11) is a quartic in t, wlroso tool* 
give the feet of the four uorinals drawn from ((», y) to lj)o 
ellipse. 

It is easily shown (§ 136, Ex, 1) that 
2/ = ma!+e 

is a tangent to the ellipse if 

0= ±Va8m2+62, (12) 

and that te+m 2 /=')i 

is a tangent if + hhrv^ ( 13 ) 

144. Worked Examples, We shall now work socno 
examples on the ellipse. 


Ex. 1. If the nomrnla at the four points 0 ., d., <?,, d, on the olllriiu, 
are concurrent, prove that i» oiiqwia 

+ ^3 + fli = l)7r, 

Erom equation (11) it follows that ^ 2=0 and 21,= -1, wlioro T*, 
meansthesumof tho products of tan |l, tan|, taiA, tan & Uikori 

two at a time ; and so on. ^ 2 2 * 3 
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Tour normals to ellipse. 
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33iit 

tliei’oforo 


fcanK0i + (?2+<?3+fti)= 




^COl 


I-'A+V 

+ ^2 + ^3+ + l) 7 r, 

TUx, 2. If tho normals to the ollipso at 0^ are concurrent, 

sin ($2 + ^3) + sill (^^3 -H ^i) ain { 0 i + ^2) =- 0, 
and convorsoly, 

Lot ^?4 bo tho foot of tho fourth normal from tho point of con- 
cuiToncy of tlio thrco specified normals. Then, as in Ex. 1, ^ 3 — 0 ; 
fchoroforo 

tan ^ tan ^ + tan ^ tan ^ + tan ^ tan ^ 

= - tan ^tan tan ~^'+ tan 

tan ^ -h tan tan ^ 

— d ?} — ^ 1 = -Ij 

lan^ tail ^ tan ^ 

s^cot-^^cot cot*Y+cot^ cot^* 

Thovoforo S (cot | cot | -- tan | tan |) = 0, 
that 10 , 

sin 0.2 am 0^ 

or ' S sin 0i (coh O.2 + cos 0^—0 

or »am (f? 2 +^>;j)= 0 , 

Since tho stops aro rovorsiblo, tho convorso holds. 

"Kk, 3, Xf tho noiMnals at four points on tho ollipso aro concurrent 
and two of tho point ^9 Ho on tho lino 

|4-f+l=0. 


the othor two will lio on tlio lino 




= 0 , 


Lot On 0‘2} O^y 0,i bo tho four points. Then 

.V + O3) I Hin^ffl + Oa) _ 

a 00Bi(?,- (Ja)'''6 C(>8i((/,-<?a) 


a caal0l~oi) 

ai‘o Hio oqualioiiB of a pair of chords joining tho four points. 


.(ii) 
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Now ^ _ coa ^ (£^3 - <^4) 

cos ^ (^j - 0 ^ cos i (£>3 -j- ^4) 

if 2 cos \ {di -H ^2) cos J (^3 4- ^4) + 2 cos \ (^3 - ^4) cos ^ (^i - 02)“O, 

fcliat isj if cos ^ (^1 + 02 + ^3 ^4) + i (^1 + ^2 ” ^3 

4 cos J (08 - 04+ 01 - 02) + COS >^(08 - 04 “ 0i + 08)”O, 
that is, if {8in(03 + 04)+Bin(04+02)+3in(02+08)}“O, by Ex. 1. 

And this is true, by Ex. % 

Honce (i) and (ii) may bo written in the form 

fe:+H/+i=o. V#-i=0' 

a b ' al bm 
146. The Hyperbola. Lot 

T-|v=l (1) and «=asee0, ?y = &tan0 (2) 

be the constraint- and freedom-equations of a hyperbola, 
Then 

(a!- «),)(«> -® 2 ) (2/-?/i)(2/-1/a)_“*_2^„j- m 

^ " 6^ "0.2 W 

is the equation of the chord whose ends are (Xj^, yj), (Xj, y^). 

Tlie equation of the chord joining the two points 0j, ©g 
on the curve is 

a> 01—0, ■»/ . 01-1-02 01 + 02 fA\ 

_cos-i-^*-^ gm_i^=cos^ (4) 

The equation of the tangent at the point (xj, y^) is 

5-f'=i w 

and of the tangent at the point 0, 

~sec0— l^tan 0=1 (0) 

a b 


The equation of the normal at the point (x^, y^) is 


^+ILia=o, 

Vi 


(7): 


and of the normal at the point 0, 

aoj sin 0 + by = (a* + 6®) tan 0 * • *(^) 
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The line y — 'anx+c 

is a tangent it — ..(9) 

and Ix+my—n 

is a tangent ii: aH^ — = 9 r. (10) 


EXEROISES XLVII 


1, Provo that tlio point of intor«ocfcion of taiigoiits at Uio points 

on tlio ollipao 1ms coordinates 

„oosA(0,+0a) ,.ain-4{^, + 0a) 

oonm-Oi) 

2, Provo tliat the oceenlric angles Oj, 0^ of tlio oncls of any chord 

of the ellipse 1» which is parallel to the tangent at the 

point satisfy the relation 


3. If the chords joining the pairs of points d, 0i and 0, O 2 are 
liorpendicular, prove tliab 


tan 


0^0. 


^ tan 


2. 


a^' 


4. Provo that the point lies on the 

normal at the point 0, Provo also that every chord through the first 
point snb tends a right angle at the second point, 

6, l*rove that the feet of the normals to the ellipse 
which meet at the point (A, A), lie on the rectangular hyperbola 

(a-* “ h^) coy - cC%y H- hHw — 0. 

6. P is a point whoso projections on the major and minor axes of 
an ellipse are the points in which those axes are cut by a normal ; 
show that the locus of P is an ollipao, 

7. Provo that the tangents drawn at the points 0^ 0--^ 

on the ellipse intersect in pairs on the ollip8oa’7«’^+;//^*'^=^'h 

and that the centroid of the triangle formed by the tangents is the 
common centre of tho ollipBOS, 

8. Provo that a ono-fold infinity of triangles can be inscribed in 
an ellipse such that tho centroid of each coincides witli tlio centre 
of tho conic. If PQli be such a triangle and FQll* tho triangle 
formed by tho tangents wliioh touch the conic at Py Qy H, show tliat 
tho centroid of triangle P'Q*W also coincides witli tho contro of the 
conic, 

a.A.o, 2 b 
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9 Find tlio intoraootlon of tlio nownalB at tlio points 0 ^^ </i ou tlto 

AiiiDse and deduce tlie point of intorsootion of '^ooubocuIIvo 

normals*’ (centre of curvature) at the point ft Plnd also tho radlns of 
curvature, and prove that the equation of the ovoluto la 
(ax)^ + (hy)*= (a^ -- 

10. Normals at P, Q on tlio ellipse i, tnoot tlm umjor 

axis in 0, AT reapectivoly ; prove that tho pixijectioiiH of P(f\ 
on PQ are equal, and deduce (gcomolrically) tluit '/V*/'/ y -- 
where T is the intereoction of tho tangents at 9* 

If the coi union value of the projection is q and if provci thiit 

^yliere k ia the semi-diamotor parallel to /V> h \h I lie 
soini-niinor axis. 

IL Provo that tho locus of tho in^contro of trianglo us /* 
moves round an ellipse, whoso foci are A', iS*' and whose 
ia e, is an ellipse whose major axis is SS' and whose eeeentrieiiy m 

[2e/(l+«)]i 

12. P is any point (a cos ft 6 sin 0) on an ollipao and ni'<^ 

focal chords. Provo that the distaiico of P from Qli is 

26(1 - 0 ) 

{(1 +e^)^sin2d-l-(l “ 

13. Show that 

¥ 


is the equation of the chord of the oUipse whimc^ 

middle point is (.^i, ^j). 


li, The locus of middle points of chords of tho oUipso 
which subtend a right angle at its centre, ia 





^ j;.'. 


1, 


16. Show that if (.Vj, y^) is tlio middle point of a (dmid ui llio 
ellipse (5)^) the point of inlorsoethm of the noutmlH 

and (.r, y) that of the tangents at its oxtreinitics, then 

16, If Wi, are tho gradients of tho tangonta from the iiciint 

(.r, to the ellipse prove that they arc tlio ruotw of 

the following quadratic equation in m : 

(o? - + %vym {¥ » 0, 

17. Deduce from the result of 35x. 16 that if tlio tangenlH from l\m 
point (^, y) to the ellipse meet at an angle r/i, 
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18» l^rovo that the locim of Iho point of interacclioii of rectangular 
tangonts to the oIU|)ho in the dlreotor-olrolo 

19* Show that Iho foot of the four nonnala from Cr, y) to tho 
elUpso are given hy oitlior of the cquatioiin 

coa'*^? “ -h h\f/^ c'*) ^c^ax coa 0 -* rtW — 0, 

+ 2G®/>y mv^O -p -P — c'*) mn^^ - ain 0 - h'\f/'^ = 0, 

whoro c^s=:a^-b'i 

Provo that tho coordinates of Iho centroid of llio four feet arc 


(a\vl2c\ — Z>®y/2G®), 

aro tho oceontrio angloa of tho feot of tho 
=1, prove that 


20. U Ou 02^ 0^, 0^, 
normals from any point (.r, y) to the ellipBO 


(i) .v. 


2a 


looH^/} (ii) y^--^ 




2b 


J sin 0. 


21, If tho foot of two of tho norniala from a point coincide at tho 
point 0, prove that tho loeim of tlio uiiddlo point of tho joiji of tlm 
foot of tho other two norJiialH iw 



22. Pj‘ovo that if two Hiioh drawn through tho point p/^) moot 

tho ollipao at four ]JointH, tlio normals at which are 

coneurront, ono of the linoH will ho 4.vla-^lbt=z% 

23. When two of tho four in)rmalH to tlio ollipno — 1 

coincido, prove that tho lino joining Uio foot of tlio other two is 
a normal of tho ollipao ,^2 yH 

24. Pind an eciuation wIioho roid-H aro tho ^riidiontH of tho four 
normals that can ho drawn from (.r» y) to tho olUpBo 

25. From any point (.^'^»y') four nonnalH aro drawn to tho ollipao 

j prove that tho tangents to tho ollipao at tho foot of 
those normals touch tho parabola 

(.r.y' - yy ' - -h 4 Avr'yy ' « 0, 

26. Provo that any tangent to tho hyperbola 

.^3 f L 

moots tho conio in two points, tho normals at which 

aro equidistant from tho contro, 

27. If aro porpoiidicu lavs from tho foci to tho taiigoul at 

a point P on a hyporhola and is tho ordinato to tho trausvoiHO 
axis, prove that tlio angles tSNVf aro 0 (pial. 
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28. Show that the part of d conunou tangent of the curves 




and 




(jC^ 


«-0 


intercepted between the points of contact subtends a right anglo at 
the centre, 


29, If the sum of the squares of the normals from a point to the 

cuiwo is constant, tho point must lie on a circle. 

30, l?ind the equation of the normal of tho hyperbola 
drawn in a given direction, in the form 

io cos a 4-^ sin a= (a® d- P) sin cl cos cL{a^ ain^ ~ coa^a)^"^, 

31, ITrom any point on tho hyperbola straight linos 

are drawn perpendicular to tho asymptolos and cutting tlio ourvo 
again in <3 and Show that the onvolopo of QQ* is tho hypoi'boln 



32, Show that the langonla to tho rectangular hyperbola 

at the extromitios of its Tatora recta pass through tlm vorlicea of tho 
conjugate hyperbola 

33. If PiV be tho ordinate and PG the normal at a point P on a 
hyperbola, >YhosQ centre is (7, and tho tangent at P intersect tho 
naymplotos at L and show iliat half tho sum of CL and 0/J is 
tho moan proportional between GiY and 00, 

34, The tangents at tho ends of a chord PQ of a liyporbola moot 
in Ti and TM, TN are drawn parallel to tho asymptotes to moot thorn 
in Uy JY, 3?rovo that MN ia parallel to PQ. 

35. A variable tangent is drawn to tho hyperbola ssi <}\ 

oubtmg the cii’clo in P and Q. Show tlial tho locus of the 

middle point of PQ is tho cardioid 
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CHAPTER XXII. 

POLE AND POLAR. 

146. JoaohimatharB Saotion-Equation. Tjefc T (Fig. 130) be 
the fixed point (oJi, and U tlio variable point (®, y), and 
let TU moot a conic in i\> A ; fclio study of the position- 
ratios of A with respect to T and P, viz. TP^jF^U and 
PZyPg?/, as U varies under certain conditions, loads to 
important results, Lot the conic ho 



Fia. 180. 


Lot X denote n\ll\U (or n\IP^U), then the coordi- 
nates of Pi (or Pg) are 

1 + X 1 +x 


.( 2 ) 
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Since P, (or P,) lies on (1), the values given in (2) must 
satisfy (1); substitute these values in (1), thou 


or 


(jgi+Xfcy (yi-\r\yT 
^ ' 


=(1+X/ 




0“»; 

This is Joachimsthal’s Equation. It is a (juadratic in X, 
whose roots arc TPJP^U and TP^jP^U. The student 
should work out the form.s of the equation wlioii tlie conics 
aiu i/=4f«c, x^/a^~y^jh”=>l and 

For the parabola y^^iax, Joachimsthal’s Equation is 
X2(y2 _ 4aa;) + 2X {yy^ - 2a(a!+a)i)} + (i/f — iaxj) = 0. (4) 
For the hyperbola ~ y^jlP == 1 , 

Joaohimsbhars Equation is 

and for the hyperbola xy = c\ 

X®(®2/~c2)q.2x(^+^/„c*)+(a!iyi-o*) = 0. ',..(6) 


147. Pair of Tangents from a Point to a Oonio. If U of the 
last section lie on oitlicr of the tangents from 'I' (Fig. 130) 
to the conic, then 'fPJPiU=TPJJ\U] the two roots of 
Joaohimsthai’s Equation are equal. Hence from (3) the 
pair of tangents from {x^, y^ to the ellipse 
18 given by 





+ 


VVi 

¥ 



from (5) the pair of tangents from (ftij, i/^) to the hyperbola 
x^jfP—y^jh^ — l ia given by 


W W ^)\a^ }P 



from (4) the pair of tangents from (x,, y.) to the parabola 
y^ == dee,!; is given by 

(2/^- 4cMj)(2/i*~4aa)j) = {?/2/i-2a(»-ha)i)}® 
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148. Pole and Polar, Definition, If a secant through a 
point T cut a conic in and P^, and tJ be the harmonic con- 
jugate of T with respect to P^, Pg, the locus of U is the polar 
of T. 

If (P^P^TU) in Fig. 131 is a harmonic range, 

Tl\IP,U=^ -TPJP.Ui 

therefore the sum of the roots of Joachimstlmrs Equation is 
zero, Hence the polar of (x^y y^) with respect to 

(1) the ellipse 

(2) the hyperbola = l in ^-^ = 1, 

(3) the parabola 2/®=4aa> is yi/i=2a(a!+ft)i). 



Tlio polar oJ! a point with rospoct to a conic is thoroforo 
a straight line, and the point is called the pole of tho lino. 

The polm' of a point outside a oonio is the chord of 
contact of the paw of tangents from the point to the oonio, 
As TPJ\ (Fig, 131) turns round T into tlie TOsition of 
a tangent from T, Tl\fP^U= -TPfP^U.md 2' lies outside 
of PiPt, so tliat U lies between P^ and 1\, When Pj and 
Pj run together at P, U also is at P, tho point of contact ; 
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lienee the point of contact of each tangent from T Hoa 
on the polar of T, Bub the polar of T ia a atraight line, 
so that the chord of contact of the tangents is the polar. 

14:9. Reciprocal Property of Pole and Polar. If the point 
3 /j) lies on tUe^ polar of B(x^, yf) %vith resj)Oob to a 
conic, the point B Vies on the polar of A, a/ncl A and B 
me called conjugate points. Lot the conic bo 

x^la?+y^l¥=l ; 

then the polar of B{x 3 , y^) is 

a? ^ 

lies on the polar of JJ; therefore 


^1^2 I Wc — p 


( 1 ) 


Again the polar of Alje^, y^ ia 


/•/2 + ;,2 - > 


( 2 ) 


and ajj, satisfy equation (2), according to fl), so that 
B lies on (2), that is, B lies on the polar of A. A and B are 
called conjugate points. If two lines a, h aro such that 
ono passes through the polo of tho other, it may bo shown 
that tho latter passes through tho pole of tho former, and 
tho linos are oallod conjugate lines. If a pair of eoi\jugato 
linos meet in 2', then they are harmonically conjugato with 
respect to the tangents from T to tho conic. 


150. Examples of the Use of Pole and Polar. Wo shall now 
give some applications of tho theory of polo and polar. 

Ex. 1. If a variable secant tbrough a Axed point 0, 'which Ilea cntaldc 
or Inside a ocnlo, out the conlo In Q and Q', and tho tan|;entB at Q and Q' 
meet In T, the locus of T Is the polar of 0. 

QQ' 132), tho chord ot contact of tangents from 'J', ia the polar 
of 2' (§ W8L BO that 0 lies on tho polar of 2' ; therefore, by the 
Reciprocal Property, 2’ lies on tho polar of 0 : in other 'WoixIb, the 
loous of 2' is tho polar ot 0 , 



POLU AND POLAB. 


393 


gi HO. 160] 

Ex. 2. The polar of a point within a oonlo la parallel to the chord of 
the Qonio whloh la hlseoted at the point. 

Lot V ho llio middlo point of Iho cl^ord QQ' in Eig, 132, Sinco QQ^ 
is a chord through Vy thon» hy dofiintion» tho harmonic conjugato 
of Fwitli roapect to Q and Q' lioa on tho polar of F; call tho point /, 
Since V hisoets QQ\ I is tho point at infinity on iho line QQ' (g 116), 
Again, T lies on Urn polar oi V by Rx, 1 ; thoi’oforo IT is tho polar 
of V, But IT is tho parallel to QQ' tlu’ough I) m that Uio polar of V 
IB TIC parallel to tho chord bisected at V, 



If V is (a’i , ^i) and tho conic ia tho polar of F is 

) houco tho equation of QQ\ tho chord which is 


bisected at (a’^, ^i)y is 


(A--.r,)jJ+(y-.y,)|l=0. 


Further, all chords of tho conic through (7, tho coiitro, avo biscclccl 
at G ; honco tho chord through G which i)asaoa through /, tho point at 



Again, all chords parallel to^ QQ' pass through /, so that tho polar 
of i is tho locus of middle points of chords parallol to QQ\ and tho 
locus is thoroforo tho straiglib lino (7F. 

If Fis tho point (a’|, ?/j) witi]in tho parabola tho oquation 


of QQ' is 


0/ -.%)?/( =’2a(.s-.v,), 


BO tluvt tho gradiont m of tho chord whoso middlo point is ^j) is 
and thoroforo Honco tho middlo points of chorclB of 

gradient m lie on tho lino parallel to tho axisj this lino is 

tho diamctQr for suoli chords, vQ is called tho ordinato of (? with 
rospoct to tho diainotor P F. ^Hoo ^ 152,) 

Wliou F thoroforo lios witliin a 2^(irahola (Fig, 133), TV is parallol 
to tho axis and (TVJ^co) is a harmonic rangi^ so tluit TP^Pv, TIub 
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gives a simple couafcrucfcion for Uio polar of a point V within a 
parabola. Ihmv VPT the diamtilcr {parallel to the a^vh) ihrovph V 
to meet the parabola m P, and make Ft equal to PV ; the polar f>/ V is 
the parallel TK through 2' to the tangent at P. 



3&X 3. If NUV aro iilio ordinates of 11^ ^ with rospQcst bo iho 
dianietor througli a point on a pav«abola whicli moots tho olioril RE! 
in 0, AO>‘=AN, AN'. 

Produoo OA (Pig. 134) to 0* so that OA^AO', then O'P pavallol to 
M IB the polar of 0, m was scon iu Ex. 2, Houco {II WOP) is a 
harmonic range (if Rli* meet O'P in P); tlioroforo, by {OO'A^A^’) 
is a harmonic range, so that yliV, AN* (8^14). 

Ex, 4. If TQi ho tangonts at Q and on a parabola, llio 
porpondioular from tho focus 8 to QQ; bisects tho intorcopt mado by 
2'<3) TQ* on tho tangent at tho vortex. 



Lot 13^) iifioot tho langoiit at tho vortex in il/, A\ and 
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let V be the niitlcllo point of QQ\ Draw TK parallel to (?$' ; tllon 
TK is ilio polar of v and T(QQ'VK) is a harmonic pencil, Now 
SMj are ])erpGndicu)iir to 7% TQ\ and SLy the latus r(5t!tum> ia 
porpondicnlar to TV. Therefore, if we diw SII porpondicular to 
TIC or QQ' to moot MN in //, S(AfllUI) is a harmonic pencil i 
and MUm a transversal of thia pencil parallel to the ray JSL\ tlioroforo 
i/iV ia bisected at II (§ 110), 

It nmy bo noted that if QQ' moots the axis in 0 (Fig. also 

bisects MN, Draw TO' porpondicnlar to tho axis to moot it in O'. 
T& is tho polar of 0^ so that T{QQ'0(y) is a harmonic pencil, of 
which tho transversal MJV ia parallel to tlio ray TO\ which sliowa that 
TO bisects J/iY, 07^ ia also biaccled by jl/iY j for tho vortex A bisects 
OO'y sinco I'O' ia tho polar of 0, 


,Ex. n. Tlio polar of tho focua of a conic is tho directrix, and tho 
tangents at tho ends of any focal chord cut the latus roctuni produced 
in points equidistant from’ tho focus. 



Lot any focal chord PHQ (Fig, 130) moot tho diroctrix in II and lot 
My iV'bo tho projocliuna of l\ y on tho dirootrix. Then 

PBii^q-^uvm^^piiinqy 

80 that Pq is out harmonically at aS' and IL 1 Ton go tho looua of II 
is tho polar of B \ in other words, tho diroctrix is tho ])olar of Uic 
focus, 

If tho tangents at 7^ and Q moot tho diroctrix in tlion }C(PqSI/) 
is a harmojno pencil, and tho latim ro(jtum is a transversal parallel 
to tho ray ZJI ; honco VWy tho portion of it inlorcoptcd botwooji ZP 
and Zqy ia biaoctod at B, 
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Ex 6. PAB, pod are secants of a oonlo ABOD drawn ftotn n point 5, 
If A0,'bd meet in Q and AD, BO In R, Show that QR la the polar of P. 

Let T, F in Fig. 13V Lo the harmonic conjugates of i wilU roHpocfc 

“ jo'b « si-! *j» '»c;ii:r'v f 

lies on AT Now ATJ^ is fcliB polar of J’, thoroforo ^ lies <in the poliu- 
of P? Similarly iJ lies on the polar of P, so that g/( is tho i)olar of ;* 
M(e If QP meet the conic in T and 3'', wo now know that PT, 
PT' are the tangents from P. Tho example shows how to draw the 
tangents from an external point to a oonlo by use of the rulor only. 



If i?, Oy D avo any four points on a conic and AB and OT> moot 
in P, AG and BD in AD and BO in as in Fig. 137, wo luivo 
seen by Ex. 7 that QR is tho ijolur of P. Similarly PQ may bo 
shown to be the polar of if, so that, by tho Itociprocal Froporty, 
RP is the polar of Q. Tho triangle PQR is thoroforo such that oiush 
side is the polar of the opposite vortox; such a trianglo is called ft 
Belf-oorjugate triangle or a solf-^polar triangle. 

Ex. 7. The tangent at P on an ollipao eulR the luixiliary oirclo in 
1 and Y ' , and the other tangents from Y and F' to tho olltpao loucli 
it at Q and Q * ; show that meets tho langout YY* on tlio major 
axis and that Yq, Y^Q intorsect on tho ordinate at P, 
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Lot QTi Q'Y' moot in 0, aiul lot QQ\ YY' moot in 'T. Thon QQ' is 
fcliG polar of 0 witli reapoot to the ollipso, so that T lica on the polar 
of Of and thoroforo 0 lioa on tlio polar of '1\ But Py being the point 
of contact of the tangent TPy also lies on the polar of therefore OP 
is the polar of (l\ Hence if OP meet QQ* in My (QQ’MT) is a 
harmonic range ; thoroforo 0(QQ'M7^) is a harmonic pencil, and the 
range (YY^P7^) formed by the transversal PT is harmonic, by the 
hindamontal theorem (§ 45;. Now, if the taiigont at P meet the 
major axis at 7", wo have rYirY'^SY/S'r^PYjY'Py by similar 
triangles S\PY\ Honco 7" coincides with 7\ or QQ' and YY* 
meet on^ tlio major axis. Since T is on the major axis, its polar is 

n ondicular to the major axis j but OP is its polar, therefore OP 
10 ordinate at P, Now (7^PYY') and {TMQQ') being harmonic 
ranges, it follows from § 40 that QY'y (j^Y cross on PMy that is, on 
the ordinate at P. 


The following oxainplos illustrate tlio use of polo and 
polar analytically. 

Ex, 8. The locus of the polos of tangents to with 

reflect to is the ollipso —a'*. 

Lot (‘'Tuyd bo a point on the locus; the polar of (.Vj, ^/i) with 
reapoot to is (i) 

If (i) touches thon 

so that the locus is 


Ex. 9. Tholocus of polos of normal chords of the ollipso iv^a^ ^ 1 
is the ourvo 7,0 

Let the equation of a normal chord bo 

J5i!L_j2L =aa-.6a 

cohO B\nO 

and let its polo bo l thon (i) can bo put in the form 

a 


..(i) 




..(ii) 


From (i) and (ii), wo have 

cos (} yi sin 0 

or and j 

^ /yO 7 j0 

bonce, by addition, ^ ^ 

The locus of C^t^A) is thoroforo 
The studont should sketch tho curve, 
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1. If ^ aro tliQ eccentric angloft of p(Uiit« Q on this ollijsHO 

prove that the coordinatoa of the isolo of lu’is 

a C03 ^(0+ (j))/cos 1(0- </>), h aiii h(0 •" </>), 

2. Find the pole of tho lino ’witli roH])(s«l to 

(i) ; (ii) ; 

(iii) ^ jy^ 4 

3. Find the condition that whould 1ns 

conjugate lines with respect to Uio conics (i)-(iv) in lO'x. 

4. Find the equation of tho chord of (i) ?/= /hw, (ii) ^ ' 1 , 

whioli ia bisected at the point 

5. Two tangents are drawn fx^oin (a, fS) to tho oJlipso ^ I 5 

show that the length of the chord of contact is 

6 . Provo that, the polar with rospoel to a liyperhohi of juir point 
on an nayniptote is parnllol to that asymptote. 

7. P and Q are two fixed points; tlivongb Q ciroloa mv (liwwit 

IwvinK a constant radius o, whero 2 c«=iV i l>»'<>vo tliat tho puhira t>f 
/ with respect to these circles touch a roctaiiuulnr liyiiorbo ii wliiom 
centre is P. n 


»*> tSio oxti’oniitios of all iiliordH of i.lm 
eliipsQ a'Y«»+yY^«=I wJucli subtoiul a rinht angle at tlm ooiilin 
intersect on the ellipse ^ ijh, ^ 

e. The polar of any point 0 with mpoct to a cojiio niiil llio 
peipendicular to it from 0 moot oithor axis in '/’ami 0 ; proi-o tlmt 

CG.C'J’=>OSK 

* 1 .^^',)^ ^ ''••ips® a’^/«®+i7//P== 1, //.S’ and /W mm i 

ASifftbi" “fi.? tftrLrJ’':;?,, t ?]"w 

(1 +e’)vyo*+(i -«2)y/iis„(i .|.«4)a 

8 being the eccentricity of the given ollijiae. 
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13, If a uirclo UhicIioh a |)ai“al)()la at a given point, the polo of its 
chord of intersuoLion with tlio pamljola will lie on a fixed straight lino* 

14. Show Uial the locus of tho foot of the porpeudiculars lot fall 
from points on a given diainolor of a conic on tho polar linos of those 
points is a rectangular liypevholu, 

16. ^’liC polo of tlio normal at P to an oil ipso is 0 and tho foot of 
tho porpondiciilar from tho contra C on tho tangent IH) is Y ; prove 
tlnit tho roctaiiglo YJ\ VO is equal to tlio s(iuaroon tho somi-dininotor 
conjugato to VV* 

16 , T is any point on tlio cirolo 0 is tho centre of 

tho olUpHO ===*!, TM and ON are porpondicuhirs to tho polar 

of with rospoct to tho oliipso ] prove that bho rectangle ON, tM is 
constant, 

17 , ^5 and S' are tho foci of an oliipso, Q and Q' points on it on tho 
same side of tho major axis, such that S(^ S'Q' arc paruUol and niako 
an angle 0 with tlio major axis, 7 ' is tho polo of V is tho point 
whoso ccconbrio angle is 0 and the tangent at V ineots tho major axis 
in T\ Show that TT' is at right angles to SQ, 

18, Two points P and (J) aro such that the polar of one with rospoct 
to an oliipso passos through tho ftther, and the lino PQ imissos through 
a fixed point j show that if P nujvos along a straight line through tlio 
centre of tho oliipso, tho locus of is a hyperbola, 

19 , A point P moves along tlm lino show that its 

polar witli rospoct bo always passes through the point 

( - 3a, - 4rt). 

20, Tf tlio polar of P with respect to the oliipso 

touches tho ellipse 1, prove that tho locus of P is 

aVIa^^ h'h/^jb^ == 1 . 

21, Provo til at tho polo of PQ with rospoct to a conic is tho intor- 
soction of tho polars or P and Q, 

22, If two triangles A'lYO' aro such that tho sides of A'B'O' 
aro bho polars of A. JL 0, prove that tho sides of ABO aro tho polars 
of A\ b\ 0\ 

23, Xf any nuinhor of points aro col linear, prove Unit fchoir polars 
with respect to a conic aro con cur rent. 

24, If langonts aro drawn to a conic from points on a given straight 
liiiOj tho chords of contact pass throngli a fixed point. 

26, Provo that tho polar of a point P with roBnoct to a conic contro 
0 is parallel to tho diamotor of the <;onic whoso divootion is conjugate 
to that of OP. 

26. If a, hy Oy d aro tho polars of tho points Ay By Oy By and if A, 

Cy I) form a harmonic raiigo, prove that a, hy o, d form a harmonic 
pQiicil, 
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27. A conic touches the sides JiO, 
reswectively, and QR meets BC at 

^ .BP aq AR. 

range, and that ^ ~ ‘ 


GAyAB of a triangle at <}^ It 
show that (BCFF) is alnivinoiiio 


28 Aj5 AG are the tangents from A to a conic. A variahin tangent 
meets the conic at F anf BG, GA, AB in Q, /f, AT i;cs,,eotivoi.v <, j.rovo 
that (PQUS) is a Imvmomo range, and that lilt, C,S jiitorwatt oil the 
line A P. 


29, Parallel tangents to a coilic at I\ Q meet tlie tangent at tlm 
point ie in >S, J i"® meets thia tangent in V anti ?^J\ mml ni 1 * 
kiow that iEF iB the polar of If. 

30, Two conics touch at a point P and mtovftoct at pointn (k £i. 
Through P a line is drawn cuUing the conics again in A ami B \ 
prove that the tangents at A and B intorsecl on (^11 

31, Show that tlie polar, with res])eot to an ollijwe, of any point on 
the auxiliary circle cuts the ellipse at the oxtroinitioH of tw(» }niriiUol 
focal chords, 


32. PSQ is a focal chord of a conic; PT is the tangent nt /* and 
the perpendicular through Q to PQ meets PT in T lishow tiuit the 
directrix bisects QT, 


33. If any line be drawn through a fixed point to out a parabola, the 
tangents at the points of intersection will meet on a fixed stniight lino. 

34, On a diameter of a parabola through tho point Pm the an wo 
are cut off P^l and PP so that F biaccta /J7i, Bhow that tbn imhiv of 
A goes through P, and that the polars of A and 7i are purallnl linos. 


35. Pis any point on the tangent at Pon a parabola. A necant 

TQOQ' meets the curve in Qy Q* and tho diainoter through J* in O *, 
show that TQ TQ' 

36. P is a point on a parabola, FV tbo diainotor through f\ V any 
point on the diameter, vM a perpendicular from V to the puhi)' of F, 
meeting it at M, Show that tho fooiig Uos on MF, 


37. S and K ai‘o points on tho axis of a parabola oqnidihtanl from 
the vertex. Show that tho aegmoiits of a cnord through nuido by 
the axis, will subtend equal angles nt IL 

38. 0 is any point on tho diainoter of a parabola through ii point JP 
on the curve. Any lino through 0 meets tho curve in O' and blia 
tangent at F in ll If T is tho middlo point of Oily pnivo Umt TtQ^ 
PO, P®' are in harmonica] progroasion. 

39. P®, P®' are tangents at ®, ®' on a parabola whoso focus fn iS* 
and cuts the axis in (5. Tho diainotor through 3* cuts tl>o 
directrix in (7 ; show that TO and SO’ bisect one nnotlior, 



EXKROISES XLVIIL 


4:01 


XXII.j 


40. TQ^ TQ* arc taiigouta to a parabola and QQ! ciiLs Uio axis in 0. 
If 0* is Uio projection of ?^oa Uio axis, prove tluifc 00* is bisocLed at 
tlio vertex of tlio parabola. 

41. TQ^ TQ’ are tangents to a parabola which meet tho tangent 
at tho vortex in iV. If QQ' cuts tho axis at 0^ show that tho ortlio- 
contro of triangle JION’ is tho focus. 

42. Tlio tiingonb at P on an ellipse moots tho auxiliary cirtdo in 
X, y\ and YQy Y'Q* aro tho otlior tangents from I'i Y' to tho ollipso. 
If QYy Q'Y' moot in It and tho iangonts to tho auxiliary cirolo at 
F, Y* moot in Jt\ provo that I\ liy It' aro collinoar. 


43. Tangents from a point P to tho parabola ;?/^’-4rtxr”0 aro har- 
monic conjiigatos with respect to tho tang<mts from P to tho ])arabola 

j provo that tho locus of P is tho hyporhohi 

44, Show that tho locus of points from which tho tangonts to the 

ollipso and to its auxiliary circlo form a harmonic 

pencil is a concontrio ollipso, and find its equation. 


46, l^ind tho locus of tho intersection of tangonts to tlio conic 
which moot at an angio (/>, 

46. Find Uio equation of tho locus of tho intoraoclion of porpendi- 
cular tangents to 


(0 ^ 


00 


Ip 


a. 


20 


a.AiO, 
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DIAMETERS OF CONICS. 


IBl. A Special Form of the Linear Equation. An important 
equation in the study of conics is 


COS 0 ain 0 


,(i) 


or a5=^+rcos0, ^=5;/+rsin0j (2) 

ono form (§34) of the equation of the line through (^, >/) of 
gradient tan0, r measuring the stop, positive or negative, 
from >/) to (aj, y) along the line. The following oxmnploa 
will show the mode of its application, 


Ex. 1, Lob A ($, Iff) bo a apocifiecl point insiclo Uio parabola 5= 4fr,ri 
A chord PQ of tlie curve is biaected at .^1 j find the equaUon of .P<J, 
Tho equations cos 0, v='n+r sin 0 ropresonb any lino through 

(^5 7 /) ; lot thorn ropresonb PQ, If (.r, y) is tho point P or tlion 
rf=‘laxi theroforo si„ 0y=4«(^+^cos 0) 

or sin^ 9 + 2?’(7^ pin 0 - 2a cos 0) -h V ” (®) 

a quadratic whoso roots are AP and Now honco 


7/ sin 0 - 2a cos 0 0 or Ian 0 » 2a/^;. 

. • 2a A 

Since PQ has gradient 2a/ij, its equaUon \h C'V-S)* 


Ex. % Provo that tho nocossary and suiTiciont condition that (f, ^}) 
should lie within the parabola y*'*— 4a.r is that bo nogativo. 

Lot A bo tho point v); PQ a chord through A, Xhoii, an in Ex. 
/IP, AQ aro tho roots or equation (3). But AP.AQ^ tho product of 
tho roots, is nogativo if and only it A lies within tho curvo ; thorofoi"© 
tho nocossary and auflioiont condition required is that (7/^-4«^)/flln^0 
bo nogativo, or that bo nogativo. 
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Ex. 3. Piiicl the equation of tlio tangoub at (^, t}) on the ]>arabola 
y^=Aa.v; find also tho gradients and longtlis of tho tangents from 
(^, 7}) to tho parabola, wlion (^, 7;) does not lio on tlio curvo. 

If (^1 v) curve, one root of equation (3) is zero ; if tan 0 is 

cho gradient of tho tangent at (f, ?/), both roots are zero. 

I'leiice the gradient of tho tangent at (f, ?/) is given by 

7}H\n0- 2a cos 0=0 or tan (1= 2rt/r;, 

2a t 

so that tho equation of tho tangent is ?/ - 1/=— (.-i? - or =2a(a?+ ^), 

as in § 142. 

Now suppose that (^, 7 )) is not on the c\u*vo. Tf r in eij nation (3), 
Ex. 1, is tho length of a tangent from (^, ?;) to tho parabola, the roots 
of (3) are equal, whence 

(t) sin - 2« cos siu^ 0(7j^ - 4«^) or f tun'** 0-7} tail + a « 0. . , (4) 

Tho two values of tail 0 got by solving (4) are the gradients of the 
tangents from (^, r;). 

Also product of roots of (3)=:(7}2~~4«f)/sin^tf, where sin^^ is to 
be found from (4). Wo find that 

4a^r^ = ( 7 }^ - 4«^){ da^ -b [ 7 ^ ± - 4«^)]^ }. 


Ex, 4. Through the point A (14/5, 2/6) within tho circle 
i}X^4-ryf-U.v-2}/=A0 

aro drawn tho chords which aro Irisoctod at A 5 find tho oquatioiis 
of the chords. 

Lot cos d bo tho equations of a chord 

trisected at A, Substitute those values in tho equation of tho circlo j 
tho quadratic in r so obtained, namely 

5r^‘h2r(7 cos (Jd-sin i/)-'40“0, (6) 

has for roots AP, AQi say rj, Honco rpi-2r3~0 or 2?v[-r3~0; 
thoreforo (ri“b2?‘2)(2ri“br2)=0 or 2(rpbr3y**+?V‘3=0, so that by (6) 

(7 cos 6? 'bain giving tan tf=>/|/3 or - 3/4. 

Honco tho equations of tho chorda aro ,y - 2/6 = J (a* ~ 14/5) and 
?/ - 2/6 - 5 {x “14/6) or 4a' - 3,?/ —10 and 3.r 4- 4^ — 1 0, 

Ex. 6. TI10 equation of tho normal at Wio point 0 on tho ellipse 
x2/a^-by7b®=l may ho put in the fom 

ij^aoos 

\)CQaO a sin 0 OD* 

Lot taiif/j bo tho gradient of tho normal, thon tho equation of tho 
normal may be written in tlio form 

,r — a COM 0 y — 6 sin 0 
COS 0 sin </; 


,( 0 ) 
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But, by § 143, we have 


, , fflsin 0 


SO that 


coa <^t= ± 


&CO 3 0 ftmn(7 


Ay(a® sin^ 0 H- i)^ coa^ 0) 


, bGOf\$ * , ,amnO 
Qoa<^=-i-^-, 8m(/)=d:-^,gr- ■** 


.*a) 


It w6 select the two positive signs in oqiniCiona (7), Chon r of 
equation (6) will be positive or negative aocordiiig m 6/) and 

coa 6 have like or unlike signs] in other words, r will bo })OHitivo when 
(,(?, ^j) lies on the cuhvard normal and i\ogativo when (t^', y) Uoh on fclm 
inward noimial at 0. 

By help of equation (7), equation (0) can now bo written in tlio form 

cs^a cos 0 _ y - h sin 0 

6 cos 61 itsiiTS GJS 


Ex. 6. On the normal at P to the ellipse are 

marked off PQ outwards and X^Q* inwards, bo that P(i Ivnd arc 
each equal to tho semi-diamotor conjugate to OX* \ prove that 

OQ=^ a+ 6 and 0<X - 6 j 

and deduce a construction for the axes of an ollij)RO when a p^vir of 
conjugate aemi-diametors are given in magnituclo and poHitji>n, 

Let be the point (a cos o sin 0) aiuUot Gf> bo tho sonu-diainotor 
conjugate to GP. Then the equation of tho normal at P is, by ICx. C) 

X -geos 0 y ^ h sin 61 r 

^ cos ct Bin X) ~ Off 


lir-GBy .'r=(gq-6)cos6?, i/-(a-Vh)Bii\0 
aud or 


If y =s - - 6) cos 0, ;y = - (a - 6) sin 0 

and or 

Also the gradient of tiwi 0 

and the gradient of G(2'= _ um 0. 


Hence the major axis bisects tho anglo botwoon CO juid OiX 'Jlnj 

StermtedXi 

GQ'{‘CQ^^2a ami OQ -- GQ 

When OPi OJ) are given in magnitude and prmitjon tlm 0 i 

P9 fcn rn "fi and murldi^ S 

“’'•8 18 M'O biHtKitor of blw iviiKlu WC 
and the lengths of the axes are given by the miuntioim just writUin 


} 
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EXERCISES XLIX. 


1. ¥ind tlio oquaLion ot the chord of tlio ollipae 
"Wliich is biaootod at tho point ($, rj). 

2. Find tho equation of tho chord of the hyperbola a?ja^-iflj'b^=\ 

wliiob in bisected at, tho point (f) »}). ' 

3. 'J'ho necessary and sufficient condition that tho point (.r, Vi) 
alrould lie witliin tho ollipso to^la^+y^lb'^-l is that .^iVaHyiW-lbo 
negative. 

4. Use tho method of § 161, Ex. 3, to And tho equation of the 

fcaiigont(i) at (.^■,?/,) on (ii)at(av/,) on .aW-?/W»=l, 

<iii) at (.r,2/,) on a.«’'+2/i.ty+6;/+25r.v+2/y+c»=0. 

6 . If TPy TQ ai;o tho tangents from Tix, y) to tho parabola 
2^23=4aa', \Yhoso focus is <5, provo that 

!Z’P.r(2=(/-4a.'»).^. 

CL 


6, A Btraight lino Uiroiigh a flxocl point P(/, g) meets tho lines 
at tho points yl, B and a point Q is taken on the 
lino such that \jPQ^\jPA>\‘\IPB (PA^ PByPQ being stops); prove 
t>bat tho looufl of § is a straight lino, 

7* Find tho longth of tho intorcopb nmdo on the line by 

th Q linos 00?^ + 2 4* — 0. 


8, Find tho area of tho triangle formed by the linos 

la) -1- my = I , 9,hxy + hy'^ ^ 0, 

9, (J is a variable point on tholmocwT’+^-he—O, On tho line joining 
Q to tho origin are marked off pointB P, P' such that PQ=QP^—dy 
ix constant ; find tho locus of P, P\ 

10. Provo tliat tho locus of tho points ^Yhich divide in tho ratio 
1 ; /j a series of chords inclined at an anglo 0 to tho major axis of tho 
conic is given by 


^ , (x cos 0 . ?/ sin . /^ j.\a ( ^'^^0 , f.v ^ , ?/ ^ ^ ^ 


and draw some obaovvationa from this oquation. 


11, Provo that tho square of tho length of the chord of the ellipao 
which has its middle point at (/i, is 





12, Find tho oquation of tho chord of ^xy—c^ whoso middle point 
ia (a, py Provo that tho locus of the niiddlo point of a chord of 

whioli is of constant longth is o\x^^y’^)=^ 9 ,xy{x'^+y^-d^). 

13, On a chord of tl)o parabola through a fixed point 

0 (/i, h) a moan proportional (9/1/ is talcon to tho segments of, the cnord. 
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Show that tho loGim of M is tho diameter whose equation is 
where is tho numerical value of 


14, Prove that the equation of the tangent to the ellipse x®/a^-|-y2/h^!=:l 
at the point 0 may be written in the form 

x-gooB ^ y— hfltn 0 _ r 
asln^ ^“bcoB0“'OD’ 

where r Is the stop (positive or negative) from tho point of contact to 
(X, y), 


16, If the taugonl at I* on an olUpso ia mot in T' hy a pair of 
pamllol tangonts drawn at Q and Q', prove that 2^T,PT^0D^^ 
and also that <j'I\ Q'T* is equal to tho squaro of tho somi-diamotor 
parallel to <321 


16. If iliG tangent at P on an oUipao is mot in X, L* by a pair of 
conjugato diamotors, prove that PL . PIJ^OD\ 


17, Find tho e<^uatlon of the normal at a point on an ellipse In the 
form 

x-x, y-y, 
a« to'* 


Where p is the perpendiouloi* ihom tho centre on the tangent at the point. 

18. If tho normal at Pio the ollipao moots tho axes 

in Gy g and Q ia a point on tho normal aucli tliat 

2 

TQ‘ 

bKow tliab fcho ooovdiualos of Q ai’o { a cos 0, b sin oY 


.J_+± 

'PU^rg' 


162. The Paiahola. The following are tho loading 
thooroma regarding the parabola. 

TnEOEEM 1. 

The locus of the middle points of pa/rallel chords of the 
parabola ^*= 4 ( 2 ® 

is the d/iometer j/=— . 

m 

where m is the common gradient of Ihe chords. 

Proof, Let V(i, jj) bo tbo middle point of tho chord QQf 
(Jig. 138) of gradient m. 
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§ 152 ] 

Lot the equations ol! QQ' he 

(»=^+rcos0, i/=(7-l-r’sin0, 
so that tan O — m. 

If as, y arc tlie coordinates of Q or Qf, then 2/®=4a®, so that 
r*sin®0 H- 2r{>) sin 0 — 2ci cos 0) + 4a^= 0 .(1) 



T^Q. VQ' Ai’o the roots of (1), so that the sum of the roots 
is zero and therefore 

9,rt 

n sin 0 — 2a cos 0 = 0 or n = — (2) 

' ‘in 

Writing y for i;, wo have 



ns the locus of middle points of chords parallel to QQ'. 
The locus is a lino parallel to the axis; lot it meet the 
curve at P, P V is called a diameter, VQ and YQ' are 
ordinates of the diameter PF. 

The tangent at P is the lino obtained by moving QQ' 
parallel to itself till Q and Q' run together, so that the 
tangent at P is parallel to the chords bisected by the 
diameter through P, If NP, AN are the coordinates of P, 


WP=-^g and AN^—< (3) 

iw in 

Also (SP = ilfP = a + r= a co.soc® 0 (4) 
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Theorem 2. 

If QV is an m'dAnate of the dia/mder through a point P 
on apo/fohola, QY'^—iiSP FV 

Proof, (See Fig. 138.) 

QV^= - VQ.VQ'==^^f, by (1) (6) 

But, by (2) and (4), 

2a , I SP. 

' m sm^t^ a 

therefoi’ 0 , by (6), 

:= ^8P{NV- NP) - . P V. 

Oor. If the diametQr and tangent through P OA^e ohligua 
of&es of X, y, then VQ — y amd PV^x^ so that the equahon 
of the pciA'obola referred to these axes is 

2/^=:4(xaj, (6) 

where a = jSP. 

4iSP or 4a is called the parameter of tlio diamotor 
througli P. 

Tlxe equation of the tangent at on (6) is 

2/2/1 = 2 a(a:+aii) 0 ) 

Preoclom equations for (6) are 

x^at^, y — 2at or 2/^ — 5 W 

and the equation of the tangent at the point m is 

(9) 

If QP IS the perpendicular from Q on PV, it is cosy 
to show that QP^^^iAiS .PV. (10) 

153. Worked Examples. The following examples illus- 
trate the theorems of the preceding section, 
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§§ lf52, 1B3] KXAM1>LES ON DIAMETERS. 

Ex. I. Tlio fcangonls to a parabola from a variable point T meet 
tlio tangent at the fixed point P in R and li\ so that PR. PR! is 
■cscjustn/Ut ; snow Ihtit the locus of is a, straight line parallel to the 
at / 4 ^ 

itofor tho ligiu’o to the diameter and tangent through P as oblique 
or 0 ) and y, and lot the equation of the curve be 

,y^=s4ou? j” 

lot MT, PM (Fig. 139) bo the coordinates of T. Let TR, *TK meet 
tlio curve at Q, (i and lot be the points 

/ a. 2 ol\ / a 2 ol\ 



Tho equations of TRy TR! are 

and y=fa'a;H-^; 

fcliorofovo j|f2'=~, PR'=-^ PR!=% 

mm m m 

1‘IoncG F Li . PR ! *=: constant, 

so that AfT is constant and tho locus of ^ is a lino parallel to the 
tan gout at P, 

Kx, % If a voiiahlo tangent to a parabola interseot three fixed tangents 
In Y|, Yjj, Yy, then the ratio YjYyjYgYy is constant 

Jjot tlio variable tangent touch tho curve at P and refer the figure 
to blio diameter and tangent tlirongh P us oblique axes of co and y. 
Xi©t tho equation of tho parabola bo 

y^^AoJiOy 

and lot the points of confcaob of tho fixed tangents be 
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Tho equation of tlio tiuif{ont (it ih 
P ut ,r=0, then ,y«/’.r„ h<> Unit 

H»o. 

Ex. 3. Taii^onta at Q, q! on a pnrabola liitovnoot in T, ami 
at a third point P moots PQ, TQ' In It, It'; show Uiat 
QU ; ItT .^^rrit' : It'Q' HIM PR'. 

Using Fig, 130 and tho mitation <jf Kx. I» bavo 


mill nf 


m 


tlioreforo 
Similarly 
Again 
80 that 


Qn:UTr..mj!\nr- 

m Vi 


a 

vna^ 

vt* 

m 


M. , ft, 

mm* * m*^ 


v* 

9fi 


Jir\.riv^ 


VI 

Vi' 


164. Oentral Oonics. Wo liavo almidy invoHlij^iilod lt«r» 
properties of diainotovs of tlio ollipHO, 'I'Ik' lui'llunl fim 
ployed does not apply to tho liyporboln., ho Unit \vi< hIibII 
now give a short account of tliu goncral mol hod id’ M J*'*'!. 
162 os applied to tho ollipHo; certain oliviouH tilmiip;oH iimkt* 
tlie discussion apiply to tho hypurboliv. 


U’JUDOUHM 1. 


Xf y==mx (1) and ya-.m'm 

iiA'e diameters of the 




and if 


imi 1 


,fa) 


(HI 

m 


each of the diameters (t) u'nd (2) Idsvels rlinrdH pitnitM fa 
the other) and the dimnelars arc tudled oonjniinlr’ 
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T-tob V(^, tj) be the middle point of QQ', O' chord 
>*• 30 , of gradient m. The ocpiations of QQ' may 

a!=:^+rco.s 0 , y=i]+rsm6, 


the coordinates of Q or Q, tlion r= VQ or FQ'. 


<3), 


O'? ,y^_t 
^+g-2-'-; 


(^ 4 ''>’cos 0 )® I (i;+r.Hin 0 )®_., 

(I? + 

? “I- F(3'=0» ao that the sum of the roots of ( 6 ) 
^x-ofore 

3O«0,h 81110 f. ^ I? COS0 ^ 

+-^“0 or »/=-^rHin 0-6 


(0 cs=m and, from (4), m! ~ —bya?m‘, 

o diameter ( 2 ) biHOcts all chords parallel to ( 1 ). 
i>lxe diameter ( 1 ) l)iHoct.s all chords parallel to ( 2 ). 


TnEOllEM 2. 
y=mx a/nd y=m'x 
i/G't-’s of the hyperbola 

¥~ ‘ 

, ¥ 

mm 

.€3^ cliamelers hwrMs <ihorcls ptmllel to Ihe oiheT^ 
:oT*er oalled conjugate dimielevH, 
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Theorem 3, 

If P, D a/re the points 

{a COB 6, bsHnO) mid (— asm0, &eos0) 


t Ct^ 

on the ellipse 

GP, OP a/re eonjiigate semi-cUameters and 


Proof, 


Lofc nh 'm' the gradients of OP, OD ; then 


m- 


b Bind 
acQsd 


and 


- 


b co>s 6 
a sin o' 


Therefore mm'- — 5, 

cP 

so that OP, OD are conjugate aemi-diametors, 

Also, (7P^~a^cos20H-Z>^sin®0, OD^^a^mi^Q+h^ooB^O ; 
therefore GP^ 4* OD^ = + b^. 


Theorem 4, 

If OP, OD are conjibgate semi-dimieters of the hyperbola 

=1 


(P 




and P is the point (a sec 0, b tan 0), then the coordinates of 
D may he put in the form 

(aitmO, &isec0), 

cohere i = V ^ 1 ; a/nd if GD^ denote 

a.Han^0+&®sec^0, 

then aP2--OP^-a«-62 

Proof Let m, m' be the gradients of OP, GD ; then 

6tan0 -j , b^, 

and 

a sec 0 


m ^ 


&aec0 _ H sec0 
Or tan tan0' 


Therefore 
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Now (aitanO, M.sec0) is a point on the hyperbola; 
'fclioroIoi’G it is an extremity of the diameter y^mfx 
conjugate to GP, and therefore it is D. 

Also, C'P*=a*soc^0+feHan*0, QlP-a^tarPO + h^sQa^O; 
hlicreforo OF^~GIP — aP‘-~lP. 


Theorem 6. 

(1) The eqiuiHons of the tangent cmcl normal at the 
3 ^oinl (a ao^Q, tsinfi) ow the eliipae may 

he 'tm'iUen in the forma 


gj—acoaO y- 
a flin 6 


• 6 sin 6 


r 

'"GD 


cmd 


— b cos 6 

m— a cos 0 _ y — b a m 0 r 
boost) ~ ctsind ~0®' 

(2) The eqnaliona of the tanyent anul normal at the 
^oint (tt8oc0, 6 land) on the hyperbola x^la^~-y^/b^=l 
may be vjrillen in the forma 

x — (t sec 6 y~b tan 6 r 

3 .. , 

GD 


c(/nd 


a tan 0 
(c—ftsec 0 


i[)sce0 
(Soo Ex. 6, p. 403.) 


bacc 0 
y — btan0 _ r 

' — t4tan0 ~ GD' 


Theorem 6. 

If PGP' -is a dia/meter of a central conio which bisects 
the chord QQ' in V, then 

Q-p GDf^ 

Pr.VP'~GP-^' 

'where GD is the aemi-diameter coryur/ate to GP, 

Proof Lot V bo tlio point {f, >;), let P be the point 
(a cos 0, b sin 0), and lot the otpiation of QQ' bo 

^ y->/ ^ 

— a sin 0 b cos 0 GD‘ 



414 


ANALYTICAL GlilOMETHY. 


[rit. xx"*n. 


or 




«. sin 9 
GD 


• n 


h cos 9 

’~GJ) 


r. 


If (®, y) ai-e the coordinates of Q or Q', 'WO liavo 




so 


/■ 


-CD 


2r/fsind »/ coa j „n 

“ (S5!-ni5V » — 

VQ, VQ' are the roots of tliis equation in r-, tlu'i’i'hin* IsjS*’ 
the rule for the product of the roots of a 
equation, QY^ _ VQ.VQ' 

GD~'' 

The equation of P’VP may bo put in tho form 

(e-^ y-n 

a cos 0 b sin 0 OP ' 
therefore, similarly, 

VP. VP' 

QP<i 


But VP. VF=^~PV. VP’; therefore, from (1) and (!2.). 

QY_py_VP' QV^ _(UP 

DIP OP^ PV, VP'~^Ol^'^' 


Theorem 7. 

If a, central conic he referred to CP and OD, a pair tjf 
conjugate aemi-diamet&rs, as ohliqu^e axes of (c and y, 'itu 
equation takes the form 






0(,2-^-b 


according as the conic is an ellipse o»' hyperbola, 
CP=^a.,GD = ^.. 


P'^'o^. If C7F, VQ ai’e tho abscissa and ordinate of tl 
point Q on the ellipse, then 

-PF.FP'«cc8~(b8; 


4-16 


§§ 161, 160] Central conics, oblique axes. 


tlioreforo, by Theorem 6, 

Tlio tangent at (x^y^) on the ellipse is 

I f mm' = j3^ja?y y ^ mx and y t= m'x are conj ugat o 
diameters of the ellipse. 


166. Worked Examples. The following examples are 
applications of the theorems of the preceding section. 

Ex. 1. If parallel tangents at Q and Q' on a central conlo meet the 
tangent at P In T and T', then 

PT . PT' - 0D3 and QT . Q'T' = OK^. 


where OD and OE are the Beml-*diamoterfl parallel to the tangents at P and 
Q reapootively. 
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TI>o equations of Q'l\ (^'P' aro 

aiul 

o.‘ I 3 ‘ 


rx-a ' li^ ■ '■ 


Tlie coniinon iilisciHsa of 7’, 7" in ix.. I’at x -n. in tliumi i 

...a 

Thoroforo, mlC(^ ^/=^PT \n tho lirHl of thiiHO und in 

soconcl, wo have after iinilliplieatinii* 




//r' 


and llieroforo, dro|)piiig oonmdonitioii of llm ni^H, 

/•r. /»y^ 

SocoikI, rofor Iho figuro to jih old it; no axt*K at i/\ lot 

‘ ' io b( 


equation of Iho couie l}0 


5'. ..I 

fi.a ' /H ’•> 


where ce.s=(7A, 13 ^CQ jji tliis niHo* Lot /* Im tho itnint Cr.y.h 
Then bho otjualioii of 77*7" iw 

Tho ordinato of 7' k fi Viit //r [j • wo ^at 


.w’t 


= |. 


/s ^ tjC'i /) 

The ordinato of 7" w (3, Tut ?/"^ -/i in tluii ociuaUoit t^f t 

wo got 

>H-»J ... 

Hence 

so that Q'P, f/7"«.(x.s.».= 67>'», 

Ex. 2. If tlio clit.wl /Vf of llu) eimio « W 1 n„t| i|,«t 

tangonb at ./ are oqimlly inclunnl to Um iuoh ant) J<A iiiimjI Ibo 
at $ and ff, Ikon qp. 

put hi tliifom^’‘‘“’'' ®*l«'‘ti»n «f /VI hm 

x-amooO y~liii\uO r 

« 11111(7 ■ -/iBonO 
according to Tlioorom 5. 

Wliou yeO, r=>PQ; wlion .vj=»0, r^Pq, 

Thorafoi'o P(2-C'/>. ^ ami /**/'» - CV>. 

. , „ BOO y 

and tUeroforo PQ.Pq^-Gin or QP.Pq^cl)\ 
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Ex. 3. Tangents from a variable point 2^ moot a conic in Q and Q'^ 
k 1 the tangent at tbe fixed point 2^ on the conic iiieett^ TQ and TQ' 
i It and It' ; if PIL Pit' is constant, tlio locus of 2^ is a striiiglit lino. 
Rofor the figuro to GP and tho conjugate aoinbduunetor as oblique 
tea of a? and // ; lot the equation of tho conic bo 


^3 +^■ 5 = 1 . 


nd let tho coordiiiatoa of T be 
The equation of tho tangontqmn* TQ^ TQ' ia 




Put .r^OL ; PR and PR' aro tho roots of tho resulting quadratic in y. 


Houco 

(.r,H-a.) 

Since PR. PR' is constant, a’j is constant, so that tlio locus of 2Ms a 
traight lino parallel to tho tangent at P. 


166. Asymptotes. Similar brcafcmonfc may bo applied to 
symptotos. 

Put a5=^+rcos0 and y = >]-\-rfdn6 
:i fclio equations 

w : (2) 

Wo then got the quadraUe.s 

.nd 

,/cOS^0 8^n’'0^ , n /^COSO 1 n /A\ 

ii - »/) js the middle point F of a cliord QQ' of (1) and 
f QQ' moot tho asymptotes (2) in R and R', then 

F(2+FQ'=0, 

ji. i. 1 /Q\ ^eoa0 j;8in0 ^ 

10 that, by (3), ^-"2 -ja— -0, 

md therefore, by (4), FZi!d- F72'=0, 

10 that wo liavo 
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Theorem 1. 

If the diameter OPV of a hyperbola meet the (nivDC 1 
and hiseet the chmxl QQ' in F, V is also the middle 
of UR, the intercept made on QQ by the asymptotes. 

If QQ' move parallel to itself till V coiiicidos with P 
then we have, as in § 132, Theorem 6, 

Theorem 2. 

The pwrt of the tangent at P intercepted between 
asymptotes is bisected at P, 

Theorem 3. 

If QQ', a chord of a hyperbola, meet the asymptotes in i 
and li\ and the to/ngent at P panullel to QQ' meet ai 
asymptote in T, 

RQ.RQ'^BQ, QB:^PT^^GD\ 
where OP, OD a/re conjugate semi-diameters. 

Proof Let R be the point (|, rj) of equation (3) ; tlioi 
§-p=0 by (2). and 

RQ.RQ'^ 

a* ” b'^ 

Now tan 6 is tlie gi'adient of QQ or OD ; but the gmcUciil 
of OD, by Theorem 4 of § 164, is b sec f/»/ftlan <■/), wlioro D ii 
tlie point (j), so that 

cos^0 tan*0 sm^0_sccV 
aji - OD'^ ® ~OD^‘ 

Hence RQ.RQ'^Om 

Since V is the middle point of both QQ' and RR! ('I'll. 
Rq.QR'=^Rq.RQ^OD\ 

When R coincides with T, RQ , RQ becomes TF^, Houc^ 
the theorem is established, 



ASYMPTOTJijS. 


419 


§ 160 ] 

IE QQ' is porponcliciilar to the transverse axis, 
if it is perpendicular to the eoiijugate axis, 

RQ.RQ'^RQ.QR^OAl 

EXBROISES L. 

I, Provo that tlio intoroopta R(J and 1% made oii the normal at 
R between P and the axoa, are 

^OD and 'f-GD. 

a h 

2* If 0 is tho eccentric angle of J\ a point on au ollipHo, prove that 
bi\n^O^(OI)^ - h^)/(a^ - OIP). 

If oL is the angle wliieh tho tangent at P makes with tho focal 
clisfcaneo of P, prove that 

4. Prove that cos GPG^ahjOP , CD, 

6, If tlio diameter conjugate to QP meet the normal at P in 
prove tliat PF, PQ^PG^ and PF , Pg^GA'^^ whore (/, g are tho 
intersections of tho normal and tho axes, 

6, If GP^ GD are conjugate somi-dianioiors of an ellipse, if GD 
meots iSP at F and PP is the projcjctiou of PG on A'P, prove tliat 
(1) PE^GA^ (2) angle PEg is a right angle, PL^ClPjOA, 

7* If the tangent at P on a hyperbola moot the asymptotes in 
Z, Ry prove that PLr:-PXJ^GD, 

8, If the tangent at P on a hyperbola is cut by any pair of 
imrallel tangents in P, T\ prove that PP, PF^GB^, 

9, If tho taagojit at P on a hyperbola is cut by any i)air of 
conjugate diameters in T\ prove that P7^ PF^GD^, 

10. Tho asymptotes of a conic aro harmonically conjugate with 
roapoot to any pau‘ of conjugate diamotors, 

II. If is tlio equation of a parabola roforrod to oblique 

axes of s}y y inclined at an angle w, prove that tho equation of tho 
directrix roforrod to tlio same oblique axes is 

a’-H;/cos<(j -l-a— 0. 

12, The ordinates through a point P on a parabola of tho diameters 
ZtV^ UV^ tlirougli the extremities Ly JJ of the latus rectum aro PP, 
jpy^\ show that Yy*^--^iUJ,FP, 

13. Provo that, if Panel P' are any two points on a parabola, tho 
mean proportional between tho distances of P and aS from tho tangent 
at P IS half tho disUnco between tho diameters tlirough P and P . 
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14. If tlio tangent at on a parabola meet tho diamotor PKin T, 
prove that 

16. Using the equation QJP=^US. P V for a parabola (§ 102), prove 
that c)^ — h{px + qi/ H" t) 

is the equation of a parabola, 0 being Iho equation of a 

diameter and px^qt/’^’T^O that of the tangent at its vortox. li^nd 
the latus rectum of tho parabola. 

16. If 0 is the middio iDoint of tho chord QQ' of a hyperbola ^vhich 
meets the asymptotes in il, 11’ and cuts any pair of conjugate diameters 
in /f, K\ prove that O0=^ OK . OK\ 

17. Prove that conjugate diameters of a rootangular Jiyporbola are 
equally inclined to each of tho asymptotes. 

18. Two tangents to an ellipse are drawn jiarallol to tho normal at 
a point P on the ellipse, and tho normal is equally inclinod to the 
axes. Prove that the semi -diameter parallel to thoHO tangonts is a 
mean proportional between tbo perpendiculars frcmi P on tho two 
tangents. 

19. Pind the greatest value of the angle botwoon a cliamotor of an 
ellipse of eccentricity e and the normal at its oxtroinity ; and sliow 
that for tho earth^s orbit round tho sun, of which tho eccontrioity may 
be taken as 1/60, this anglo is loss than half a mimito of aro. 

20. Prove that, if PO^ tho normal at P to a parabola, out the Jixis 
in <?, tho length of the chord drawn through Q i)arallol to tho tangent 
at P vanes as the focal distance of P. 

21. PR is a chord of a parabola such that Pll and tho tiingont at P 
form an isosceles triangle with the axis ; prove that PR is aividod in 
the ratio 1 ; 3 by tlio axis. 
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CHAPTER XXTV. 

NERAL THEOREMS ON CONICS. CONEOOAL 
CONICS. CURVATURE. 

General Equation of tho Second Degree. Before 
^ to certain general thoomna regarding ii conic, v/e 
iiid a general form for tlio equation of a conic, so 
lavo needless r*opotitions of pi*oofa. Lot (a'jyi) bo the 
incl cocosa+j/sina— 2 >=(), the directrix of a conic 
eccentricity is e ; then the equation of tlie conic is 

(o) — (Tj)* + ( 2 / — 2/] = <3® (ft) cos (X + ?/ sin a —pf 
. — e®coa®a).'B®— 2c®Rin tx co.s fx xy 4-2/*(I — c®Hin®a) 

(ccj — o^p cos a) — 2y{yi — sin rx) + a;/ -f yi — eV = 0. 
general eq'iuUion of the second deyree, namely 
aa>® + Ihxy + hy^ -1- igx -|- 2/i / + 0 = 0, 

;I by/(a!, 2 /) = 0 or N=0, rqyt'enenls any oonic. If 
>•0, it roprosonts a hyperhokii for a<xi'^+2hxy + hy^ 
>n two real and distince faetora, and the curve goes 
lity in two diil’eront real directions. If h^~ab>=0, 
eaents a conic going to infinity in but one real 
in (or in two coincident real directions), that is, a 
la. If }i?~-ab<iO, it roprosonts a conic which docs 
Lo infinity in any real direction, that is, an ellipse, 
7 Qi already shown in Chapter XII. how to draw rough 
the graphs of /(«, y) => 0. 

If f(x, y)»0 ia a oantral oonio, ahow tbat the ooordinatea of ita 
e theaolutlona of ax+hjr-|-g=>0, hx+by+f=o. 

11 y\) ho tho conbro of /(.r, y)!=0, and aliift the origin to the 
y putting ir=|-|-.r|, y=ij+yj, Tho equation of tho oonio 

A^?j + J>)®+2^(a.v,+/ty,+i7)+a7(/fcV,+&yi+/)+/(a’„ y])«0. (.1) 
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Think of '»)) and as fclio two oxtromitios of a diamotoi' 

of conic \ then it is cleax' that ( — ■-');) mnst satisfy (1); so tlnvt 

Svxbfcracting (2) from (Ij) and dividing by 4; wo got 

* ( 3 ) 

(3) is tuue fox' all values of l^y r} bolongiug to tbo couic ; thovofoi'd 
4- 4yi + ?== 0 and 4- h^i d*./ = 0* 

Eic. 2. The eq,uatioa of a central conic refoii'od to tho oontro as origin 
Is fbUttd tJy writing i for x* 'i] for y in tlie tornin of tho sooomi fiogfrco 
and s-JH, y^/a for x, y in the tevmo of the drst dogi'oo> whoro (Xj, y^) is 
tbe centre, 

Equation (1) of JBx, 1 gives the equation of the conic roforrod to xU 
ceritx’^ as origin. Smeo and \i 

vem al nfi prove that /(.-Vj ^ 4-a 

isTow a\(aA+4yv+(f)==^ ^^“‘d +/)==D ,• by additioji svo 

see tha t a,ri^+ + 6y f + ^0. 

To each add 2 ,^(a'i/ 2 ) 4 - } 

then f(^i , 1 J^) =: 2^(/i;,/2) + 2/(yj/2) + c. 


Kx. 3, Find the latns reotunj and the aquations of the axis and tangent 
at the vertex of the paranoia 

x^-axy*fy2*-6x+3yf0«:D. (ij 

W'o write (i) in the form 
(-t— 

tlien in the form 

(. 1 - 3 -+ Ay=.2.«(3 + X)~2^(] +A)+A»-9. (ii) 

-Mexe, W6 determine A so that the lines 

.«-y+A-0 and 0a-(3^A}-%'O-i-AHA*-O«O 

may be poii)eudiculai\ This gives T't^= - 1 or A«= - 2 

i 4 *a ' 

Qo!Dg back to (lij, wo substitvifco A== - 3, and fio got (i) into the form 

(.« - ,y - 2> => S.1? + 2 j/ - (Hi) 

'Co compare (iii) with jVi^=44;S. -<1^7(1 igB), 

we write it (a^-.y -2y a^+S^-6 

^ ^ ‘ VS ’ 
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Ex. 4. the lengths and the equations of the axes of the olllpse 

6x!>-4xy + 4y2_20X + 8}r- 44 = 0 (>) 

xioro g=^ -10, /=4, 

yfo first find tlio coiitro uccorcling to Ex, 1 : 

give a’i:=2» 

Ex. 2, wo And for bho equation of the ellipse reforrod to 
its centi’B as origin, (ij) 

The Qcpmbion of a concontric circle, radius is 

(iii) 

Multixilying (ii) l^y ‘^'i'ld (iii) by CA and subtracting, wo obtain 

^*J(r)r2 G4) - ^ 04) =0 (iv) 

;E(iuaticni (iv) gives two ntraiglit lines through the ooinnion ceiitro 
TLTid the iiifcersoctujns of (ii) and (iii). (Compare S5 125, Ex. 3.) When 
j>a is equal to the H(|uare of either aoini-axis of (i), these two lines 
coincide, and thou 


AA ^ (rM'2 - 64) (Ar^ - 64) or 3Gr2 -1- 250 =0, 

giving r‘-5t^l8H-2Vl7 or 18-2VT7. (v) 

'I'hose are Uio K(iuarcs of the soini-axos. 

■VYlion the two linos (iv) eoincido, (iv) may bo written 

[^(r)/‘*‘-G4)--2r3>;Pt^O, 

so that 

whom r® 18 +2 n/ 17, ^ (r>r« - 64) - 2?’=^^; =^0 is tho major axis ; 
when r3- 18 - 2717; ^(r)ra - 64) - ^rhjM) is tho miiujr axis. 
Honco tho major and minor axes are 

^(13+Wl7)=>2>;(0+Vr7) and f(13 - On/I?) = 2i} (0-^17) 


or*v referred to tho ,k? and g axes, ^ 

<,a? -2)(134-'r)Vf7)-2y(D4“\/f7) and (.v-~2)(l3-rWr7)«=^2//(0- V’17). 
'Uhe rough form of tho olHpso is shown in ]fig. 8G, p. 223. 

jYoto, Tho same method applies to tho hyperbola j ono of the 
values of r'^ in tho etpiation coiTospouding to (v) will be positive and 
one negativo ; tI\o first is OA\ tho second - 67A Tho student may 
tL3>ply tlio itiothod to tho hyporholas of §§ 01, 93. 

Ex. 5. Tho area of tho ellipse whoso o(piation is 
a^v^ 'b 4 - bi /^ = 1 

is irl*Jab — h\ 

Botato tho axes through an angle 0 and put 

a’ ^ ^ cos si n d and y ^ ^ sin 0 4" cos d, 
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The equation of tlio ellipse referred to the ^ and if) axes bo coin oa 

+ 2 “1 (i) 

■whore a* ^ a coa^ 0 + 24 sin Oco&O-i'h sin^ 0^ 

h'^(h - ct)ein 0 cos 04 - 4(coa3 q _ 

h>^a sin® 6 -^haiu Ocqb O^hcoH^O, 


We get (i) into the canonical form of the equation of the ollipao If 
we choose h'^0, 

or (& — c&)8in ^cos ^44(cos^0~Biu^())a«O or ianSd— 

Equation (i) then becomes 

* 


The semi-axes of Vhe ellinso are fchoroforo -3^* 
therefore 




and. lUo luma ia 


Now (p. 103, Ex. 20) a'h^i^a’b* ah- h\ as is easily vol'iftocb 
Therefore the area of the ellipso ia Trj^jiah-f^), 


Ex. 6. Prove that the equation of a oonlo roforreci to tho tauerout 
normal at a point as axea of x and y may he written in the form 

y «s ax^ H- 2hxy 4- hy^. 

Also show that, If through a given point on a conic two Uiioa at rifirhl 
angles to each other he drawn to meet the curve* the lino jolultig tU«lr 
extremities will pass through a flxod point on the normal. 

Let daJH2/Z^y 4 BfA' 2at’+2^J/4- 0^^ 

be the equation of the conic. 

The conic passes through the origin ; Ihoroforo O^Q. 

And the tangent at the origin is?/::s0; thoroforo iwico irlvoa 
the roots of .^l.'ir4*2^;v^0, so that ^—0, 

Hence the equation of the conic takes Oho form 


or 


4 27 i.v^ 4 5 / 4 2i')/ =; 0 

which ia of the given form. 

second part of the oxamplo, refer the liguvo to tho tiiucrout 
and normal at the point as axes of .v and j lot Uio equation uf Uia 
conic 00 ^ 

y = «a’^4 4 

n0rni?J?,Wi^ OQuation of tlio lino joining tho oxtromitios of t)ia 
peiponciicuiai cnoicts through tho origin bo 

^;r 4 ^ny— 1, 
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is the equation of the pair of perpondiculav lines through the origin, 
Since they are perpondicular 

so that may bo written in the form 

which always passes through tlio iiiloraGctioii of and 
that is, through a fixed point on the normal. 

Note, If a+6=0, the conic is a rectangular hyperbola, and wi=0. 
Hence the particular case ; If through any point on a roolaiigular 
hyperbola bo drawn two chords at right angles, the perpendicular lot 
fall from the point on tlio lino joining thoir extremities is blio tangent 
to the ciirvG at tho point, 

1B8. Forms of the Oonic, Wo have taken Uio general 
equation o£ tho second degree, viz, 

2lixy + + 2/yn; + 2/^ -f o = 0 (1) 

to represent a conic. It follows that the term conic tliero- 
fore includes a pair of straight lines (which may be parallel 
or coincident) ns well as a circle, ])arabola, ellipse or hyper- 
bola, And this is not suiprising, for if the hyperbola 
1 “A is traced for varying values of X between 
0 and 1, it will diflbr very little from its asymptotes when 
X is all bub 1, so that the hyperbola may bo imagined to be 

squashed into a pair of straight linos which are its 
asymptotes ; tho hyperbola is said to degenerate into these 
linos. Similarly, a parabola may degeiierato into a pair 
of parallel straiglit lines. To see the significance of tho 
term conic if defined by equation (1), wo must slo/rb from 
(1) and invoatigate its difTorent forms. Wo shall givo only 
the oxitlino of the investigation. 

If wo can shift tho origin to tho point 

by putting whore ax^+hy^+g=^0 and 

hx^+hy^+f^Ot and (1) will then take tlio form 

( 2 ) 

T)io expression aho + ifgk—ar-“l>g'‘—ck^ is called the 
discriminant of equation (1); wo shall denote it by D. 

If h^=\=ah and D=0, wc see from (2) that (1) will ropro- 
8ont two mtarseoting straight lines. 
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If and D-HO, equation (2) may bo put in the 

form 

’ + + = l (3) 

We may, by rotation from axes to v axes, as in 
§ 167, Ex. 6, bring (2) or (3) to the form 

aji(? + fiv’^=^y (4) 


If y = 0 and cl , ^ have the same sign, then u = 0 and 
^ = 0, so that (1) would represent a 'point, for example ouo 
of the limiting points of a system of coaxal eii’cles. 

If 7 = 1 = 0 , wo see from (4) that (1) may bo brought to the 
canonical form of the equation of the mvle, ellipse or 
hyperbola. 

So far we have supposed that a?)=:l=0. If h!^-ah — 0, 
thou (1) will either take the form, as in §167, Ex, B, 


(ocoj + /??/ + yf := h(^x -CLy + S\ (5 ) 

so that it represents a pm^ahola^ or the form 

{cm^^y+yf^e, (G) 

so that it represents a pai/r ofpa/rallel Imes, 


169, General Theorems, Wo shall now give the nuiin 
theorems regarding the general conic whoso equation is 

2/iaj2/ + "^ 9 ^ + 2/i/ + 0 = 0 ' - *(I) 

Theorem 1. 

If from the point y{) a line of gradient tan 0 
he eVremn to meet the conic (1) in Q cmd iJ, then PQ and 
PR a/re the roots of the following q^cad/ratic in r : 

r^{a eos^d + 2h sin 0 cos 0 + 6 sin®0) 

+ 2r {(ax^ + hy^ + g) cos 0 + {Jix^ + hy^ +/) sin 0 } 

+ + 2hx^yj +by^^+ 2gx^ +2fy^+o^0 ( 2 ) 

This equation is obtained by putting x^x^+rco^Ot 
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Theorem 2, 

The equation of the tamgent at the point (ajj, pj) on the 
Gonio (1) is 

ao}Xi+h{o!iyi+x^y)-\rbyy^+g{x+a}^) +f(y + j/j) +c = 0, (3) 

By oxpi’OHsing the condition that both roots of (2) are 
s:ero, wo got the vahre ol tan 6, the gradient of the tangent 

(aJj, J/i), to bo 

Xajj + &j/i +/ 

and the orjuabion of tho tangent is then 2 /~ 2 /,=(;b— tCj^) tan 6, 
A?vhich may bo put in tho form (3). 

Theorem 3. 

The loom of the middle points of chords of the conio (1 ), 
'lohich have a common gradient m, is the straight Iww 
'whose equation is 

aasH-% +p+m(/iaj+ by+f)=0 (4) 

If m=tan Q and y^) is a point on the locus, then the 
sum of tho roots of (2) is zero, so that 

(«»! + %i + p) coa 0 + (hx^ + by-i +/ ) sin 0 = 0 
or cue^ -h hy^ + </ + m(kXi^ + b?/i -I-/ ) = 0 ; 

honco (4) is the otpabion of the locus. 

Theorem 4, 

If m, m' we the grculients of a pair of conjugate 
clici/meters of tho conic (1), then 

a +h(m+ m') 4- bmm' = 0 .(6 ) 

^ For, according to (4), m'- —{a+mh)l(h+mb). 

Theorem fi. 

The chord of the conic (1), whose middle point is (®i, yf), 
is given by the equation 

(® - ®i)(«®i + %!+!/)+(?/ + i!>3/i+/) = 0* • • '(6) 

Put tan 0 = ( 2 / — yf)l{x — x^) 

in tho investigation of Theorem 8. 
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Theorem 6. 

If the line joining the foint T{(e^, yf) to the poi'iit U{(«i, jf) 
meet the conio (1) ^n P^, i^ten the values of the rcdios 
TPJP-JI, 2’PJP^U cure the roots of the following/ gucuh'atio 
mX: 

X®(aa!H 2hxy + 6/ + 2^'® + ^fy + e) 

+ 2X {aaXy+hitey^+Xjy) + &2/i/i+</(® +®i)+/ (y + Vi) + o} 

+ (axf + Ihx^y^ + ij/iH + 2/i/i + o) = 0 ( 7 > 

This is Joaohimsthal’a Equation, and is found by prococcling 
exactly as in § 146. 


Theorem 7. 

Tl\s equation <f the fai/r of Icmgents from the point 
(®i> 2/i) to the conic (1) is 

(a®2 + 2hxy -l-by^+2gx+ 2fy + o)(axf + 2hxjy^ + 2ffa}i 

+ 2./2/i+o) 

= {aax>}i+h(xyi+aiiy)+byyj+g(x+a!d+f(y-h'2/i)+o}^(8) 
Proceed exactly as in § 147. 

^ole, The pair of tangents from a focus of a conio 
satisfy the circular conditions, naniely, the term in wi/ is 
absent and the coefficients of y^ are equal. 

Theorem 8. 

Thepolcer of (»^, y^) with respect to the conic (1) is given 
by the equation 

o^i+h{xy^+mpj)+hjyi+g(x+xf)+f{y+yf)+or^(i. (9) 
Proceed as in § 148. 


Theorem 9. 

The asymptotes of the conic (1) a/i'e given by the equation 
aa? + 2 /ta 5 y + + 2gx + 2fy + c 

.aho-^2fgh-af^-b{f~oh^ . 
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If e' be added to both aides of ( 1 ), wo get 

am? + 2hxy + hy'^ + 2f/® + 2/^ + c + c' = c'. 

The left-hand expression is the product of two linoar 
factors if 


that is, if 


ab((3-fc')+ ^f(jh — l}y^ —(e-\-c')]? = 0, 

, _ ahe + ^.fyh — — hef — cli? 

" }?-ub ■ 


But oacli oi: tlio fnctorfl equaled to zero gives an asymp- 
tote^ hence the product of tlic factors equated to zero gives 
both asymptotes in one equation, and it is equation ( 10 ). 


160. Oonfocal Oonics. A system o£ central conics having 
their foci in common is called a conEocal system, 

The general equation of a system of conics confocal with 
the ellipse + 2 /^/ 6® =1 is ciisily soon to bo 



where X is a variable pavainctev ; because 

( ttH X) - ( H- X ) = ^ 

so that the foci remain fixed os X varies. 

The following thcoi’oms are of intoi’osU 


Theorem 1. 

Tlwoucjh every poini in Hie plane of the elli]j8a 
a?la?-\-y‘^jl?-l two confocal conics cem he aravm, one an 
ellipse and the other a hyperbola. 

Lot ( 1 ) be the equation of a confocal through the point 
(®n Vi) ') determine X, wo have tho quadratic 

(X + «“) (X + 5*) - (X + a^)yf -.(\+h^)xf^^O (2) 

Now tho graph of tho left-hand expression is a parabola 
whoso concavity is upwards, and whicli crosses tho X-axis 
since tho value of tho expression is a positive 

quantity, when X = ~ a®, and (I ?— a negative quantity, 
when X = -~h\ Hence tho roots of (2) aro real, so that two 
real confocals pass through (ccp y^). .Further, if Xj and Xj 
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are the roots of (2), both a®+Xj and a^+\ fi-i’o positive, 
but and have opposite signs, so that one 

confocai is an ollipise and the otlier a hyperbola. 

Theorem 2. 

The two conics confocai with the ellipse 
and passing throtigh cmy point (x^, yf) cut at o-ight angles. 

For if Xj, Xj specify the two confocals, wo iiavo 




+ ] 






as 






?/i® 

ct* + Xg ^ M+X^ 

Vi 


5 }-' 


(«>“ + x,XaH\yW+w" + ^2) J 

Since condition that the tatigoiite 

at (x^i 2/j) on tlio confocals^ namely 




are perpendicular, 

Ex, L Only one of Uie conics of the system confocai with 

can bo drawn to touch a given Hue, 

Ex. 2. Variable parallel tangents to moot a oomnion 

pornendiciilar in Q and li, which a^ain meets a parallel iangonb to a 
confocai in P ; prove that PQ . Pll is constant, 

Ex, 3, Provo that the locus of the i^oinia of conlaeb of tangents 
from a -fixed point to a system of confocai conics is a cubic curve 
which passes through the point and the foci of the system. 


= l and 


ct^-hXo 


.W__i 


Ex, 4. Provo that -3,4^ where \ is a variable paramo tor, 

repreaentg a system of confocai parabolas, 

161, Freedom Eduations of Conics. Lot 

at^'\-ht'\-G ^*1 



bo freedom eq[uations of a citrve^ thou the curve is a conic ; 
because the curve given by these equations meefcs any lino 
Ao^+By^O^Q in two points, (See IV„ p, 290.) 
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If W+mi+'n ho»s real and distinct factors, tlie conic goes 
to infinity in two real and distinct directions, so that (1) 
repreaonts a hyparhola if m* — 0. 

If li^+mt+n has a repeated factor (f— a.)®, in other 
words if Ifr+'nit+n is a perfect square, the conic goes to 
infinity in one direction, so that (1) ropre,sents a pa/rcthola 
if — 4^71=0. In this case, by putting i for lJ(t—oC), wo 
get the form used in Ex. 2 below. 

If U^+mt+n has imaginary fjictors, the conic is a closed 
curve, so that (1) represents an ellipae if < 0. 

Ex. 1. Find the nsynqitotns of Qie conic -whoao freedom equations 
£c“-<+i iH3i+2 

i)(i- 2)’ - 1)(<-2) W 

Lot Iv+mi/—} bo an anyniptolo ; thou touches (i) where 

evy ?/ are brniite, ilmt is whore ^=1 or ^—2. 

Hence - <5 + 1) + + 3i5 + 2)^(^ - 1)(^ - 2) 

or i53(2/ + - 1) - - 3m 3) + 2«i ^ 2) = 0 (ii) 

is a quadratic in whoso roots are ^=l twice or 2 twice. 

If the roots of (ii) arc t — i twice, 

2^hm~l=4H-2M-2 and U - 3m - 3=2(2^ + m—l), 

BO that 1= -3/4, m^l/4 and the asymptote is 3,t’-^4-4=0. 

If the roots of (ii) are t—2 twice, 

Z-3m-3=^p2mr-2 and Z-3?a-3~4(2^+m“l), 
so that 12/35, -1/5 and the nsymploto is 12.v- 72^=36, 

Ex. 2. Provo that the equations 

X = a + ht H- 0, 2^ — a't^ + h't + 
represent a parabola wlioso laUia rectum is 

(ab'^a'h f 

Solving fclio given oqnafcioiiB for fl, t, wo find 
^ , (Co^-ad 

^ ““ W~dh ’ ^ ald-dh ’ 

so that the constraint equation of the locus of (o’, y) is 

{dx - ay -h ad - dd^ = (aV - dV) - 6y + hd -* &'c), (i) 

and this roprosonts a parabola; 0 is a diameter of 

the curve and is the tangent at tlio extremity of 

tliQ diameter, 
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Comparing equaliou (i) with the equation 
QD^^'kAS.PV 

of § 162, we see that the latus rectum 4A5 is 
(4^VP+F.sin0, 


wlioro 6 ia the angle between tlio cTiamotor and the tangent. 
3^ow 

, « aV-alh T c . aV ~a'b 

^=.76+^’ 

80 that tho latus rectum is 
Ex, 3. Prove that 


07 = a C03 ^ + 6 sin 0+ (?, y^o! cos 0-y h' sin 0 H - d 

are freedom equations of an ellipse. 

Solve for cos 0 and sin 0^ then square and add. Or put 2^/(1 for 
sill 0 and (1 - + f) for cos 6. 


Ex. 4. Draw tho conies specified by tho following freedom equations^ 
and state the nature of each ; 


..X V,t 1+^^ 

(0 y=‘i:r^> 


(ii) .«=2i2-5«+2, y=3«a+<-2j 


/..., , 2il3-9<+9 .. «(6-20 «“-«+! .. t 

(in) ^"'F+T+T’ 


-3H-3 


" F+7+T’ 

Ex, 5. Prove that the gi'ticliont of the tangent at tho point t on 
the parabola a;=afiA-^hi+Oi j'=a'<H26'i!+c' 
is (a!t'\-y)j{at^h)^ and find the value of t for the vertex. 


EXERCISES LI. 

1. Trace tho conics spool (iecl by tho following equations, giving 
tho axes and their equations when tho conic is an ellipse or liyperbola, 
and the latus rectum and the equations of the axis and the tangent at 
the vertex when tho conic is a parabola. 

(i) ==* 2a7y-l- % ; (ii) 6:r® - - .-vd- 3y 4* 2 » 0 ; 

(iii) 3.17® - Say + = 32 j 

(iv) 13.r®+28.iy--8y®-10.i?-*20y+61-:0j 

(v) 7.1?^ - 48.'i?y - -i- J 10.r - 20y + 100 =* 0 \ 

(vi) 9.i7® + 6^+y^+2.v-H3y+4:=0 j 

(vii) 5a?®'"4^+8y®-6.i?'-12y-36=?5 0 ; 

(viil) 9.17® + 16y® - 24.iy - 50.i? - lOOy + 226 = 0 ; 

(ix) y® — 4.^y - Bji?® -h 6y 4- 42;r - 63 — 0. 


KXmOISKS LI. 
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2. Traco tlio conio 

allowing its rolationsliip to tlio linos .v/a+?//6=l. 

3. Provo that tlio conics 

+ 2y 4^ 2 = 0, 4- 3^^ — 4v — 6;y 4 4 == 0 

cut orthogonally at each of tlio four points of intoracction, 

4. Piiid tlio condition that the lines a'.t'242A^*r//46y:sO may he 
conjugate diainotorR of the conic //.'y^42AAy/4%^=l! 

Provo that tho equation of tlio cqiii-conjugalo dianiotors is 

(«^ - ah 4 2/^^).^’^4 2A {a 4 ay 4 ^ 4 24''^) =0. 

6. Pind tho directrix and coordinates of tho focua of tho conic 
4 ‘Ar/y 4,v® - 3.v4 6^ -4—0, 

6. Provo that tho directrix of tho parabola 

sV - 4 4 r, 2hU 4 o' 

is ca’ 4 u'y - «o 4 aV - - //2 

7. Pind tho liitua vecluin, tho oqiiatioii of tho directrix and the 
equation of tho tangoiit at the point t on tho parabola 

X ^ sin «. 4 2 m^ -h h^ y “ cos a -h 2a'/ 4 h\ 

8. If tho oquation of a conic is 

a.r’* 4 2//ayy 4 6?y® = 1 , 

prove (1) that tho squares of the soml-axes nro given by tho following 
oquation ; • 

^ ^ "h ^)4 cih — 4^ ==:0 j 

and (2) that tho positions of the axes aro given by tho oquation 

9. If tho lino-pair ot.r^424.ry/4%^— 0 ropresonts tho asymptotes of 
a hyperbola, find tho oquation of tho pair of axes. 

10. Pincl tho oquation of tho conic passing tlivongh tho origin and 
having tho aamo asymptotes as tho conic 

a!c^ 4- 24a;?y 4 hy^ 4 2^7.^’ 4 2/^y 4 c — 0. 

11. Provo that tho latus roatum of tho parabola 

(a.-r 4 l^yy 4 S/y.r 4 2/^?/ 4 o ^0 
18 2(«./-/ij5r)/(«.9+i99)4. 

Also provo that tho oquation of tho axis is ct^4J3iy4 A,=0, wlioro 

^-(oq7+i8/)/(aM-/3^). 

O.A.O, S 
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12. Prove that the gmdiont at the point (.r, y) on tlio parabola 

-H + 2/^ + c = 0 

is - + CL^y "h ^ V 

and that the equation of tlie axis may be formed hy equating IIub 
expression to jQ/oc. 

13. If m is the gradient at the point P ou the conic 

+ 2kvy -h hy "^ + + ^^y -b - 0, 
whose centre is (7, prove that tho equation of GP is 
(i<v + + 5 ^ + m (Lv + hy +/) = 0 . 

Deduce that the axes are given by llio equation 
/a'3-(«-*6)Zr~-AP-0, 
where Fs4vr+Z>y+/. 

14. If a conio Is given hy the general equation of the Becond degreOj the 
eccentricity e is given hy the equation 


16. Prom the fact (§ 169, Tlieoroin 7, Note) that the tangents to a conio 
from a foous satisfy the conditions for a olrolo, prove that if f(x, y)«»0 Is 
the general equation of a conio, the fool are tho points given hy 


a-b h 


=f(x> y). 


where X=ax+hy+g, Y^hx-hbyH-f. 


162. The Rectangle Theorem, Tlie Rectanglo '[WiGoroni is n 
general theorem for tho conic which has many applicaliona 
If two vafiahle secants of a conic whose (UvcGlioni^ are 
fixed cut the conic in P, Q and P\ Q and inle^'sect in 0, 
then OP.OQ 

0P',O(^ 

is constant for all positions of 0. 

We shall use tho general equation f(x, y) = 0 or 

aa^ -^-hy^ -\r 2^a!+2j/^2/-|-o=0 ■(!) 

for the equation of the conic. 

Let (^, i;)l)e the coordinates of 0 and lot ajs=f4 - t’CCsO, 
i/=>;+r8in0 he the equations of OPQ. Substitute those 
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values for x, y in (1) and arrange the result as a quadratic 
in r, thus : 


r®(c6 cos^S + 2/i, sin 0 cos 0+ 6 sin^0) 

+ 2r{Gos e{a^+h))+y)+m\ e{h^+h)^+f)} +/(^, >j)==0. (2) 
OP, OQ are the roots of this equation, so that 


OP 00= 

^ a cos^0 + 2h si ii 0 cos 6-\-h sin^0 


(3) 


Now lot «}=^+^"cos0', y^i}+r'm\d' be tho equations 
of OFQ'; then 

OP' 00'= 

^ a coa^0' + 2/t sin 0' cos 6' + h sin^0' 


From (3) and (4) wo get 

OP. OQ _ a eQs^0' + 2h ain 0' cos 6' +h sin^O" ygv 

OP' ♦ OQ' ~ a QOH^O + 2k sin 0 cos 0 + 6 Bin^0 ^ 

Now the clirections of OPQ, OP'Q' are fixed so that 
tan0, tan0' being the gradients of OPQ, OP'Q' aro fixed; 
hence tho riglit-hand side of (6) is constant, so that 
OP . OQjOP' » OQ' is also constant. 


163. Examples on the Rectangle Theorem. Wc shall now 
work some oxainplos on thin Uicorem. 

Ex. 1. If VQ ia ail ordinate of tlio tUameter POP' of a oonio and if Op, 
OD aro oonjugftto aeml-diamoterB, then 

OP^ 

PV.VP'”0P^‘ 

Lot QV^ GD (Fig. 119) moot tho conic again in Q\ /)' ; then PGD\ 
QVQ' liavo tho «amo (lirootion, and POp\ PVP aro in tho fianic 
direction. Therefore 

VQ^VQ^ an.GD' QV^ ,OJ)^ 

VI’. Vr'^W.CF “■ PK. 

the upper sign holding for an ollipso and tho uiulor sign for aliyporhola 
according to our use of CJy^ for tho Imiorbola (g IDdh Tliosc 
cqualiona aro tho equivalonts of of 

§ 164, Tlieorom 7. 
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Ex. 2, Lot PQ, P'Q' be two oliords of a oonio interseotinfi? 0 ; lot op 
and op', OD and OD', LSK and L'SK' be pairs of tangoiita, soirtl-diainotoraj 
and focal chords parallel to OFQ, OP'Q' respeotlvoly j then 

OP . OQ op2 OD^ SL. SK LK 
OP'.OQ' OD'2 SL'.SK''"L'K'’ 

Let OFQ^ OFQ' (Fig. 141^ move, Iteeping tlioir diroctiona (ixod, till 
P, Q coinoide at^, and P\ Q' coiiiciclo at p\ thou 0 ^vill coiiicido 
with 0 ; OP . OQ becomes op^ and OF . OQ' becomes XIo!ico by 

the Rectangle Theorem OP, OQfOF, OQ'-op'^jop^ 



dirootion fixed till U coitmidofl 
with ^6 (7Z?-line» and iet FQ move into coincidonco with tho j 

then 6) becomes 0, so that OP, OQjOF, Oq^ QDVGJT^ 

OPoa}o^ VOBilion of the focua 

(/P, OQ/OF, OQ —SL . SICISL . Now l/AX-l- »«" 2/^ (n. a3flV 
where I is the semidatua rectum ; hence SL, SKISJj\ SJC^/JqX/fc: 

Ex, 3. To prove the thoorein, for a parabola, that 


QV^=c:^SP,PV, 

by using the Rectangle Tlieorem. 

Let the tangent at P (Bg. 142) moot tlio axie in T anti the niiwillol 
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through (3 to the axis in 11 \ lob 
normal at P, 


Xhon 


ppa PP2 
P<3./ico PA. Poo 


G ho the feot of tho ordinate and 

■ OV , 


heCfauso Poo /Poo since l\(l and TA aro parallel. 



BubJAaaA# and \ bheroforo 

' rppi 

or :^=«4>SP. 

Hence or qV^-^iSP.TV, 


Ex. 4. DiacuBs tho application of tho Roclangle Theorem to the 
asympbotoa of a hyporbolii. ^ 

Lob OPV\n ,Fig. 127 be a diameter of a hyperbola which bisects tho 
chord QQ' at F, lot tho tangent at P and W asymptotes 

in Ty P' and P, P', and lot (W bo the somi -diameter conjugate to Gl\ 
Then OTIi moeta Uio oiU'vo at in Unity, so that 


or PT^OD sinco Poo/Oco =.1. 

Tco '* Goo ^ 

Bimilarly PT'^ODy and therefore tho tangent TT* is bisocled at P. 
Also 


Since 2'7'' ia biscoloa nt P, UK is bisected at V, so that also 

RQ.QK==I’'l''‘==Om 


Ex. fi. If a ooiilo out tlte Bides BO, OA, AB of a triangle ABO In pj and 
Pj, 0i and Qj, Bi and R,^ roapeoWvoly, then 

(P|)(P«)(Qi)(02)(Bi)(R«)=1. 

where (p,), oto., stand for BP,/P,0, oto.i and If a ooiilo touch tho sides of 
the triangle at P, Q, R respeottvoly, AP, BQ, OR are oouourrent. 
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If A, B, <7havo coordinates equation of 

the conic bo /(,t‘, ?/)— 0, then 

BP t . BP 2 _ .Va) , OQi ‘ OQ 2 _ ?/») , /I Pi ♦ A Rq _ » //i) , 

M':AQ2 

lionco, multiplying up, wo got 

If and 7*2 > A coiucido at (J), 7^, iho coiiio 

touches tho triangle at 7^, 7i!, and 

7?7« ^ ±/£. ^ BP GQ All_^ . 

PC^ ' QA^ ' lilP'^^ ^ PO ' qX ’ 7^/7’*“ ^ 

If tho iiogativo^ sign liokis, 7\ R arc col linear by MonolauB^fi 
Theorem, and a lino would out tho conic in tlu’co points, which ifl 

impoaaiblo, Honco ^ ^ concurrent 

by Geva’s Theorem. 

164. The Intersections of a Conic and a Oirolo. Circle of 
Curvature. Tho intersections of a conic and a circle aro of 
special interest, and tlieir properties aro easily investigated 
by means of tho Rectangle Thoovom, Lob a circle cub a 
conic in P, Q, P', Q' (Fig, 143), and lot PQ, P'Q' moot at 0, 



Let ODi GD' bo semi-diameters of tho conic parallel to 
0FQ,0FQ\ Then 

OP.OQ^ OD^ 

dP\o^^ojy^^ 

But OP.OQ^ OP^ .OQ'; tlioroforo GD ^ GD\ Hence OD, 
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OX)' arc equally inclined to the axes o£ the conic> so that 
OF'Q' are also equally inclined to the axes of the 
^oiiic. (Ill the case of the parabola, or indeed any of the 
ionics, we may subsUtuto the ratio of parallel focal chords 
0b^l0D'\ with the same result,) 

Hcnco the important theorem: The lines joining the 
S^oints of inlersectioii of a conic and a cvrcle, taken in pairs, i 
ct/T'e eq^ially inclined to the axes of the conic. If the centre 
of the circle lies on the normal at P to the conic and the 
oii'clo passes through F, th(j circle will touch the conic at P, 
tile line joining the pair of intersections at P becomes the 
tebngout at P, so that the tangent at P and the line Qli 
joining the other points of intersection of the circle and 
eonio are equally inclined to the axes, If the centre of this 
eircle move on tlio normal at P till Q also coincides with P, 
til on three of the intorHcctions of tlie circle and conic 
eoincido at P, and the circle and c’onic cut elsewhere at Ji. 
In this case tlio tangent at P and the common chord Fit of 
the circle and conic are GcpmUy inclinecl to the axes of the 
conic (Pig. 14<4 j). 'J'his circle is the circle of curvature; 
i b lies closest of all circles to the conic at P ; the centre and 
x-'adius of the circle are the centre and radius of curvature. 
Honco the following important tlieorcm : To construct the 
airde of CAt/rvaiure at a point P on a conic, d^uw the 
tangent FT at F (Mg. 144), and through P d^raw a second 
Zinc cutting the conic agccin in R so that FT and FB 
/hrm wn isosceles triangle xoilh the rms of the conic ; the 
i^irde touching FT at F and passing through li is the 
c^irde of curvature. PH is called the (common) chord of 
< 3 urvature at P on the conic, 

166. Worked Examples on Curvature. In the following 
examples the properties of the circle of curvature of a conic 
are investigated. 

Ex. 1 . Tho longth of tho common ohorcl of ourvaturo at a point 0 on 
anoUipflolB 20Pflin2ft 

OD^ 

and tho radius of ourvaturo ia — . 

ah 

I^oO Pit (irig, 144) he tho chord of curvature and PT the tangoiil 
at P. 
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Tlien, according to TliGoroni 6, § 1C4, wo may wi’ito tlio equation 
of Pli in tho forni 




.('«> 


SO that A'^a(QO& ^+^ahi 6) and 2^==&(sin ^+i?Jcos 0). 

If y aro the coordinates of /f, thou 1 J tlioi’ofore 

(cos -h ^ sin Of -1' (sin 0 -h ^ cos Of^h 
so that /;M^4y&smdcos^«0, or /:=^-2mn2tf, 

by dropping tho zoro valuo of l\ 


Thoroforo 


r 


- 2 sin ^6 


or 


P/^=2WJsin2ft 



Lot PIl bo tho diamotor of curvature \ then 

^=sin PKli^Htn «P/<==sin 2PTO=^2 Bin PTC. coa PTO. 

Now, from equation (1), sin P 7^(7 and coa PTO aro niunorically oquai 
to h QOS 01 OP and sin OjOP rospoctivoly, and thoroforo 

PP ^hco^O asin^? ahm\W 
TFK ~OD ■ OP ""~0JF^* 
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Bub PR^^CD sin 2(? ; Uioroforo 
PK^ 


207)3 
" idr 


or tlio melius of ciirvabnro is equal to GP^jaK 


Ex* % Tlie chord of ourvaturo through tlio contra of tho olllpao ia 

SOD® 

OP * 

Lob Z^(7^/■(L'’i^. M4) bo Lho chord of curvafcuro through 0 and PK 
tho diainotor of curvaluvo. 

Then PU^PK^o^ KPU^PKm\ PCD, 

But PK^WlPlah and aP.CDm\POn^ah\ 

lliorefoi'o 



Ex. 3. Tho lone:th of tho common chord of oiirvaturo at a point P on a 
parabola la 4PT, tho length of tho oliord of ourvatiiro parallel to tho axis 
l8 4SP and tho radhiB of oumturo U 

Lob 7^7*'(L^ig, Mf)) bo tho double ordinate through P\ tboa TP m 
tliQ taiigont at P, Lot Pit bo tho conunon chord of curvaburo j Ihon 
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{TP' is pavallol to tlio clioxxl PR, Ileiico tlio (liainotor tin 
bisects P/f., so tliat /V?.— 

If PI/ is Uio chord of cnrvatiiro parallol to tlio axis, tlio 
7 IPR, SPr aro similar ; bxit PU^iP 7 \ thoroforo PII^^SP, 
If PIC is the diameter of curvature, the Irian^dos KPII i 
are similar ; llioreforo 


PK^Pir 

SP'^SY 


or 


PA"- 




166. Contact of Conics. Systems of Conics. Tho < 
curvaturo ia an oxainplo of one conic having fchri 
contact with another. Wc 2 )roceed to divSCUHS tl 
other kinds of contact of two conics. 



Fio. 140. 


Let 8 stand for ax'^+2lixy+by^+2(p+%fy + c, 
8^0 roprosonts a conic, wliich will bo reforroct to as t 
8^ Let P, A M bo linear functions oC a;, ?/, so the 
P = 0, ilf=0 represent straight lines, whicli will be 
to as tho lines P, L, M. ^J'ho intorscctioiivS of 
L and M will bo denoted by (P, L\ {P^ M). 

Lot L and M be tangcAiU to tho conic 8, lot P 
chord of contact^ and lot us consider tho contact of B 

8^\,LM, 

whore X is a variable parameter. 

The equation (I) represents a conic, since it is 
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US 


second degree in oj, y, Tlio solutions of 0 and S^\, LM 
(1) regarded as simnltanoous crjuations are Uie same as 
those of and L—0 togotlier with tlioso of and 
JUT The solutions of /y==0 and L^O give the point 
(jP> L) twice, since L toiiclios S\ and the solutions of S = 0 
and M^O give the point (P, M) twice, since M touches S. 
EteincG jS moots (1) at {F, L) Uvieo and {F, M) twice ; so 
that S and (1) liavo L and M for counno3i tangonts ; ;S and 
(1) are said to have double coniacL The dotted curve 
in Pig, 146 represents (1). 

Again consider the contact of 6^ = 0 with the conic 

B^X.FL ( 2 ) 



The simultaneous solutions of and S^\*FL are 
those of and P«0 with tiu)S0 of and L^(}\ 

the first of those gives (P, L) and (P, M), the second gives 
(P, L) twice. . Ilonco jS lueots blio conic (2) at {1\ L) Umce 
and at (P, M) once. #S' and (2) Imvc Ikree-yoint coniaet 
at (it L ) ; they are said to osmlale at (J^, L ) ; blio circle 
of curvature is an oxam]^:>lc. Ml'ho dotted curve in Fig. 1 47 
represents a conio osculafing at (P, X). 

Ex, 1. Find tlio e(iuallon of tUo olrolo of ourvaturo at tlio point 0 on 
the ellipBO x^/a^ + » 1. 

Loti L 1)0 tlio tangonb to llio conic at 0 and lot P ho llio common chord 
of tho circle and conic. AVo know that h and F arc orjaiiUy inclined 



W AN"oAI,Y11(’Ar. nrnMKTUV. \* U 


lo l)in lUHjMr hxih tlkfit (lii< i'>|nitf tHimiif /. »ti*I ^ 

wiiLttMi ill (ho fnijM** 


.1’ i'i>^ (I 


I 


;«iii (f 


I himI V 


..-Tl 


>, J • . «3 


III* An'i'i M4 // f ji y nill ifi nih l| aiJil *1 ;l(|||i/'# ., j a I. m .;i 

Htilijil iMUni)^ }to<i<ithii|.Oy iu v\r fjr! 

^ r«k5i Hy will tfA»>»n v{M)i fM Jiv/ ttiu 


iiH Uii^ I'ipmliiiii mT n havjiii* II |*<♦illl r.hjji^w ai, 

tllO |H4il|(. IK 

)l. niliiriiiiiw U* lioh'iiiiiiiit A lii-tl r'<|M:il in>» hi mci% ^ 

nll'olo. NtiW llio tnUM‘t 111 r*/ (|«<im iho W 

lilH Vllluo nf \ i llio iHHillirioiil^ nf ^ yr m‘t‘ it 




\ i»i‘ »\ 




8 

A**" 11 H ir * 




...ms 


JliMh'i' tlio i^ijimliMii Ilf |}i»* iii«'li*Mf i'mvahi)«« >« ji'tt l«y 
ill (i) llm vrtliin Ilf A ^ivmi in (n) ; $^,or iiimU) 

►1^ \ tf^ ^ i/MfnHf — i I ■' n 

* I hfrf*’** ffil’' 


Nlixfc tMijimMpv Uiu rnnlurt. of N -0 Avilh n-H^iiir? 

(3) 

'riip Hinnillniun**m« niilutioiiN i»f N' ln mimI Mm 

Umwo nf *S'^4I flint I* -U twiro mvi*i\ iJfiit U il\ /4 iwl 
M) Lwii'ci fivi'i\ Ilniihi (Hh likn ( 1 1 n iirr^ftivuS^ fniiijlv 
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To show Chat A ia tho eccontriciCy of tho conic, 'svo write (in) in ilie 
canonical form : wo gob 



Hence, if e ia the ccconlricily, 




o2^1-(l-X3) or c«X. 


Ex, 3. To find the equation of the iialr of tangenta to a glvon conic 
from a given point. 

Let + 0 bo the given conic and 

tho given point. 

By equation (3), 

+ 2/<ki7y + H- + 2/y + c t= -h h 4- ,^\y) + % t + ,<7 0 *^ + (^\) 

+A^'hyi)+o}niv) 

represonfcs a conic having double contact with the given conic at tho 
inUi^BQctiona of fclm given conic and the polar of 
But tho pair of tangonla from {x\f tji) m such a conic, whioh also 
then passes through the point X ia thus dolormincd by 

putting for ,r, y in equation (iv). Wo got finally 

{axi ^ + 2 A-r jt/i 4- 4- ^gx\ -1- ^ 4- c) {cuv^ 4 - '2,kvg + hy’^ 4- 2fy -h 0 ) 

« lrt,r.Vj 4^ hlvyi 4- a’ji/) %j 4'</ 4- ‘t’j) 4- i/j) 4^ o}^» 


Wo noxt connidor fcbo contact o£ tho conic S with tho conic 
iS-X.// (4) 

Tho Rimiiltanooua BolnfcionH of 8-0 and arc 

those o£ S-O and X«0. twice over, that in (7^ X) fow 
times, 8 and (4) arc said to liavo ^-point contact at (7**, X) ; 
fclio dotted curve in Fij^, 148 rcproHoils (4). 

2*'poinb, 3 -point, 4-point contact aro often spoken of as 
contact of tlio first, second, tliird order. 


Ex, 4. Tlio locus of bho coubro of a variable conic having 4 -point 
contact with a fixed conic at a fixed point on it is a straight lino, 

Bofer tho fixed conic to tho tangent and normal at the ilxod point 
on it as axes of a* and ?/, and so vn’ito tho equation of tho Ilxod conic 
in tho form -I- 2 /m;^ + hf. 

Tiien, by equation (4), 

?/ - OA’'** - 2 Aa 7 / ~ X^f^ .(v) 

ifl the equation of the variable conic, 

Tor tho centre of (v) wo have 

ax -p hy^O and ^h,v -p 2(^ -P X\y « 1 , 

:flO/that tho locus of tho contro is the lino 
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Now take any three lines L, M, P and con-sidei' tlv 
equation pi=\.LM. (6 

Clearly (6) is a conic; meets it at (P, L) twice am 
0 meets it at (P, M) twice, so that (5) roiDrcsonts i 
variable conic touching L and M at (P, L) and (P, M] 



Lot jSf«0 be this conic; then the equations S = l) an( 
P^ = \ , LM represent one and the same conic* Honco 

A conic may he defined m the locus of a point wkici 
moves so that me sqna/i'c of its distance from one of Ihre 
fixed straight lines is proportional to the product of it 
distcmcea from the other two; these two cvre tangents to tk 
conicy and the remaining Vine is their chord of contact. 

Ex* 5. Find the equation of the parabola whloh touohea the axea o 
X and y whoro the line ax+hy==X meets them. 

Equation (G), gives any conic winch moota tho lino 

Zj jU twice at each of the points (P, i), (P, M), Hence the equatioJ 
of the pax’abola (Fig, 149) may bo written 

(cjo? -f % - 1)® = A . fVy, 


,(vJ 
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y]m Cfiimtion ropupsoiits a paral>ola if the terms of the 
degree form a perfect sqimve ; therefore 

aV + (2a& - A).r^ + 


second 


m a perfect square, so that 

{^ah-Xf^Aa^^ or A==4a6, 

ainco the value A.=0 gives the pair of straight lines {a.x^^hj-^Vf^O. 



The oqimtiou of the parabola is therefore, hy (vi), 

( aa> ‘I- hy — 1)’^ = 4r/?Ar jy or cw? i 2 sTuhicy -j- 1, 
which may bo wrilion 


Finally, take any four lines L, M, P, Q and consider the 
oqmtion FQ=\.LM. (6) 

It will now 1)0 clear that (6) represents a conic which 
passes through the four points (P, P), (P, M\ (Q, P), (Q, M). 

Ex, 0. Show that in general a conic can be drawn through five 
points, and a ouo-fold inhnity of conica through four points, and that 
the locuH of tho centreH of these ie a ooiiic, 

hot yi, IX C\ I) be four points. Clionso axes so that A, B lie on the 
,r-axia and (X D m the ?y-axiR, and let the coordinates of yl, J5, Cy D be 
(a, 0), {hy 0), (0, o), (0, d) rcspeclivoly. 

Thon, by (0), the ocpiation 

w 

roprosonts a conic through Ay By (7, i) for all values of A, 
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The coordinates of a fifth point K will servo to dotormine A no that 
one conic can be drawn lliroiigli A^ Cy 1)^ BJy wliilo a one 'fold 
infinity of conics can bo drawn tlirougli Jl B* G. Dy ono conic for each 
value of A, 

For the centre of (vii) wo havo 


so that the locus of the centre is given by tlio equation 






wliich roprosonts a conic passing through tho intorsoctiona of A B and 
QDy A G and BDy AJ) and BG. 


BXEROXSES Lit 

1. is a variable point on the tangent at P on a parabola, and 
tho diameter through P meets tho curve in Q ; show that is 
proportional to TQ, 

2. PQ is a chord of a parabola, and the diameter through /?, a point 
in PQy meets the curve in 0 and the tangent at P in Pi mmw Unit 

TO : Olt^ Pit i RQ. 

3. G is tho centre of an ellipse, PGP* and DOB* a pair of conjugate 
diameters. PPP* is a semi-circle on PGP* as diameter, MQ is an 
ordinate of POP*y and J\fli and GEy each pornondicular to POP\ meet 
the semi-circle in R and E respectively j show that OR is parallel 
toDE 

4. Two eonica, whose centres are G and G*y cut in four points. 
GAy GB and G*A*y G’B* are the seini-diamctors parallel to a pair of 
common chords. Provo that AA*y BB*y CG* are conciuTont. 

6. Parallel tangents at % on a conic moot a third tangent 
drawn at P on the conic in 'i\ T* respectively j show that 

PT QT 

pyp-qrf 

6. Two conics ^,=0 and intorscct in four points Ay By Cy L \ 
show that the equation of any conic through >*1, By Vy I) can bo written 
in the form ^1=5^3, ^ If is a variable point on a third conic through 
Ay By Gy Dy and a line through It parallel to a Axed dirootion moot 
Si in Pp and S^ in Q^y prove that RPi . RP,j^ \ H(j ^ . RQ^ is a 
constant ratio. 

7, If fPy TQ are tangents to an ellipse, and tho normals PGy QIC 
moot the axis at Gy AT, prove that TPjPiJ ^ TQjQlC 
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8. 'I'lio fii«l /V of (,ho ovdiiiiito of a ])oint /’ nn a parabola k tlio 
<)£ of ('urvaUiro at il^ vorlox, throve Umb blio ccnitro 

Iho ciirtilo of tjurvubui’o at 7MioB on tlio parabola. 

^ 9. Provo that tbo focal cborcl of corvaturo at any point of a conic 

o(iual to tho focal chord of tlio conic parallol to tlio tangent at that 
t:ioint, 

10, Provo Unit tho common chord of a paralmla and its civclo of 
*^iii‘Vatnro at any point constantly touches another parabola having 
tilio saino vortex. 

11, If the ratlins of curvaUu'o at P on an ellipse is twice PG^ whore 
O is tlio point wboro tho normal at P meets the axis, prove that 

12, Find a jjoinl on a parabola at which the focal chord of curvature 
in also a chord t>£ the parabola. 

12. Bliow that the looua of the second point of intersection of the 
iiorinal at P Ui tho parabola y'^^Aax with the circle of cnrvaUiro is 
til 0 cu r I Sfirt //2 4 (.v - 4a) (2.v - 3a)*^. 

14, If tho centre of ciirvaturo for the vortex A of an ellipse 
nnd tlio normal at P moots tlu5 major axis in C/, then UAy GA and tho 
porpoiuliculai'H from 0 ami 0 on the tangont at P are proportionals. 

16, O is the middle point of PQy tho normal cliord at P to a 
roctangular hyperbola j snow that 0 is the centre of curvature at P, 

16, Provo that tho chord of curvature through a focus of a conic 
ie ^Oiy^fGAy whore QDy OP are conjugate Bonu-cliamcLora and P is tho 
point of conbiicfc of the circle of curvature. 

17, Tf PLl is tho cliord of curvature at the point P on an ellipse 
whoso occentric angle is Oy prove Unit is tho eccentric angle of ft, 

18, If r and / are the chords of curvature at tho extremities of 
OPy ODy a pair of conjugate semi-diamotors of tho ellijiso 

pr ovo lb at 4 ‘h si n*^ 

wbero 0 is the eccentric angle of one of tho oxtromibioa of the semi- 
diamotouH. 


19 . If two tangents 0 ' 1 \ OT* are di'awn from tiie point (/, //) to 
tho olli])se and dy d* are tho parallol Bomi-diamolors, 

show that Qrjn (77^3 ^.2 


20. If A and ft be points on tho axes of .r and,-?/ such that Oyl==cf, 
OP^hy prove that tlm ocpiation 

+ (ft.^'4' Oy) (.r/a4-,y/& - 1 ) - 0 

reproHonts a conic circumfloribod about triangle OABy and that 
ft.rd- C^ysaO in a tangent to the conic. Determine ft and G so that tho 
conic may become tno cii'clo GAB, 
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21, Provo lliufc tlio equation of a naraljoLi wlni-li l.onelirM tlio tyo 

sfci'aighfc lines wliero lliey are ciifc by tbo lijio 

^.r-^wy-^l==0, is 

( -f* 2/n'ij + i;/2) (am^ - hP) => {ah - Ii^) (6-’ -h 4- 1 

22, The equation of the family of cojiics iiiHorlbnd iti tlm 

formed by the lines .r±a=0j is 




^M"2A 


,')n/ 

ah 




0 , 


Provo also that the locus of the foci is 

23, Sliow that a conic may bo dofinod as iho loeim of u point 7' nncdi 
that OP^ is proportional to PM, PJ\\ when 0 is a lixoil ptniit and P^f^ 
7-^xYtho porpondiculars from P on two ILxod straight lincjs. 


24, If 11^0 is the equation of a conicj ami i>==!0 the equation of I la 
director circle^ show that the equation u^Xv=^0 ropi’ouoiita for oiio 
value of A, the directrices of the conic, 


26, Tangents TP^ TQ aro drawn from T(a\?/^) to tbo par/ibubt 
7/t=4cuv; prove that the equation of tlio cirelo oireniiiHcriliin^ tlsn 
triangle TPQ is aCr55-by2)-(y^H2a‘^).r‘»yi(«~,ri)//4-o,rj(2f/ (), 

26, If >S^0 and ,Sf'=0 be the eqimtion.s of two (uinirs^ and X— (1 niitl 
M^O the equations of two straight lines, intornret Llm ociiialicniB 

o+^’Xil/'=»0, when k is a constant, 

27, Prove that the product of tho perpend i<jular8 lot fall froni auy 
point of a conic mi two opposite sides of an iuseribod (pnulj'ilatorHl i» 
in a constant ratio to tho product of the porpondIculurH ha fall on tlio 
other two sides. 


28. Prove that the equation of a circle \vlii(4i tomfhos tlie ])juvilioln 

and passes through its focus may ho Avrj(-len 

(1 + nP)(i/^ - to) + (,r - + mi^){x -h mi/4- ^u) ^0, 

29. Prove that the equation ^Jax^-h^bi/^'i roprosoiits a ijuniboln, 
and show that tho length of its latus rectum is 

4ah 

{aHh^)f 

If a+b=i, where A is a constant, show that tJio locus of tho foci 
Of all such parabolas is a circle, 


^o'johf tlio axis of ;/ at tho origin, nncl tlio lino 
6 at the point (1, 2). One of tho iiaymptotoa is parallol to tlio 
rind tho equation of tho curve. 


axis of w. 


o3:,7t"o I’;® of tlw conic through tlio points of hiLor- 

seotion of 3.f +;/=4 anti nncl tlirotigli tho 2 )oiiifc (-2, a). 
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32. Show tliJili llio Gfiiiiiilioii 

- -ri. .. 

.V c( )ri ‘h ,y Hm - -p I , 1 ’ cort f 4- // mi i - 2h +■ // "-a " 

raprcHonlH a conic circiunacribing iho iriaiiglo fofmed hy blic liiicB 
.■t?coHaj 4 -?/f<inai“-;ji=^ 0 > olc.^ whore ^ 1 , A luiy (!on»taiits, and 

tlmb blio conic in the circuniHcrihiiig circle if 

1 7i : ftin (a^ - 0 . 3 ) : «in (ol^ - «.j) : sin (aj- tx^). 

33. Show Lhal wiicro 1: is a variahlo parameter, roprcRoiilB 

Ui(i of coaxal circles to which bolong the circles /S'«0, «==(). 

that tan gouts from an 3 ^ point on a fixed circle of a coaxal 
system to two other fixed cir<;lcs of the systoni arc in a given ratio, 

34. ih’ovc that two parabolas can bo drawn through four given 
points, 

35 . Tf a variahlo conic pass through tliroo fixed points and Imvo an 
asyiniitote parallel to a given line, the locals of its centre is a ^mrabola. 
If it pass through two givon points ami have its asymptotes puvallol 
to two givon lines, the locus of its centro is a straight lino, 

36. h'ind the locus of tlio centres of all roetangular hyperbolas 
having contact of the third order with the elUpHO 

37. PQ is tho common chord of a iiarabohi = 4 «,v and its osculaiing 
circle. Show that tho locus of tho iutoracction of PQ with tho 
perpondicular drawn to it from tho vortox is y-(3«- 

38. Tho j)olar of tho focus of tho parabola y-«=i4ru* with rospect to 
any rectangular hyiiorbola which lias 4-poiut contact with tho parabola 
iouulios tho parabola 

39. A rectangular hyperbola passes through tho throo points 0), 
(c, 0), (0, a) ; show that it moots tho y-axis again at tho point wliose 
ordiiiato is -Iwjuy and deduce that ’if a rootangulav hyporhola pa^a 
tlirougli the vortleoa of a trlanglo, It passe a through the ortliooentre, 

40. TTsing tho relation bofcwoon tho occontrioity and tho angle 
bo tween the asynijitotos of a conic, fiiicl an oi] nation giving the 
occontricity of a conic spoclliod hy tho gonoral equation, 

41* Jf througli a givon jjoint on a cnnic two linos bo drawn which 
iiiako with the normal angles tho product of whoso tangoiits is con- 
stant, show til at tho join of thoir oxtromitioa pasaos tlirough a fixed 
point on tho normal, 

42. Jf through any point on an oipiilatoral hyporhola bo drawn two 
chorda at right angles, the perpondicular lot fall on tho lino joining 
thoir oxli'omitioa is tlio laiigout to tlio curvo, 

43. If a circle havo doulilo contact with a conic, tlio Ian gout draAvn 
to tho cii'clo fi'om any ])oint on the eonic is in a otinalant ratio to tho 
lierpondicular from tho point on the chord of contact. 
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44, If two conica liiivo tloiihlo ctoiiliKib, tlui HCjUttro of Llio |>nr- 
poncUcular from any point of ono hihhi tlni rlionl of <’ 0 Ji(m!l- in m a 
constant ratio to tlio rcoLiiiiglo luulm* tlio Hop;iuontH of Hint por- 
ponclicular made by Iho olhor. 

46. If two conics liavo each clou bio con tact witli a lliirtl, tlinir 
cliorda of contact with tho third conic, and a jKiir of llioir cbj>j‘dH of 
intoraection with oaoh otlior, will all pass through tlin muiio pcniit 
and form a harmonic pencil. 

48, The chords of contact of two conioH with Choir common tiuigont« 
pass through the intersection of a pair their common (ibords. 

47. If three conics have each double contact with a hnirtli, hix of 
their chords of intersection will pass throe by throe tbrough tlio hjiiiio 
points. 

48. If three conics have ono chord common bo all, tlunr tlirro nth or 
common chords will pass through tho aatno point. 

49. If four points on a conic aro given, its <?hord of intorsi'dlkin 
with a fixed conic passing tl) rough two of thoHe poiiitn wdll pURH 
through a fixed point, 

60. Two conics Si and S^ intorsoct in tho four ] mints yl, Ji, C\ I). 
Lines are drawn cultiJig Si aiuL% in An ami /'a, C/q 

rospecMvely ; prove that tho inlorseotion of and .A'aC/u Iiok on tho 
line GR 
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Exercises I. 
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1. 

4. 

2. 

-1, 1, - 

3, -1,-4. a. 

(11) 

-1, 2; (iii) -2, 

4. 

1 s 


. “Oj. 

6, -6. 


c. 

-2, U. 

7. 

1 

-■Of 

,0. 


8. 11, 


8. 

-»(« + 6). 


13. l^or first part take M as origin, for Boooncl pari fcako A as origin, 

1 Pj [(a’j -h a:jj - (1) j; (a?| - J 

Q > ‘1- a’g H- d) J: jy/{ (AJj - eVg)^ -f (Z® }], 

16, 2wmtrg-w{«i)/(m'^-?i^^). X6. (m-«)(a;i-a;.^)/(l-l-w)(l+n). 

Exercises II, p, 10, 

1* (1) in. por SCO. j (2) a?=3! (3) A:=ill), .^*=-9; (4) ^ soc. before 
zon>*Uino, 1 soo. before zero4imo. 

2. s. 0. ~1, 4, 1). 

7. ■J'. 8. - 1), 

§8, p. 10. 1. (l)6j (2)6i (3) 13. 

a. (1) - 2. 2 1 (2) - 8, t i (.3) 1, \ ; (4) - .3, f. 4. %®-. 

8, 10 or - 14. 7. ^/17, n/ 10, 4, s/5 i s/13, ,^34. 

Exercises III* p. IB. 

a. (-1,2). a. a -V-). (-V-. -Y-). 

4, (2. l)j (.3, 0) ! (11, -8) ; {28, -20). 6. ¥)■ (25. "7). -^/'s'87. 

0. 2\/l8(), 8\/l!t0. 7* y!^', ~ '1 V» 'yy'../130. 

O. '“-r-. fiVso. -VWsfi. 0 . (S. “-V)‘ 

§14,1).21. 1. (J, tf), (-¥s »)• 



m 


ANALYTICAL OiDOMOTRY. 


[Ex. IV.-XI 


Exercises IV. p. 26. 

4. y + S-U. 6* No. 17. (-2, -2*6), (''6, -4). 

19. ai. (1, -1), (-2, -3), (7, 3) Ho on UioHno, 

Exercises V. p. 32. 

f» -"ffj !*> 

fl2. The lino Uirongli (3, 1) of gradient 1/2, 

34, (1) lino through (0> 3) of gradient -g- * (3) lino throiigli (0, 2) of gradient 
■5 j (3) lino through {0, 1) of gradient 7^ ; (4) lino through (0, 2) of 
graclioiit (6) lino through (0, -3) of gradient/ *-2. 

36. (2» -1), (3, 2) aro on iho lino. 38. 39. jy=:??ia;4c. 

ao, 2 .'u 4 - 3 j'= 19 , 3 ^?-%+ lfl==: 0 , 2x'hy=^T, 

a3, Tho gradient of J^Ois therefore tlio gradient of Uio porponclioidar 

from ^ is -2, Honoo required equation is 

33. -f, J-) 2a; -92^-1*28=0, 2^*-y*t-6^=0, 6iiM-6y=8. 

34. 7.aH*6y==:6L na;-6j/+43=!70, {u«32/f-28, 36 . 4, 4*^13. 

86. 40, (1, 6) or (6, -1). 41. (ct-h, «+&) or (aH-&, 

42. Z^ + c-rt) or (a-i‘cZ~Z;, a-h&-c). 

Exercises VI, p, 42. 

1. 44*5. 3. '*7*5, 3. -38*5. 4. |•(5a^'f-a2/ afr). 

8. 72. 6. -80. 7. 28. 0. -8. 

8. 32. 13. 4a}-9^H*37==0. 

Exercises VII. p. 46. 

3. 3a?+4y=6. 4. 4a?*-0^yj=il5. 

6. js/3a;-3y*f 0=0. 6. 6hy3aj-l-62/‘i'll^(^» 

Q, 2, -2, -3/4, 1/2, -2/3, 1/2, -3/7, 3/4, -7/5. 

0 , -a/5. 10 . -Z>/a, 11, m, 

Exercises VIII, p. 49. 

1. 8aJH'2^+19=::0. 2. 3a?-4^=:32, 3a;-|-4y+8=0. 

а. 2a;- 6y-h 11=0. 4, a‘+y=4, 

б . aj + ^= 4 , a;-^+ 2 fe 50 , 6 . 4 a; - 3 y'f' 3 =: 0 . 


7. 

2, 

3, - 

2 , 2/6, -3/2, - 

•alb. 

XO. 5a?- 

-2y= 

11, 3a?H'2y=29, 


16. 

11. 

®- 

■Sy. 

= 1, 17a;+12y+.t=0, 

, 22a? 

= 1. 

la. 7. “T. 

a; '1*72^- 

:30. 

10 . 


=0y, 14, 3a; ■ 


8. No. 

18. (i), (iv). 

16. {1. 

D- 

17. 

(- 

“"Y'l 

1 00\ 

"XTh 


18. 

ill 

¥->. 



10. 

{- 


-H)- 


30. 

(¥. 

-V-), (0. -i). 
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pp. 26-72] 

§ao, ji. Gl. a. (i)2,i!-2/=7j (ii)j/=3.r-8; (iii) 5a;+% = 3 ; 

(iv) 3.i;-%=8i (v) y=2,i;H C; (vi) 2.K-7y. 

Exercises IX, p, 62. 

a, (1) .i(B-|-%=20i (ii) fi.r-22/=1.8j (ln)!f + 2y=8i (iv) 3ri;-j^-l-7=0| 
(v) 3.V I fiy-l-n=0) (vi) 2.T;-7i/=12j (vii) ■l;.!+3y=0. ^ 
a, 7 .v- 2 i/h- 30=0, 2«!+7 j/ I- 1=0. 4. 3a;+8a/-i 'lC=0, 89;-32/+1=0. 

fi- (t?. tt)' 6. (“1. “■!)} 4. 

Exercises X. p. 64. 

a. V-’ a. 4. i^/2. 0. *y2, 2, ^S,/l3. 7. -V'- n- 10- 


Exercises XI. p. 68. 

a, !<:=:3 i- 2<, = 6. (-i^, 14). 

7, (-1,2(. 0. .^'•l-3ir=l. 

I2r y^SL-v9,\i\ aJ=il-h2u, y=2*j'3t>. 


e. (-V-. ?)■ 

1 0. (£.1? iid " //a 

, n / 1 fi ^ ^ 


§ 02 , p, 01, a. 4, 

C 1 1 < t o » 4 _ I . 4-1 

If ) i$t "“r» r j ■" itj T* 


§33, p. 04, a, »i®a'+y]S'=T®si tanas-'/, 

4. (0 -/> 1) (ii) 'J) 5 ff J O'i) ~'S» (W ~V4> l'tf> 'll lV\/18J 


t'^i) i ffN/lO; (vii)'|. 



(viil) 


wi. 11 _ 

T’ 


§34, p. 05. 1. 3^2. 


a. (iow). 


§30, p. 08. a, 1, 1-6, 6; -liS', 50’ 10', 78° 41', 
0. a)-3y i I0::=0, 3 .i;h 2/^13. 

10. {y- b)(m -\' I tan «) 4° (a; - a) (I - m fcaii a) ssQ, 

(?/ - ^ {m- 1 Ian a) (cu - a) (£ + in ban a) - 0. 
IX, tt;-fiy'i*iS2=nO, 


gae, p, 00, a, 4ai-i-4j^«l, 10,^-10y+3i=0. 0, 

4. 2fu-102/i=l, 0‘litf‘h82/°l-33=0» 

6 . 10.1) -3001/ -1000 =0, 180»)-) 0y=80, a. ifV- 

7. (3s/2-2).'i)-(V2-l4)yl-2,72H.7=0, 

(3,;2 |■2).^•-(^/2-4).v•l•2.y2-7=0. 

§37, p. 71. 1. (4,-1). 

6, (8, 1). 


a. ( -2,1). 
a. (.3,-2). 


0 . ( 0 . 2 ). 
10. (b, a). 


4, (2,3). 
la. (1,1). 



*1.^(1 


Awuwirxh 4 a;uMMnv. xil XV, 


gott, [t, 7*1. tt. ivur nij/. 

4 . jyK'j iun»»‘ I j o«n:v;< ^ 

0. .u,% j4\ 

7. (ij uyv tUf i IN, Hr I vV t HI «S 7^ 7;/i 

(HK*-'' I I I** * ’♦j^ 

Esctttolwtta XI r. I* vr* 

0. t'i*i ftf')lift {f**'' 


A 

I A’CAr 

wi) u*<ri 

a if 

,., 41. h ifr*,\' 

HI » 

1 

{Iftt ' 


ll«i''' / .^i« j[' 

0. 

/i/,i, r/v'.." i h>. 



xo, 

(i) 

Ixl’t <U)'W>W''' 

rtj 

K'if- Ji.t -n^i A 

XX. 

1 M\ 

■ «. . 1 ./ m>. 

XD 

?,< Jr?. f,|i 

1 ^ f 

10. 

K 

14. ^1^' 

n«f 7 |’“4 ''l-V in liftrj*-, 

17. 

\ g* 

th 


no *1 Is*^ |H«<’‘I> ^ '1 i» *1!{ it 


SO. 1 myi It) a 


^4 


I ] « £t ^ii I 

i«f 


i »t ’ I u « 

SI 0 . I '“^O I (|V®* I M ^ jiir- At*' 

Jl<l. ft 7 UK \ I. 'M 

SID. fl** I //*'!> C^- ’ikl/Kr* I <>1*1 II W, ttlul f'*',t 1 , v| I fg rt r - rt 


ax 


00. ar hny«<^10. 

oa. 

9 00, i». Kn. 0. *«’h 


liiji i 1|[«| vl«»/ ri |y/ 


(/^ JIM « 

no. ilH, it 


4 ityjiij, 

D. (Ij 4 : I y - I , ^ / 4* t 1 t III I a •* </, ^ « I ' 41 j Uih \ t • I , y + I t 

(Iv) !I,I* I It .-LV, i ntf II I (%) r.^ ^^ 4 ^ *.v. * %' i i 

(vi) 7.^1* I -H itl/f llir I lljy -fn HM) ?|t<r > - •" j KtlM^ .»,/y ^ 

(Ix)a(li r),i*r»r<«" ful «t^r a A®' - ^ 

9 41, p. HI, 0. Vm. 4, ^ < ^AW < 

D. (i'(V-<rVi)^ 4 (riV A’frj «r atf-% ^ 

0 * (1) fU’^ I **!/i,r^ I' lij/i'v' n \ HH ft r>^ 

(l| «*rf I Ay-wa 4 oA,y I (iU Asf Av*'“ 1 ■ «i^i jj/ 

949,11.8/1. I. |,«r«’. i, »«■ .a? .aif.j'i, a»->%t3i V, 

BxorciflM XriT. 1^ i*i 

«. V- ». .,•» i?-ni j ‘Vi. 

19. :w. ,9, t %ii4-^tt, 

a. /j,(i t/'if •'■^/•^»/^•. 


a. V-. 

0. ly. 

%*1, 11. 07, 



t>p, 74-123] 
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X. (-2,-1). a, ( 

dhz}!£\ 

”/?* rt/>-AV* 


XX, m-72/=Cl, 
X3, ie-3y h8Ny2=:0‘ 

XhB, 




Exorcises XIV» p, 100. 

-3,-1). 4. 

0 (»^-p)^-(y-7)^ . (tg-:P)(y - (?) , 
a-b h 

la. - 32?^ -1-2-0. 

14, a;2/’l-Ga:-l*42?==l. » 

16. y{y^'-v^x^)=a^.sj^, 

10, ^»;=;a^flmttC08a. 


the same. 


§ 50, p« 105. 1. (i) a;^‘l-?y®=4 j (ii) a;M*2/®==10 ; (Ui) fti®-l-2/®=25 ; 

(i v) -h -t* 0.U - 2y -1- 0 = 0 } (v) 4- 4'« - 41/ 4- 4 « 0 j 

(vi) .i;^4*3?^-4ftj-2y=4 j (vii) x^^hy^^2y] 

(viii ) 4* 4- 2y =5 3 } (ix) a:^ -h - 4aJ = 6 j 

(x) a;«4'y^4-0a?r=:lCi (xi) a;H2/®-4aJ40?y-l-12==0; 

(xii) a.'“4*y^4'0a!-8y-2-l ; (xUi) aj“+2(^-4a;4*6y-MO=sO} 

(xiv) 18.^^4*182?^ 4- 5-ia’4’ 18y4*37==0, 

54. a:® + 2/^=25, a. a;^4*2/*4l0aj4*2y=m 

-4. a;«4-?/'‘-2.i’-l-2»?-287. a. (6, 0), ( - 2, 0). 6, (0, 13), (0, - 11). 

7 . (1, -1), (-3, -1). e. (c 4 - 2 (i, 2 /i), (-c,26). 

§ 51 , p. 108. a. (i) (3, 4), 6 1 (U) (-3, -4), 4 ; (iii) (1, - 1), 6 j 
(iv) {-2, 3), 4. 

a. (i) (0, 0), 2 j (ii) (0, 0), 3 j (iii) (1, -^2), 2 } (IV) (2, 3), 4 ; (v) (-1, 1), 2 ; 
(Vi) ((], l)> 15 (vW c-^-. §). 3; (viii) a, -I), ysi 
(ix) (-^•, - J), n(-2-1. 


Exorcises XV. p. ril» 

1. a554«2/®"*0x‘*-2if4-5=20) ^/5, (3,1), a. x’^‘by'^::=2x-\ 2i/. 

D. rt;^4*2?^=^2.0”02?. 4. (-j, ^). 

5, a3^4-;/^‘-.'«4*ll2?4-8=:0} n/22'6, 0. (12, 1), (4, 6). 

{1, 1), (I. i). a. R^4-y^-10.V-Z/4-lG=0. 

X7, » a oirolo, oonko (0, 1) and mcliuB 1, 

X o, - 8;« 8 =0 j a oirolo, oonlvo (4, 0) and mdina 2^y2. 

ai. (2, -^1), (-xV fJ)- a, -V“)) (2, 8). aa. 6.^-32?4*6:=0. 

§ 53 , p. 115, a. (1) 2 a* 4 * 3 y= 13 } (ii) j/=5{e4-2j (iii) 2a’-y=5 ; 

(iY)2aJ4‘3y:=2L} (v)y=a;-3j (vi) 2.r--y=7 J (vil) y=2ft)*h4 j 
(viii) 4.V I'G^/^lfi J (ix) 12)1-0?/= 23. 

B 66, p. 123. X, 4. a. 3. a. 'iV2. 
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ANALYTICAL GHOMK'J’KY. [X VI.-Miac. Ex. t. 
Exercises XVI. p. 124, 

1. a;S+2^“~8r-10i/ l l6=0j (0, 8). 

2. x'^-l-2/^-i.v -Off ■10=0; 1J~5. 3. | l 

4. x-'>+y’‘-O.(;-Oi'+O = 0, .r’‘-l-y’-n:c l-2ly-l 0==0. 

s. -2i/ + l=0, rB^+y®-12.B- 12^-l-3(l“0, 

.t- + - 0.1! + Oi/ ■!■ 0 = 0, -I- l-B - 4y I- 4 = (t. 

0, a:” +3^®- 4.1! =7 7. 7. 

11. ar±A/M. 23=30, ai-4;s/6.J!=15. 


Bxorcisofl XVII. p. 128, 

а. (i)!i!+5=0; (ii) fi.B-Oi!=:l ; (iii) O.c ■ .1// l-7=0j (ivj Oj/: .a;-l' 10, 

б. !E=0. a. (0, d:»Vfl). 7. (0, a M). a. {O, i. 2 i). 

0. a!=0. lO. .^•=0. 11. <0, !i;2iVJ), fii~(l, 

§58, p, 131. 1 . ,i;’'-l-j3®-.r-4=0. a. 2.e“-|-2y''-|-20.B+24:-iO, 

3. .r*!+2/--2,i!-9=0, ai'’ l-9!/'>-i 02 .b-81=0, 

4. D.i;’+6y'-*-COa: + 4233+0=!O. 

6, a,Ji+p®-6,T:+4=0, 4.a;=-|-4i/a-K)3a)+ 10=0, 


§50, p, 132, 6. !i;“-l-p®=3y.t.l<l. 


§eo,p. 134. 1 . 

2. 

aja.j 272“- l.r. 


4, x-ii. 

6, 

1007 4-18 1.^0. 


§63, p. 138. 1. 2.v*hCy-L 

2. 

0, 

(Ji -J). 

4. 6.T7 + %=:=1, 

6. 

(-3. -J). 


Exercises XVIII, p. 138. 

1. «>=±f. a. (.3,5), 3 _ 4a!-;i//:-..12. 

4. (1, 3), (-2, 0), 3/=S, .i;.h2=0, (-2, 3), o, ,r | ,j.'. \ ,|, 

O. a.v=hi/, 2ab/{a^-\-h'‘)K lO, iB*' ).!’/'!- ;i.r nir I (!;..(!. 

13. xoosO+VBinS^a. 13. 2y=.ii.|.6. 14 . ic'-i-l 

16. (I. 1). ih i). 13. a!,o.(. -I. H.S . 

34. a;2+y2=i.j,+4, a,_ (B*'-|.y«-^?/.|-4 = (). 

38. (.i!*+2/®.| i)y, = (:r,«H.2if,»+fc)y; it:’-|.2ya.|.21.i>-|.lr”.0, wli«,'a 

A = { - «W :|. ^/{P ■] Wl2) („!l -I- 2,fJ) j IP, 

30. 31_ eN/r"(.r.''4 yi”l-2i/.BVl ^/Vj-f'5fl' 

33. W[-2{a,f-i.j2,3-|.2</.i., .1-2/1/, 44 


40. 2,,'2, -^2. 


42. 407=:%, 


40. ytal, 
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pp. 124-168] 


§70, p. 100, 1. 2. 

4. 10!B8-2lffi(/+O(/5--7Oa:-lOy+lOO=O. 

§71, p. 101. 1. 6.i!®+0y®=:46. 


3, (ti®=:4ay. 


Bxercisea XIX. p. 161. 


1. j/=a. 

4. ®+y=| 

7, 

lo. 

13. a)2=;4a(y-(4)t 

10, 2x1/ 


a. 


6. 


8. 

11 . 


14, 


17, 


aj'hy-l. 

3)3=0, 

(3.^»-^2)3.^9y8=l. 

rt:3‘M6=:0y. 


a, njy=l. 


e. 2a;‘{-32/!=5:5, 

D, 4a;3-i-?/3=4, Stt. 

la. 

16. 3aj3^2/'*H-10aj=64. 


4a3 


.'C3 + 


4 ” ’ 


10. 7;i;3H-2,vy+72/34 0.i’-fl?/-9:s:0, 21. 

22, (i) a;3=!2a?/ j (ii) {x - 

23, (i), {iii) ft;3 + ^|3=2(&:J:a)i/-ha3; (ii) a,^2=4(Ty, ai=0. 

24, (ru*i-y)3=^2a(2a;-a). 26. (fy-hy)3=2a(2y-(t). 

26, (rt;“y)3=2a(2,'u-rt). 27, ftj3--2a(a?4*y 

28. y^^2(i{y±x)» 20, x^^a{a±2i/), 

30. ~(i)3(a^'l'y3)Kia3y3, 31. 

43. (i) {u(ft-«3)3=y3^2a“a?) j (ii) 4y3(3a-2.r)-(2aJ-a)®, 


MiscellaneouB Examples I. p* 105. 

■*• 6, -J, 6. lil. 7. (a,rf). o. (1,1). 

®. |^“dl*d3, a±|L±a^. n. ( 9 , 0 ), ( 1 , 8), (-7, -4), la. (i, 1). 
13. / wi-'«H-W'^a-‘,+Wai«. Wiyi4-«».j?/a-l-)n3y/n Y /X^iix ^/\ 

17. 49)-.7y-!-la0. 13. a;= -4-i-2<, y= -l-h-K, 2at-y |.7=0. 

10. 2 £fc. por BOO., - 1 ft. por sco, i !t4-2i/=3. 

ao. (i) 0, ,72, 04, 90, 128 ft. poi- boo. j (ii) ?, 1, 1^, 2{- boo, } 

(iii) .72 ft, por soo, poi‘ boo. j (iv) 10, 144, 80 ft. 
ai. (i) «=:.72<i (li) i=v/32i (Hi) 8=m®j (iv) v=8,7e. 
aa, (i) «} (ii) itj (iii) -«/«, 

34, x=>a+{e-a)t/li, i/=i+(c{-fc)i/<, j («-a)(y- 6) ==(<?- 6) («-«). 
aa. .u=2-i-4i, j/=l-i-.7<. 37. «-4?/+14=0, (-it)'17)«tVs^17* 

a®, 83!«-344y.|.107=0, 30. (V-.D- 01. (p, ¥')• 

32. •!lV^rt)8(), iW9«n. 33. (-1,7), (-4, 0), (4, -0), (7, 1). 

34, o4*ft4^), ( 36. {a^ a \'h)t {a ih, h), 

86. 6£u-h(6-i*(J)2/«6d, (6'l'c)aj*hcy=s6c, 
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86 . 

40. 

48. 
4S. 
47, 

49. 
52. 
55. 


ANALYTICAL UlilOMKTHY, [MIbc, Bx, I.^XX, 


66. 


57 


61 

62 

63 

66 , 

68 , 

78. 

76. 

76. 

79. 
81. 
62. 
88 , 

84. 

87. 

89. 

90. 


92. 


({^(r+i))T-^(«-?)}, •{^(«+tr>±J(»‘-i3)}). 00. (a/U,0}. 

8/iaii\ 5na/_ai7\ 

h v7^i "T"/' 'JS’J "5'J V ~R')' 

2a;-3y + 7-0. 44. 27/^iGj -■:(). 

A straight liao. 4 6. y *i* 7, 3y Cuv -i- 3 0. 

acdj{hc^ad-ah)t hcdjihc’had-ah). 40. t*),!? - y ►|-7»0l 

(a?-l)H(y + 2)3x;36. 61, u^l/{p^\-qi). 

(2,4), 54, (3, l-fVC). 

2y=9, 72aj + 154^+9^0, 8a’=4y*H0, 15aJ-(*8y«8I. 

, tanadbm , . 

(y-2){I3±3^/2Q)=(18±2,y20)(.■«- 1), 

(y - 4) (1 3 i 3^/20) = (13 ±2;,/20) (.n - 3), 

/ ^mg+P/+2nl-my 2to{/’+«^“^f^•2»m•-P(/^ 

' / 

Lot tho lino pnas through (% h) j tho hioiis in Ihon 
(a; - ft)* + (y - !>)«= (/- ft)“ -I- (</ - b)\ 

(i) (ii) (H. ¥-)• 

4a!+7y=0S, 8(y-6)=(82±^/G03)(!»-d). 

.r“+y®-2aj-2y + l=0. 06. (-5, 0), (0, ^), 

(4, 12), (-3, 6). 07. 2)^. 

(0,^s/3). 80. 70. Sn/SS+K 

Tlio times arc given by the roots of tlio equation 

- 6'c)«0. 

+ + This equation ronrosoiiUi llio 

diagonals and Uio oivouinoirolo of tho square OAOBt 

y=4a!. 77. .'c*=4(y-2). 70, .^•*•l•2,■vy•^y^l~ 8.'t!-.S2y-i. 13(1»0. 

7iB*+iey*=112, 00. 2'tey+7y»-48.T)-04w-|-0dMa 

4!B*+4.i!y+ya- 26a!- 68y -I- 160=0. 

101a-'*- 48,(:y +81y»+314a) + 1050yd- 1880=0, 

13.a:* ~ 12a!y - 8y* -H 80.v - lOy -i- 26 = 0. 

(i) a!’-^y’=«,*J (iii)a!S-Fyi=ft}, 00 . yeiaii 
fta!+*y=r>. OO. (0,-8), (-2,-1). 

(l+2Aw-B,a)(a;3.).y»)+2«(A-,»)!8-2o(l .hftwi)y!=.0. 

(i) “®’+2Aa!y •f6y*_|(ya,+/j,){^jp.|.„,y).,. j 

(ii) o(.r-jj)*-!-2A{ai-p)(y-5)+Ky_j,9 

~^U^-P){aP’Hiq+gH{t/-q){I^+bti-\./}} 

X {< (aj - Jj) + ,» (y - g,) I ^ .|. Jjj 

!i!'‘ + y*=ft(a!-|-y), a:+y=,0. - - - ■ 
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pp. 168-^191] 

9 0. (.'tJ ~ fO" “I* (?/ - ™ 

90. ((7COSa-h/Hill(t-h^j)^=::|/®*h/'^-(3 J 


Mificellaneous Examples II. p. 174, 


1. 2/-tV^ «'*=0* 

а. ft3H3/^-l-2.u-12i/^l-17=0, av'»-l*02/^-62.v^28y*l’73=0. 

3. ftj(y - fen) rto?/) - - (h){hriX - agy) H' (/ig x - a^y) (^^a; •» a^y) - 0. 

fi. (y'-ya)(^tJiy-2/vv)===X(^ff-yi)(a?32ff--y3a^^^ U OMsOiV^X. 

б. a'«‘l'2i/=9, £iM*3y=G, lla;*i-6-7y» (f , |). 7. Seo Ex. a 


e. 

12 . 

16. 

18. 

27. 


(0, -Y-)> ‘1). lO. ^UV3-h7i)+Y}(.4.1.^^3)+20==:0* 

{X ~ Jt’i) (a? - a* 2 ) j/i) (y ^ = 0. 

- a^Vtam^ - 2ft7m H- 17, Jc^^(«i 3 - mi)l{a -i- ^mj) (a -i- 67 H 2 ). 

Soo § 38. 20. ( 1 , 7 -I- wH- w H- 7m?i)' 


/ JiS JtZ^\ 

\ah-ali* ah-ap) 


31. -% 


75-. 


36. a?-y==^(rt-hW, (ft+c).'y-/>y=^(rt + 7i)(6-l-2c), 

(0 -f- ^) 0 ) - ay = g- (ft H- 0) (a + 2c) j 

rtj'^ -I- - ^{a H- h) a; - (a-h 0) y *1* -h 3a& *1' =0. 

37. (ft^ H- />^) (a:“ H* y^) •!• 2c {ax H* hy) 0. 1 2 . {a7 -h ?»wi -I- ?i)® = '!• ?n^). 

44, (2'i*jsy6);u-y-s/5*|*l. ^7, (7/6. 51, i/=aH-{uy. 

63. Lol bhtJ oii'olo bo oCo.; Uio looiis is 

(i) - (.a; * 1 * 2a)®(rt - aO/(a-' *1* 3a), or (ii) ^ 2 =: a;’ (a: - a)/(a H* 3aj) aoonvding 

as tho points movo ni tho same cliroolion or in opposito tli root ions. 

5 6 , (a‘^ + y^ « 2a, X’)® — h%x^ •!• y^). 

66. (hx “ ay) (ay ♦[• hx - a6) = 2o®(a’ - a) (y - 6). 

67. 66^^'{a - x);=:aa' {h - y)y. When AB and A 7/ aro parallel Ibis boonmos 

. {hx-ay){hx‘\'aj/--ah)‘-^0^ or Urn lino AB and Uio porpoiulioular 

tlu'ongh 0 to yi/7. 

68. 2a H- y“ -h 2c*) = (Ic® H* a*) (aj -I* y ). 50. a; V 'f* = 0. 

00 . x{7} - 0)^a»i*y(J-a)^i»^l-rt/%-O. 

61, Lot A bo (0, 0) ] lot ibo oirolo bo (aj--a)*'|-y*=jr*. !L’hon tlio locus is 

2aaJ“a^~r*. 

04. y^^«ay*^■a;*y -a.'c*=0. 70, Wliou c=7;, Uio loons is a oissoicl. 


Bxeroiees XX» p. 187. 

6, y-l=srt;flj y-l-l:=;{V*, y*|*6=a*^. 

§80, p, 190, 4. (i)2‘87, -0*87j (ii) 8, -1} (iii) 2-08, -OfiSj 
(iv)2-87, -0-87j (v)2-91, ^0-01; (vi) 2»D0, -O‘90. 

8. {{) (0. ~l), (3, 2)j (li) (2-^12, 0‘03). (^0'70, I '00); (in) (2, ^1) twice \ 
(iv) lUo roots aro imaginary ; tho slvaiglit lino does not moot tho 
ourvo at all. 
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ANALYTICAL GROMKTT^Y* [Ex. XXIII, -XX VOL 


7. (i)2-33, -0*20, -2*13; (ii)0*72j (iii) 2*11, -0‘68i (iv) 

^2*00; {v) MG; (vi) 1-8G, -0*37. 

8 . (i) {-0*86, 0*74), l-OO); (ii) (3*63, -3*76), (6 *41, 6*06). 

9. (i) -0'86, 1*40} (n)3*63, 5*4L 


Exercises XXIII, p. 213. 

40' -h "Iff 4«>j -<»I (ii)|» -1’3 

(iii) 1*30, 0*30 i -2*, 30, -3*30; 1*32,0*30; -0*67, 4*M ; 

(iv) ^0*60, 0*41; 0*03, -1*09; (v) -2*18, 0*62; i, -L 

§ 89, p. 217, 6 , (a* sin a-y oos a) s= rjr.#/2 cos a. 


Exorcises XXIV, p, 217, 

1, {y-(i}^-2)^^0}/. 

a , 4 (y 4* ,v) = (y - xfi or, turning axes through 46®, 

4. (aJ*M)V=a''(2y-hl)®. 6, a^=(y4-a*)®. 

Q. 7, 

8. 2/ = (a4l)(a'-l)2/{3a*2H.l). 


Exercises XXV, p, 227, 

2 . y + a?=0, y=s3a’-2. 3, (i) 2/— iV- 1 J (ii) 5.r * j/ I 0, 

4, (i) a* =! By -h 2 ; (ii) 8a 4* 3y 4* 2= 0 ; (iii) 2a 4* 3y -h 2 “0, 4a r- 3^ \ 'J. 
6. (i)3y:=a*hl; (ii) 3y==10.i!4'li ^i{\~±ijl0)y maximum and 
values of y. 

6. (i) -J, -2; (ii) ±2jJi}, 

10 . (i) (0, 0), (3, 1), (0, 1) twieo; (ii) (0, 0), (2, 0), (2, 3), (1, - ^ ; 

(™>|0,0). (.{>-g)'}. ‘{|-(I)*}> 

§95, p. 231. 8, (i) a4-^'ej (ii)a-ve, ac>lA 


§Oa,p*233, 2, (i) y=x3a-4; (ii) y4*a*=2, jr/==a-3; 

(hi) y-3a-7, y'h6a=:l ; (iv) ?/:=:6a-7 ; (v) y=3 2(a-l), yKn*3l(jr 

§99, p, 238. I. (i)y=-a-a«... j (ii)y=-a«-a9...; 

... 1 a 

(ill) ~ h ^ "216 ’ ' ’ * ~ 1 ^ 2a 4^ 2.a®, , . ; 

(v) 2^=s -i + 3a:-.u« (vi) y=-2-\-K~%x ^... ; (vii) y=!2-|-2A’+a#,.,,. 

a, y+R!=!6. 
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Exorcises XXVI, p. 214 

4. f3a:-h_i/ = l, :ie |-^=<2, y=x-% y=.S.r-7. 0. 2i^=!«-|-3. 

lo. (i) 5 ,=:^, {ii)j-i- 7 *= 27 , j 

(tii) 'J//=2().d-2R. (iv)y=.S, >j=- 2 fa ..5 

(V) y=l, ,)=7e... 

10, 17. (i, “if-). 

10 , 3^ = it’ ~ 3 , 20, A s= 1 , A or li — , A= 1 » or A — - J , A — »3, 

§ 103, p. 2fi2. 4. (i) y==13ju-34} (ii) ‘2^)?/-2Ajr- 

(ui) 7/:^ UiJi-O, y“2^’-2, y'hfu = ‘2, ^ = ll:«~3S, 

2/==20*r‘}*2, (iv) (v) 2/ = n, {7?.>1). 

Exercises XXVII. p. 257. 

fAhHoiHoao only aro givon ; fu’Bl, liiruing points, tlioii iiiiloxioiiH, tlicii 
intiiu'uoxitH on a’-axia,.! 

1. ?! iiono ! 2-.'13, -O'Ol. 3. ■?-; none; 4-62, -1-02. 

a- 0. ^ ! ti 0, 2. 4. 1,-2; - i-i O'Ofi, I’S.-), -317. 

O. 1, -1; Oj (K)/), l-i13, -I'HS. a. l-ftil, -1-53) 0} 2'40,() 'll, -2'84 

7. 2, 1-12, -0'12! 3-22. 0-78; 2 Uviao, 5,-1. 

O, 0; J, 1 j 2'08, -(I'SS. 0. 1, 3-2J, -1-2‘li 2'29, -0'29! none, 

lO. 3, I j 0, 2';i7, ()'03 ; 3-51, 2'10, -0'97. 

10. (5)) NtiiiH. (10) (1, 2)| (-1, -2). (11) None. 

(12) (n/2, 3+2^2)! ( -\/ 2 . 3-2\/3)._ (13) (- 1 , 0 ); (-3,8). 

<M) (^ 2 ; 3^/2/2). (15) -3-y2/2). (16) (^4/2, 3<y2/2). 

( 17) None. (18) (1, 2) } ( - 1, 2). (19) Noiio. 


1 . 

a. 


4. 

6. 

O. 

10. 

11 . 
14. 


Exorcises XXVIII. p, 207. 

“2, 

(Tlio vulno of X i« givon ftooond.) (i) “'p, -J. (ii) 3» 1 j -I, - 1. 
(iii) 0‘17, (V50. (iv) 3, 1; J-, ~1. (v) --O’ln, IWj 

2-15; O-H?, (Vi) -O'^JO, V37; O’^iO, -()-37. (vai) -13'03> 

-0-07, I'OS. 

(i) 0, (iO (iii) 0 , 2 m 6, 

0, max, ! -‘1, min, 7. Now origin ia (2j 0) j (2> 0) ; :i: 0-385, 

0 ; (min,), 0 (max,), 0. lO/y -3 - j 3, 

S 2 ( 3 /- 0 )(jy -fi) } 0 min., 5 max, 

T- o^2- 

(ii)^/a5i (iil)A./«&; (iv),7«<>> (v) ?' ! ('’')»• 

(i)2«6i (ii) ?;-l-al2»ya5j (iii)2rt6} (Iv) 1/4 16. 3/2. 
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ANALYTIOAL QROMBTTIY. [Ex. XXVIII.-XXXI 


®0- if a;>l, nr ^^-^- = 1 it ;i}--0 ; i jf ()<!«< 

♦t- — 1- it ^ 1 !♦: I 

ai. 2+2s/2 min., 2-2;.y2 max. aa. {I, 1) max., (2, 2) max. 

2a. (i) t( 7+V13) max., iniu. i (ii)2miii., V max. ; 

(Hi) -4-2A/6max., -'l:-l-2,,/0 min.j 

(iv) ^(9-i-2^,/l4) mill., max. ; (v) 0 max,, - 1 inln. s 

(vi) 2+^jS max., 2-^S min. 

§ no, p. 273. (i) 2-7321, -0-7321; (ii) -0-8772,0-1021)) (iii) 1 -aiSUO’-K 
§ 111 , p. 276. a. Tho root lioB liolwoon (i) 1 1111(1 2) (ii)2utii13 3 

(iii) -1 and -2; (Iv) Oandl; (v) 1 and 2. 
a. Thoi-ootalio bohvoon (i)2 and 8; (ii) - J mid 0,0 mid J, 1 and 
(iii) - 1 and 0. 0 and I, 3 and 4 ; (iv) -2 mul - 1, 1 mid" 2." 


Exercises XXIX. p. 270. 
1. 2-0D6, a. 1-213. a. 0-.I60. 

6. 1-270. 6, 0-705. 7. 1-2-20, -1-606, 

9. 2'697. lO. 2-808. 11, 0'220, 


-1. 1-062, 
o. I -.120, 
la, t)-:M7. 


Exercises XXX. p. 288. 

1. (i) Noiio) (ii) two, a. (i) Nono) (ii) tlivoo, 

5. (i) Olio, (u, ) (Ii) two. 4. (i) Nono j (ii) two. 

6. (a) (i) Nonoj (ii) two. (6) (j) Nono ) (ii) two. 

a. (a) (i) Nono) (ii) tliroo. (6) (i) Nono; (ii) tlii-oo, 

7. («) (i) Nono; (ii) two. (6) (i) Nono; (li) two. O. jyro.-M 

lO. (i) 2 /= 0 ,y=a!) (ii) 2 /= 0 ,y=.i,-) (iii) y= 0 , . (iv) i/-iO, ’i/i-.B 

‘LiT,snvi) 

13, (3,2). 

Exercises XXXI, p. 204 . 

1. (i) jr=!i!, ji+iusO; (ii) y==», y.|-a-=o ; (Hi) !b=,o, ii-xt 

(VH rn (v)2/=2,-ii,a-=2i(; (vl) y=2a..|- 1, j/^a-ai 

(vn Ji«0, t,=x, y=2a-; (vni) .x-=:0, y=0, y=a,-, 2/=2a- { 
kI <*) 8,y2i!-|.823-|-8=0, S„/2.t--.Ki/~ a 

le, D(aj+y) I. aiioom-voapponi-s above tliio lino to tho riglit, bolo 

on tho loft, and onta it at (-070... . -126 1 
IB. (2a-+3,-l){a,-j,.n). 

as. {i)iij=i, j/=0i (ii)ii)-| y+l=0; (iii)<i)-. 3 y=ii. 

§iaa, p. 299. 8. (1) -w/y. (H) (ii!+223)/(y-2ii); (iii) (rt.|.6.r)/yi 

(vi) fl/*-S- 2 iij/- 2 i:)/( 2 y- 2 iuy-aa), 

(vii) (2«.i!i/-a-j('>-a,-’)/(!i!!!y+j,3_<^jj jyjjjj (4a.^_4aia.|.{5,,^()y^jj,„i 
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Je>P, 269-319] 

4. (') 3/(.t!!-3f i (ii) (iii) . (jy) (1 - at’Wfl + xO^' • 

(v) Jvi) l/2(l + 9))VrB.|.a;2. 

(vii) iG (2,e -I- :i)j{‘Z.e -|- 2)'/x‘-h a?. 

6 . {i) + 

<n) {{an- M )!>i‘-\ ‘Z{HO-GA)x+(hG- oB)}l(Av?^ n»+ Of j 
(iji) 93/N^iK'^-l- 1 ; (iv) ~a7(x’'*+l)''f j (v) + j 

tvi) (3a;-i-26 l-(i)/2(a;-l-6)i. 

Exercises XXXIII. p. 315. 

1, lfl;.;“l-2-lri,-hf)j(''+3CiB-48y-:ie=0! ■).r+3y=0j Vi (-jV 

а. (i) !ca+2.v’i/-i.?/a-12«-l0y-|.60=Ci x--l-y=7; ^2; (\Vy-). 

(ii) 0,GS.|.2-lx-y-ll0.v!>-52x<-8«y+8l)=0; 3a!+4y=10i fj (ff, 

(iii) 10ir2-24av/ l-9i/®-29J+14j/-14=0) 4a!-3j/=l! fj (?ij, fy). 

(iv) 9.t!’-24x-j/-l-IOz/'*-2a:4-Ki)2/+14=Oi 3.'6-4y=7i 2j (^, ~\a). 

(v) 144.^•®-120.l'>/^•26l/S•l•130J!+312y-lC9=OJ 12;u-62/=0i 2; 

/ 6 rt N 

3. ^rho Ofjmlion roproscinU Iho loons of a point which moves so that its 
(lintaiioo frtjm Iho point (0, is equal to its diabanoo from the lino 

*• (i) (6, 1), y+?i=0; (ii) (0, - J), y=;|-j (iii) (]-,0), .'B+^=0j 

(iv) (~ ][, 0), :8=!-j . 

б. »)=«=} Ij (2, ~-V)! 'la'l-18=0. lo. 3/=2,8“-7»+2, 

la. (i), (iv) upwards ; (ii), (iii) clowmvavtla, 13, (i)a; (ii) a-(I^-c+d. 

X4. Aa\ (0, a) j 

tc, liCt tho point \m (0, «)♦ 1'hon loons is a’®=4a7/ j focus, 

(0, a) j vortojc, (0, 0) j diimtrix, 

44. 4a) J 2a } (4«, 0)] oV 28. (2a-c, 2a)i y-Sa. 


Exercises XXXIV. p, 319. 

1. *SfX-V-J av— /lX=h 

3. aV Y := J . 4. (7ii-3V3 } i5X = 9; ^?.4=3. 

5, a^l^2^/0j 0;?:=2 a^2} 
e, b==:Hl OS^At aXr=a/} 

7, a=:r); asf:=.3} .STvi x:2 J 8. Y* 

O. t7/i=i2 in., (7;?=:^y3 in. 11. c=-^^. 12 . e=:^/s/2. 

lo, M'lm pavallol throu^^h A to tho diroolrix. 
o.A.a. 2fl 



46G 


ANALYTICAL CJ^^OMiOTUY, (Ex. XXXV.^X^ 
Exercise, g XXXV. p. 


1 « 

1. 


4. 


a. c. ■! ; 8. "'“.I 


-w ■ • 

6. (S'2, 2*8) iH iiiBkUs cjthors oulHidt^, 


6, The four points V 

7. -/-• 0. n/?. la. 11 )'-.,. (•'■:i-2j/- 3)8 


ig Ki(3,v-4y-l-l)8 l(i(.|.H-3y-i.‘2)'J_, 
2423 ■* '3f21 “ 


123" 


14. (i) (0, 0) j !i'=0. ?/=() i 2^/7, 2.^/3 j 

(ii) (0,0); y=0, .i)=0j 2(a i-3), 2(«-/i). 

(Hi) (1, -2)1 ?/+2.-=0; a-=l ; -I. 2^;). (iv) (0, 0); x.\.y.-.0, , 

(V) (0,0); -la; =.3//, 3a;-l- •!?/■= 0 ; 2^/3, S^W/O. 

(vi) (-3/3, 1/5); 2.i!-(-y-| l-.0, iB~2;/-| l -M) ; 2;,/a, 2,,/3r>/5, 

(vii) (1, ~1); j/.|.l=:0, 11’.-= 1; -I, 2^!). 

(viii) (1/2, -2/3); 3//-l-2=0, 2.t;.= l ; ,^/5, 2,,/2/3. 

(ix) (2/.3, -1); 3a;=2, y l-l=()i 2^3, 2 

(x) (-2/3, -1); ai'-l-2=0, yl U-0; 2v3, 2. 

16. 17a;8+i0.ry+i7ya.|.;«^._S()^..j(K,_.,l. ,,^y,2, 

16. 91.1:8 +2-l.ry+8-ly8- 200.1; -320i^ -I- -100 ;-Oi (j!, ?g). 


a' ■’■ 4 “ 

38. I{ OA=a, OJi=b, llnnioiiitH nvo 


- 1 . 


( a\/(W 2;«") h(fi \ 


It will 1)0 notiood Uml rmo pnii- of iioIhIk, iit (cuhI-, iu inmglimiy. •' 
30. (7, g). 81. (tx I /ijwy 0. ' 

32, 7a:»-2,vy-(-7y3-l.|a:_80i)-|-30r^(ll 7a-- »/ 7. 08 ®‘'.| ?/”_»“+»! 

cfi ' 


ExorcUoa XXXVI. ]>. 325. 

1 . (i) I; (ii) 10; (iii) C. 

6. 15a.-a-H6j)8- 300.11+ 1200 = 0 I c=}. 

ExerciBoa XXXVII. |). 32«, 

2. .VA'r-V’l ^A'=f 


a. 1-1 1 2V8S. 

a. 


1. 

i 


a. 

'ch- 

f! 

lS'.V:= 

6. 

<75 = 0^3; 

7, 

Cr- 

11 

i GS 

8, 

a=3; 

GS^ 

9. 

GO 



4. ,S’.Y-.-V> 


'X^9; NA=6. 0 . f;/l-2^./(l!f//^=2.y8l 0=^,^ 

OA'-=-li /1X=1. ;: 

; ,S.4=2i A'A'=Y- 

10. ff=2iu,; 4=2,/.3iii, 
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Exercises XXXVIIL p, 330. 


i. 

r> 

'ff* 

o 5.0 

Ti u* 

o J*--! 

■ 81 ii"^' 

4. 

a 

TJ' 

ft. (-7, 

- 4) ai’o inside. 


( H: 

±mah \ ( 

■i^ah ^mah \ 

8. 


)' 


When wo got Uio asymptotes. 0, 

lO, r is veal and finilo, infinite, ov imaginary, according as 
008-fl>-g. 01* <^^- 

ija. (i) 2/-|-2=0, i«=li 0, ‘t; (1, ~2). (H) !B=0, ?/=(); 2/., 2a; (0, 0), 

(iii) y-H=(), a!=l ; .l,2s/3; (I, -1). 

(iv) 3y +2:^=0, 2.«=1; VB, .2s/2/3! (1/2, -2/3). 

(v) 2.v-l-?/=(), .v=2yj 2^/3 1 (0, 0). 

(Vi) a;+2/=^2, y==x-l li V2, aj2; (1/2, 3/2). 

16. 12.«-0y+3=0; (i»/2. 17. 2a'i/ - 0.i:' Oi/+9=0i (3, 3). 


Exercises XXXIX. p. 833. 

1 . (i) 6/4 : (ii) H ill. j (iii) 0 in. a. 10. 

4. 'I'lio lomw iH likewiBo a hypui'liola whoso fool ai’o llio oouli'ca of Iho 
given oiroloH. 

a. 220.v’-3{)ji/’=4i)6 (e=a-) nntl 2r)2ai’-4j/^=63 (e=8). 


Exorcises XL. p. 338. 
a. (i) 2.i!-3y--0, 2M-|-.3y=0; (ii) .'b-I-j/=0, 

(iii) 3a;-2//=:6, 3.b’-l-2.i/=l ; (iv) ai!-i-j/=0, 2a;-Ll2/=0. 


0. iiJ=3, y-l-2--:0j (3,-2). 10. «.-»i-(i!=0, ttj/-hi»=0. 

11 . (i) V2; (ii) ^,^.3. la. 0, §. 

13. (i) 2a!-j/ i-)=!(), ii)-i-y-2=0} (J, |S). 

(ii) 3aH-2?/-l-l=0, a!-2y-2=0; (}, -J-). 

14. (2.'B-|-3j/-8)(a)-2y-|-3)r=22. 10. 

22, MMio nsyniptoLos huing ti»o axes, tho cmiftlnnt length is Iho algobraio 
diiTeronce of tho ordinates or ahsoissao of tiio fixed points, 

26. Lot tho given asYmploto i»o AO/f, the given tangent OJeJ/), with point 
of oontaot }*J, tlie ollnn’ tangent iJ/y. Lot AOJJ and intorsout 

at 0, /Warn} AO/f in Cut o(Y Join Let OL, 

parallel to /J/J, mcot /JL in L, LJJ is tho second asymptote, 

28 . = 
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i\NAT,VTI()AT, tlJCOUHTHY. [Ex. XW.-XLVll 

Bxoroisofl XLI, i». ■'tKi. 

(f- f '•)■(•>. f*). 

o, ^1. »■ 7- »■>• ' 

Ui " 

xo. aa. mil' 

20. W)-'4-'«V -W 

30. (i) s/l«/0i (»)«■ <'J (iii) I >1* I'"- 

/ <th h*) ^ oh '*“1 \ 

00 . a’-' i (f* I W 


■( 


oa. 

Ir 


X. -K- 

O'* 


ExorolBOfl XIiH. i*. 050 , 
a. n()i^=.-sti!i.». a. ;tj/ o.r. 


U. (*“sA2, 

»’!■' fcf'U’ a» ' Ifl 


la. kimi h Hill, Kk. h. 

14 . {! 4 , y)i »;|.v. -l-; i jcuj-ii). 

/ ' fi^r \ 

yr** i I iChn^/ 




ExorolHOB XWII, IK mi 

1. Lot X^' xS7^ nit'i^L ili« illi rol rlx in /^t* i« tlm tiin^ont «l l\ 

Ot Ijot ^ 1)0 tlio unint. /iV, luiil lot IIim X** In i\l S out tlio oonlo 
in i*, P‘ ; ^/*' niH» tho UuixohIm nMiuiiiHj, 

Id, Lot Uio 0l^ oontro N, nnlinM SU moot flio mi W im 

difimotoi’ ill XU U\ Lot ,S7;, ,S7/' out t \m omiio in I\ /*', Kl\ KF 
iiro tbo roquirod taiigojiin, 

17. Lot I JO (ooiiH, P!P nt ^* 1^11 |Kdnt mi Ihn omilo. fxil iV^, 

X*" 4S7^ moot l*T In /f, Lot thn nxtonml lihootnr nf /Wy, moot 
I^Q in Ih tlio tlimttiix. Wlioimo tlio vortox In oiNily fnundi 


BxorolfloB XLIV. p. Ml 

8, Diw X^ tliu (llrooti'lx, mid nwlnt A, Lot /I )'X^ SX moot 0^*oii 
OxV aa cliamotor in r(aml y% f^ot iVTinoot dirx. In M. 

X*" dirx. moot ^.^)'‘in I* i« [mint rtujnihid. 

4 . Loti/lf bo tlio imago of ,Viii PT\ MXf drawn [loi’imndimilur to MPi 
ia U10 dlroalrlx. 


ii 


ANSWERS. 


469 


pp, 346^387] 

6, Pvoduoo AJ PT tio jljf ao Ihafc YM—SY, With centre racliiiR 
floRoriho a ©i®, Draw ilfil/' (and MAI\ Uio langonl to Iho 
13raw MP _L>f MM’ to meet PT in jP. P is the point required and 
MM’ ifi the directrix, 

6, l^raw PT and produce to M ao that SY^YM. Dra^v MX 

axis, MX ia the dirootrix. Let MP ^IX moot PT in P, 
P ia the point required, 

16. Draw jSM/ X‘’ given lino to meet dirx. in ilL BiBootSM in Y, Y2^ 

X** *SMr ia the tangent required. 

17. PT^.(\sJU)] 2W=18. 

19, tin tlie reoiproeal of tl\o gradient at the point t, 

34. The join of the feet of tiio X^* from the focua on the tangents is 
tangent nt vertex. Whenoo the required construoUon, 

40 , Let the tangonk ho Q7?, UP, Let QIl touch the parahula at T, 
^J'ho eirolo which touolicB PQ at Q and pasBca through T will cut 
the eiromneirole of the triangle J’QP again at the focus S, If and 
jV are the imagoa of S in two of the tangents, MN is the divcotrix, 

4k 4 , 7/^ = - K^l(a 'I* iu)» a oiaaoid. 

Exorcises XLV. p* 373. 

2 , Lot the langonb ZPT moot dirx, in X. Draw SP AJ to moot 
y,PT\v\ P, Lot PH\ making LH’PT^ LSPZ, moot HX X2 dirx, in 
• .S^', (/ ib mid point of 

29, (I -6^)0), This bcoomos It whore I is the aemi-latus rectum of the 

parabola. 

60. 

66. Oi roles eon ires the foot, radii equal to major axis, 

67, Oirclo oontro second foous j radius equals the difTerciioo of the major 

axes, 

30. Lot join of Pi Q, tho given points, moot the asymptote in 2?, Produoo 

P(i to T so that QT^PP, Draw TO X" the asymptote, 0 is the 
oontro. 

Exercises XLVI. p. 378, 

4, 2a(/a+l)5) 27ft2/^==4(^«-2a)8. 6. 7. 7n^:^(a-h)lc, 

16. XB, y-ian giai-2a-atan^(?}. 

16. j/=s7^^'r►|•//2n^, whoro 2a%^H-fc^= 

2B, (rt, 2ft), Qa, 3ct), - Cct). 

Exercises XLVII. p. 385. 

fiin 0 sin ^ sin ^ d- <?)/oo8 ■g-(0 - <)) 1 5 

^f,dlcos% {a,WO+hWO)^/ab. 

24 , (a^ hV) [y - = (a® ^ 
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Exercises XLVIII. ]). 398. 
a. (i) {an, hhn)i (ii) («% (m) (2»io«, 2lc^); (iv) 

3 . {i) ani'+b-mi'=l; (ii) ani'-b-mm'=l} (iii) 2c9{ij«' •! *») = 1 ; 
{ iv) l^' V 'h 2aww«' =2 0- 

4. (i) (y-y,)y,=2»(i»-!Bi)5 («) (a:-.^•,)^J-(y''2/l)|^=0. 

46. (i) .•»;’-[-i'®=aN-i2s (ii) 


1 jjt. 


Exercises XLIX. p. 405. 


4. (i) .Wi/«=+y)/i/4^=l ; (ii) .Wi/a®“Wi/*®=li 

(iii) + A (iwy, + iyyi +</(.'»+ !Ci) +/(,'/ + yi) -I- c = 0. 
7. 2c(l+wM(/i’‘-«6)i/(ol-8/«»+6»»®)- o> 

0 . (*“ + y“) (tw! -t- 6y + c)” = + ^nf- 


la. 

o ^ 


Exorcises L. p. 419. 


10« tan 




15. h(aq~ hp)l(a ^ -{• 6**) 

g 101, p. 430. 4. (i) a hypovbola ; (ii) aimmbolai (iii) a parabola ; 

(iv) an olai)ao. 

^ ah 'h a7/ 

Exercises LI p. 432. 

1. (i) Ellipse J «=-J-(Vi04V2), ?>=A(\/io-V2)j 
major axis, (iv - l)(>//) H- 1) - 2(y - 2) =0 j 
minor axis, (a?-l)(;yy6-l)-}-2{2^-2)=:0, 

(ii) Hyperbola ; a^~ S(*y2-hl), (^,/2 - J ) j 

trails verso axis, (7 + 5^/2) (fia’ - 1) — 5y 7 j 
oonjngato axi8» (7^5 (Sa* - 1) = % ~ 7. 

(iii) Ellii)so ; a = 4, = 2>^/2 j maj or ax i s, a? - y = 0 } in i nor axis, a- 4* » 0, 

(iv) Hyperbola : ; transvorso axis, 2a**f'y “ ; 

oonjngato axis, a* ~ 2y - 1 = 0. 

(v) Rootangular Hyperbola ; ^=1, &=! j 

traiisvorso axis, 4a'-SyH'10=:0; conjugate axis, 3 .t 4 ‘ly-5 = 0, 

(vi) Parabola : latns rootnm = 7 VlO/100 ; axis, 20 (3a; 4' y) + 0 = 0 j 

tangent at vortox, 40(a*~3y)=217. 
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pp, 398^451] 

(vii) ]‘'lUpH(i • ft- = ' 15 / 4 , = 5 ; major axis, *i’ “ tiy 4 1 = 0 ; 

niiuf H’ iixia, \ix -I- y - 3 1- 0 . 

(viii) I'anihola: laluH n!^jium=‘l 5 axin, 3.i’-42/ +0— 0 j 
taugont at vorlux, 'lx* 4 3 ?/ - 10 = 0 . 

(ix) Hypovlmla: « 2 =s/T 3 - 2 , ?v-=Vll+2; 

iranavorfio axin, (fi VlH - 10) (.v *- 3) ■}• ‘2{\/T3 - 2) {2^ - 3) 5 

conjugaio axift, (5 4 10) {x - 3) 4 ‘2(Vl3 4 2) {y - 3) - 0. 

All allipHo whioli [inwHos through tho origin anti touoiica tho Hiioa 
and y™/), whoro they inturHCOt a’/a^y/^^l. 

4. ain-<i'h-Wi\ 

G, Diroolrix; 3(l(a:-7/)477=0j (-23/72, -31/72). 

9 . Lalua rootuin — 4 ( a' Bin a -a cos tt)'-*. 

Directrix 1 {x - h) sin a H- {y - //) cos a -h (a® *!• a'^) = 0. 

Tangent at t\ (y - i^oos « - 2a7 - 5') a - *2(U - &). 

t Bin ft *r a 

O. lo, ax^-l^2hxy-\‘hy'^-\-2[fx-b2/i/=i[}, 


Exorcinoa LII. p. 448 . 


1, Dy Uio Uccianglo Thcoroni, 7’/^/7'y . 7’co = ri^lTQ\ if is 
aHuoinid point on tho langoiit; thoroforo TI^/TQ=^T*J^yT'(yi\ and 
tlioruforo iH coiiatanl. 


ISI. If tho diamotor through F, tho iiiickllo iioint of PQ, moot tho ourvo 
in O' and Uic langiuiL in T\ Ihon 

rj^pii__ri >2 fo HP_On PP 

TO " r O' ' F/«" ‘ JiQ ” VO' ‘ juy 

Dut 7"0'=0'1^; thoroforo rOIOU^^PnjHQ. 

- - rt 

1 2 , Tho point ,P, whoro A ^ tt/S . 20. B ^ -^2 0= ^ 

SK6. 8co § 105. 27. Soo equaiion (0) of § ICO. 


O O, 7y^ - iMa7/ 4 20.r = 0. 

00, 


31. 


40. 


mx-a.i 85a’y‘l'24j/‘5-m 

e*~f 
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The numhcrfi 

C3tinj\i^aU' iioiutH ivnd linos with 
i’oH)jout lo ounio, 392. 

CJtmjugaloH, hannnnic, 8K, 01, JMll, 

^ ’tMiHlmint oipiatioji, 23, lOi, 217. 

^Huntaol of ct)nioH, 442. 

^Jnnvox, 18fi. 

t-^oonlinaUjs, Onriosinii, 14, 34, 
nliliuuo, 34, 
polar, 37. 
milangular, 13. 

Our vain VO, <i(Silro of, 377, 3811, 430, 
olionl of, 430, 
oivolo of, 377, 430. 
of olIipHo, 4,39, 443. 
of parabola, 377, 441. 
vadiiiH of, 377, 380. 430. 

Oiu'voH, (squilUonH of sonjo Hi^hoi* 
Plano, 311. 

Oiu’vo Imoing, dirootions for, 301. 
(to also OontonlB, OlmptoiB X,- 
XVII.) 

Onsp, 200, 

of Hrsl kintl or UoraUnd, 300, 
of ntiuoial kind or rhanipboid, 
3or>. 


Dorivativc, 250, 3i)0. 

Dorivcd curve, 255, 
fuiiolion, 250. 

Dlanuiloi'H of oonitis, 400-420. 
DirooUon of lino or axis, 2, 3, 13, 
15. 

Divooiov oinilo, 348, 387. 
Diiookix of conic, 155, 
Diaoi'iminaul/, 202, 425, 

Difilanoo bclwoon two points, 14, 
from a point to a line, 53, il3, 
DiviHion by zori>, 2H(), 
l)u])lioatiou <4 the culm, M7i 

Plccontric auglo, 342, 

Plcocntvioity of conic, 155, 434. 
Elimination, 101, 217. 

Ellipso, aim of, 342, 423. 
axes of, 318, 404, 423, 433, 434. 
canonical ctiualiou of, 320. 
cent VO of, 318, 421, 
oonpigato diamcluvHof, .350, 410. 
conjugate parallclogmni of, 362, 
diameters of, 321, 4 10, 
director circle of, 348, 387. 
diroolrix of, 317. 


refer lo 

Ullipois, ecKionU'ioHy ol, ;u7, .131. 
t.ioi of, 317, 325, .Ian, 
four noL'inaU to, 382. 
freedom erpiatioim of, 342 , 382, 
latiui rootnni of, 318. 
norniala to, 344, mi, 381-384, 
403, 

orthogonal lu’ojcoticin of oirolc, 
342. 

polar c(juation of, 322, 337, 
pole and polar with ruepcot to, 
391. ^ 

string doniution of, I 50 , ,325. 
langmiiH to, 343, 3.58, 300, 381, 
382,400,413,410/ * ^ 

vertex of, 151, 300, 

Knvolopo, 304, 373. 

Kquatimi, conslraiiiL 23 , KJl, 217, 
freedom, 23, 2M. 

^ linear, 22, 
l*kj nation of a Ioouh, 
of circle, 103. 
of clliimo, 320, 414, 
of hyperbola, 329, 336, 414, 
of line -pair, 78-87, 
of pavahnla, 313, 408, 
of HcefUKl degree, 81, 105» 421- 

oF atraighl line, 22, 44, (50. 
I'lquicoujugato cliamotorH, 865. 
Kvoluto, 377 . 380. 

I'Vsloon, 230, 

I'Nioim of conic, 155. 
equation for, 434. 

Ifrocdoiu cnuations, grapih of curve 
givoii by, 214, 300. 
of cHniioH, 430, 
of o1Hi>ho, 342, 382. 
at hyperbola, 335, 384, 
t»f pamhnla, 313, 408. 
of straight lino, 23, 66, 
Vnnolirm> 191. 
dorivod, 250. 
oxjdioit, 193, 194. 
graph of irratioiiLil, 210-228, 
graplv of I'atioiud, 182-218. 
Implicit, 193, 194. 
inverse, 193. 


(Iradieiit of a emph or ourve, 2^18, 

300. 
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The numbers 

Cxraclionfc of straight lino, ‘28, 80. 

Graphs, 182>311. 
of curves givoii by frcotloiii 
equations, 214. 

Harmon io oonjugates, 88, 91, 39 L 
poiioil, 90-94, 282. 
range, 87-91, 282. 

Ho moth otic, 324. 

Hyperbola, asymplotos of, 333- 
337, 370, 417-419, 428. 
axes of, 327, 423, 434. 
canonical equation of, 329. 

Gontro of, 327, 42L 
oonjugato, 338, 

conjugate cliamotors of, 371, 41 L 
diainotors of, 330, 336, 410, 
directrix of, 326. 
eooontrioi t 3 ' of, 326, 434, 
equilateral, 335, 
focus of, 326, 332, 428, 434. 
freedom equations of, 336, 384, 
latus rectum of, 327. 
normals to, 360, 384. 
polar eemation of, 831, 337. 
polo and polar with roapool lo, 
391, 

rectangular, 335, 
string definition of, 163, 332. 
tahgenta to, 368, 366, 384, 416. 
vortex, 360, 

Imaginary points, 118, 204, 

Infinite roots of oqua lions, 281- 
287. 

Infinity, point at, 282, 283. 

Inflexion, point of, 185, 233, 
rule for testing, 266. 

Intorseotion of ooiiio und oirolo, 
438. 

In verso points, 133- 

Isolatcd point, 203, 299, 

J oachimsthaVs aootion -equation, 
389, 428. 

Latus rectum of ollipso, 318. 
of hyperbola, 327, 
of parabola, 313. 

Linia9on, 179. 

Limiting points, 131. 

Line, poaitivo direction of, 16, 


rjer io puffcs. 

Maximum, 263, 2ii4, 

Meusuro nf HogJiuuit, I. 

MeiiohiUH’H Tlieorcmi, 95. 
Miiimium, 253, 204. 

Nowt<m*H rule for Hohitioii of i^qnik- 
tions, 276. 

Node, 203, 298. 

Nonual, 343, 360. 

[See. undvv I'lllipHiJ, IlyiJorlMilK, 
I’aralMila.) 

Onlora of small nuaiillti4>Hj p'ltni. 
Ordinato, 13, 407, 4 14. 

Origin of ooordinalcH, 3. 
of, 98, 229. 

Orthoouutro, 360, 461. 

OrtUogciiial (uniloH, 131. 

Ortliogoiml projuotiiin of ojn4i‘, 

l*anihoIa, axis of, 312, 
uaiiotiiuiil ut|Ualioii nf, 31!i, 
(ItuiixtlurK of, 39.3, I0II 409. 
dirndrix of, 166, 312. 
ooonn trinity of, 166, 431. 
froedotu nquatiniiK of, 313, 40H, 
431. 

latiiH rodtuin of, 313, 422, 131, 
433. 

length of langniit Io, 403. 
luirnmlH io, 360, 377. 

Xinlur (imiation of, 337. 
polo and ijolar with irsiKUTt Lj, 
391, 394, 

Honn-mdmial, 199. 

tangnulH to, 368. 360, 376, mi 

vni’Lnx of, 230, 312. 

?ai'ali(4io uui'vi'h, 180. 

Paifdlnl liiiuK, 31, 61. 

innnt at iniluity, 283. 
rarainnltU’, 73, 408. 

<»f iitmuhoid, 146. 

Pedal, of (lirtilM, 1 01, 173, 
of paraliohi, 366, 

Pm'piuidinuliir, linns, 31, 61. 

Iniigth nf, 63, 63. 

at iiilinity, 283. 
douhln, 298. 

iH(}liiU?d or inmliimitn, 203, 21H1 
triiihi, 299, 

Goiijiigale puirjtH.) 
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The numbers 

coovdinatoa, 37. 

_ ocjiiation of coiuo» 337. 

and polar wHh roapoot to 
oirolo, 135-138. 

l^olo and polar with rospcoi to 
oonio, 391, m 
position-ratio, 6. 

^<i%vor of a point, 123, 

piidioal axis, 126. 

T<,c3otanglo Thcorom, 43*1, 
l^oots of cquatioiiH, apjn’oxiniaio, 
188 , 211, 271-270. 
equal or ropoaiod, 119, 269. 
infinilo, 281, 
thooroins on, 262, 

^Railo, olioi'd, 273. 

Nowtoids or taugonl, 276, 
of fako poRition, 273. 
of proportional parts, 278. 

^^oalo nnils, 3, 12, 24, 26, 
iScotion uqnalion, JoaohimBthaVs, 
389, 428. 

Hcolion forimilao, 6, 10, 16, 21. 
JSiilf- conjugate triangle, 307, 
fi^oU -polar triangle, 397. 
F^omi-oubioal parabola, 199, 

Small quanlitioR, ordorH of, 302, 
Solution of equatioiiB, 188, 211, 
271-270, 

ohord rule for, 273. 


*^er (0 paffCH. 

Solution of equations, New ton’s or 
tangent rule for, 276. 
rule of false position for, 273, 
rule of proportional parts for, 
273. 

Stops, 4, 

Straight lino, equation of, 22, 44, 
60, 

gradient of, 28, 30, 

S osltivo direotion of, 16. 
inornial, 360. 

Suhiangent, 347, 360, 

Symmetry, 184, 186, 

Syetoin of coaxal oirolea, 120, 
of oonourront linos, 72, 
of eonios, 442, 

Tangent, definition of, 269. 

«?«^erCirole, lOllipso, Hyper, 
bola, Parabola,) 

Tangent rule for solution of equa- 
tions, 276. 

Triflootionof an angle, M6. 
Turning poiiilB, 184, 263. 
valuea, 184, 264. 

Variable, 191. 

Velocity, 8, 19. 

Velocity- time diagram, 107. 
Vortex of conies, 160, 161, 312, 360. 

Witch of Agnesi, 148. 
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